MODULE - VII
Relation and
Function
INVERSE TRIGONOMETRIC FUNCTIONS
Notes

Inthe previous lesson, you have studied the definition of a function and different kinds of functions.
We have defined inverse function.

Let usbriefly recall :

Let f be a one-one onto function fromAto B.

Let y be an arbitary element of B. Then, f being
onto, 3 anelement x e A suchthat f (x) =y.
Also, f being one-one, then x must be unique. Thus
foreach y € B, 3 aunique element x € A such
that f (x) = y. So we may define a function, Fig. 24.1
denotedby f-lasf-1:B - A

f-l(y)=xof(x)=y
The above function f-1 is called the inverse of f. Afunction is invertiable if and only if f is
one-one onto.
In this case the domain of f-1 is the range of f and the range of f-1 isthe domainf.
Let us take another example.
We definea function: f: Car — Registration No.

Ifwewrite,  g:Registration No. — Car, we see that the domain of f isrange ofg and the
range of f isdomain of g.

So, we say g is an inverse function of f, i.e., g =f%

Inthis lesson, we will learn more about inverse trigonometric function, its domain and range, and
simplify expressions involving inverse trigonometric functions.

r
| 0BIECTIVES

After studying this lesson, you will be able to:

° define inverse trigonometric functions;

° state the condition for the inverse of trigonometric functions to exist;
° define the principal value of inverse trigonometric functions;

° find domain and range of inverse trigonometric functions;

° state the properties of inverse trigonometric functions; and

° simplify expressions involving inverse trigonometric functions.
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EXPECTED BACKGROUND KNOWLEDGE

° Knowledge of function and their types, domain and range of a function

. Formulae for trigonometric functions of sum, difference, multiple and sub-multiples of
angles.

24.1 IS INVERSE OF EVERY FUNCTION POSSIBLE ?

Take two ordered pairs of a function (xy, y) and (X5, y)
If we invert them, we will get (y, X1 ) and (y, X, )

This is not a function because the first member of the two ordered pairs is the same.
Now let us take another function :

a3 o5 ) oz

Writing the inverse, we have

(1,sing), (%,sin%} and (%,sin%}

which isa function.

Let us consider some examples from daily life.
f: Student — Score in Mathematics

Do you think f-twill exist ?

It may or may not be because the moment two students have the same score, f*will cease to be
a function. Because the first element in two or more ordered pairs will be the same. So we
conclude that

every function is not invertible.

SEHJEPZNR I f: R — Rdefined by f(x)=x3+4. What will be f-*?

Solution : Inthis case f is one-to-one and onto both.
= fisinvertible.
Let y= X3+ 4
y-4=x3 = x=§[y-4
So f, inverse functionoffi.e., f* (y)=3/y-4

The functions that are one-to-one and onto will be invertible.

Let us extend this to trigonometry :
Take y =sin x. Here domain is the set of all real numbers. Range is the set of all real numbers
lying between—1and 1, including—1and lie. -1<y<1.
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We know that there is a unique value of y for each given number x.
Ininverse process we wish to know a number corresponding to a particular value of the sine.

. 1
Suppose y=sin XZE

50 . 13xm
—=SIn—n=....
6

5t 13m

6'6' 6
Thus there are infinite number of values of x.
y = sin x can be represented as

53
jw"

The inverse relation will be
)

Itis evident that it is not a function as first element of all the ordered pairs is

. . T .
SIN X = smE =SIn

x may have the values as

5 1

6 2

1 5n
2'6 2' 6
l - -

> , which contradicts

the definition of a function.
Consider y =sinx, where X ¢ R (domain)andy < [-1, 1] or —1< y<1 whichis called range.
This is many-to-one and onto function, therefore it is not invertible.

Can y =sin x be made invertible and how? Yes, if we restrict its domain in such a way that it
becomes one-to-one and onto taking x as

O X3, ye [11] or
3 5
(i) 7“< x<7“ y e [-1, 1] or
5 3
(i) —7“< X < —7“ ye[-11] etc.

1

Now consider the inverse function y =sin™ x.

We know the domain and range of the function. We interchange domain and range for the
inverse of the function. Therefore,

T T

i ——<y< — —

0] 2_y_2 X e [-1,1] or
3n 5n

i —<y<— —

(i) 2_y_2 X e [-1,1] or
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MODULE - VIl | 5 3n
Relationand | ()~ sys ) X e [-1,1] etc.
Function Here we take the least numerical value among all the values of the real number whose sine is x
which is called the principle value of sin "t x.
Notes | For this the only case is —g Sys< g Therefore, for principal value of y =sin™* x, the domain
. . . s T
is [-1, 1] i.e.xe [-1, 1] and range is _ES ys< 5
Similarly, we can discuss the other inverse trigonometric functions.
Function Domain Range
(Principal value)
1 T [-1, 1] {_E E}
- y=sin""Xx : 5’7
2. y=cos!x [-1,1] [0, n]
3 o . (_z E)
: y=tan " x 5’7
4. y=cotlx R [0, =]
5 -1 >1 <-1 [0 EJU[E n}
. y =Sec ~x x>lor x<— > >
T T
6. y=cosec‘1 X x>1lorx<-1 [—E,OJU[O,E}
24.2 GRAPH OF INVERSE TRIGONOMETRIC FUNCTIONS
y y
T
1 O 1
y y
y=sin"1x y:cos_l X
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MODULE - VIl
y y Relation and
L p—— Function
————————— T
. —\71/.2\
5 Notes
———————— —m/2
y' y
y=tan"! x y=cot ! x
y y

—/ /2 w2
— o=
o/ X--

-1 -m/2

y Yy
y= sec ! x y= cosec 1
Fig. 24.2
Sl P2 Find the principal value of each of the following :

0) Si”‘{%} (i) COS‘{—%) (i) tan—l(—%j

. . . 1
Solution : (i) Let sin~t (_J -0
V2

%=sin[gj or e:%
(i) Let Cos—l(_%j 0

or sinQ =

= cosez—izcos[n—szcos(z—nj or 9:2—
2 3 3 3
(i) Let tan—l(_ij:e of  ——X _tan® or tan®=tan _E)
V3 J3 6
=N o=—=
6
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se Trigonometric Functions

S P2 Find the principal value of each of the following :

@ cos-l(%j (i) tan (1)

(b) Find the value of the following using the principal value :

2

sec {cos

L1
Solution : (a) (i) Let COS 1($J=9,then

! cos0 or cosO = cosE

J2 4
= GZE
4

(ii) Let tan™(~1) = 0, then

—1=tan6 or tan O = tan (—%j

T
g=_T
- 4
(b) Let cos™ (ﬁj — 0, then
2
3
V3 — c0s 0 or cos 0 = cos(ﬁj
2 6
- 0=

r
6

sec (cos_l ﬁj =secO =sec [Ej _2
2 6) V3

SEll) [PZRE Simplify the following :

(i) COS(Sin_l X) (ii) cot(cos ec‘lx)

Solution : (i) Let sin™*x =0

= X =Sin0

cos[sint x] = cos 0 = v1-sin? 0 = 1— x?

(ii) Let cosec™x =0

= X =cosec 9
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MODULE - VI
Also cot0 =+/cosec? 01 Relation and
Function
=x°-1
71
L:A CHECK YOUR PROGRESS 24.1 Notes

1. Find the principal value of each of the following :
@  cos™ (@J ()  cosect(—2) (c) sin™ (—gj

@  tan'(—~3) ©®  cotl(D)

2. Evaluate each of the following :
I
cos| cos = i COS| coseC ~——
(a) [ 3 (b) cosec™™| cosec 1 (c) NE
(d) tan(sec™v2)  (e) cosec| cot*(-v3) ]
3. Simplify each of the following expressions :
(a) sec(tan*x) (b) tan (cosec‘lgj (c) cot(cosec ™ x?)

(d) cos(cot ™t x2) ©tan(sin(v1=x))

24.3 PROPERTIES OF INVERSE TRIGONOMETRIC FUNCTIONS

IO sin~(sing)=6, —g <6 sg

Solution : Let sin0 =X

= 0=sin"tx
=sin"(sin) =0
Also sin(sinx) = x

Similarly, we can prove that

0) cos ™ (cosB) =0, 0<O< T
(ii) tan1(tan0) =0, —g<e<g

- . (1
Property 2 BOIESHY 1x =sin 1[;) (i) cotLx = tan~! [%)
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i)  sec'x=cos™ [ij

X

Solution : (i) Let cosectx =0

= X =C0seco
1 ]
—=sIin0
= X

O:Sin‘l[ij
X

_ (1
cosec ! x =sin 1[—)

—
X
(iii) secix=0
= X =5eco
1
—=C0s0 or
X
_ (1
sec'x = cos 1[—)
X

e el (i) sint(—x) =—sin"'x

(iii) cos ™1 (-x) = m—cos 1 x

Solution : (i) Let sin™*(—x) =6

= —X =S8in0O or
—0=sin"*x or

or sin"t(—x) = —sin"'x
(ii) Let tan"*(—x) =0
= —X=tano or
s 0=-tan"'x OF
(iii) Let cos™(-x)=0
= —X =C0s0 or

cosix=mn—0

cos *(-x) =m—cos*x

Property 4 RORUBE SR I & g

(iif

-1 -1, T
CoseC ~ X +Ssec X—E

 Trigonometric Functions

(i) Let cot™*x=0
= X =coto
1
—=tano
= X
1
0=tan* [—j
= X

cot ™ x =tan~! [lj

_ene-tf 1
0 =cos [xj
(i) tan™' (—x) =—tan"* x

X =—sin®=sin(-0)

0=-sin"tx

X =—tan0 =tan(-0)

tan 1 (—x) =—tan1 x

X =-c0s0=cos(nt—0)

(i)

_ _ T
tan1 x + cot 1x:E
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Inverse Trigonometric

Soluton : (i) sin™* x +cos ™ x =g
Let sin'x=0 = x=sine=cos(g—ej
or cos tx = [E— ej
2

— e+cos‘1x=g or sin‘1x+cos‘1x=g
(iii) Let cot'x=0 = x:coteztan(g—ej

tan‘lx:E—e or e+tan_1x:£

2 2

_ _ b
or cot L x + tan 1X=§

(iii) Let cosec™ x =0

= X =cosece=sec[g—ej
secix=2-9 or O+secix=2
2 2

-1 -1, T
—> COSeC ~ X +Sec X—E

SRR (i) tan 'x+tan Tty = tan‘l[ X+y )
1-xy

(i) tan~tx-tanty=tan7! [ﬂj
1+xy

Solution : (i) Let tan'x=0, tanly=¢ = x=tan®,y=tan¢

We haveto provethat tan™*x+tan 'y =tan" [1X +y )

By substituting that above values on L.H.S. and R.H.S., we have

tan 0+ tan ¢ }

_ —tan | ———+
LHS.=6+¢and RH.S. L—tan 0tan ¢

=tan~'[tan (0+¢)]=0+¢=LHS.

. Theresult holds.
Simiarly (i) can be proved.

MATHEMATICS

MODULE - VII

Relation and
Function

Notes

133



MODULE - VII

Relation and
Function

Notes

134

IO aAd  2tan lx = sin‘l[ 2x 5

1+X

Let x=tan®
Substituting in (i), (ii), (iii), and (iv) we get

2tantx=2tan*(tan0) =20
Sin_l( 2X J Sin_l( 2tan©
2

1+ % 1+tan’0
=sin"(sin26 )=20
cos‘l( X
1-tan%0

-
tan‘l(
=tan~ (tan 20)=20

=cos *(cos20)=26
From (i), (ii), (iii) and (iv), we get

2

1-tan’o
1+tan’0

l_
1+ X

2

2X
1-x2

j_tan_l( 2tan6 j

2 tan "t x =sin_1(

Property 7

()

sin"x = cos‘l(\ll— x2 ) =tan!

(i)

=

rigonometric Functions
2
w2

2 1_X2

1-x

J =sin~'(25in@ cos )

J —cos*(cos20-sin?0)

...... (i)
..... (iv)
1-x? o1 2%
l+x2J_taln (1—x2]

1
=cosec‘1{—} =cot‘1{ } _ Sec_l[i}
V1-x2 1-x X
Proof: Let SiN X =0 — sin0=x
—x? 1
(i) cosB=v1-x?  tan0=—2— seco=——— coto="1"X" and coseco==
N 1-x X X
sinlx=0= cos‘l(\ll—x2 ) :tan‘l[ - J
1-x
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1 . MODULE - VI
=sec‘1[ > j — cot‘{ 1-X j =cosec ! [ij Relation and
1-x X X Function
(i) Let cos*x =0 = X = c0s 0
. 1-x2 1 _
sinf=+y1-x%, tan0= v 5909:;, cot® 12 Notes

and  cosecO =

1-x?

cos 1x =sin? (\/1— x?2 )
=tan‘{—'1_xzj 200390_1[ - j :sec‘l[ij
X

X

Solution : Applying the formula :

. . L X+
tan 'x+tan"'y =tan 1[ y

1_ij, we have

1 1

. + .
tan~t (Ej +tan~t (ij —tant| 13 |_ant (QJ =tan* (gj
7 13 L1 T 90 9
7 13
Example 24.6 (AL

tan "t v/x =% cos ! [1_—)()

1+X
Solution : Let \/x = tan o then

1 _1(1—tanzeJ 1
LHS.=pand R.HS.= =C0S"| ——— |=—=C0s ~(cos 26
9 2 1+tan’0) 2 ( )
ZEXZGZG
2
L.H.S. =R.H.S.

SEo] WA Solve the equation

tan‘lc_—xj :%tan‘lx, x>0
X
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erse Trigonometric Functions

Solution : Let x =tan @, then

tan‘l[l_ tan ej ~Lant (tan 0)
l+tan6/ 2

_ 1 T
tan~t tan(ﬁ—eﬂ:—e _—e=—e 0=
= { 2 7= 7 5% =

X =tan [E) = i
6) 3
2E1o] CZZNE Show that

2 2
tan~! V1 441 I,z cos‘l(xz)
V1+x2—1-x?) 4 2

Solution : Let x2 = cos20, then

2
3

Te_1m
4 6

20=cos t(x?), = 9=%005_1X2

Substituting x? = cos 2 6 in L.H.S. of the given equation, we have

tan‘l[\/“ x2 +1-x2 J _ tan_1(\/1+ C0Ss 20 +/1-cos 26]

V1+x2 —y1-x2 J1+cos 20 —/1-cos 260

—tan~L J2cos 0++/25sin 0
J2cos0-+/2sin 0

=tant [—COSOH!n ej = tan‘l[lJr tan ej = tan‘l[tan (Leﬂ
cos0-sin® 1-tan© 4

“Th0 =T leosi(x?)
4 4 2

Q
WX CHECK YOUR PROGRESS 24.2

1.  Evaluate each ofthe following :

. . 1
(@) sm[g—sm l(_gﬂ (b)  cot(tanta+cotra)

2
© tan%(sin‘llzx2 +cos ™ sz

41 41 =
tan| 2tan 1—) tan[Ztan 1———)
o enfowr] 0 -
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o . X . MODULE - VII
2. Ifcos™ x+cos™y=p,provethat x= —2xycosf+y =sin“p Relation and
3. IfcosTx+cosTTy+c0sTZ=m,provethat x2 +y? + 22 + 2xyz =1 Function
4.  Prove eachofthe following :
- 1 - 2 T . _14 .1 5 .1 16 TU
Sin "—=+8IN " —==—~ sinT"—+sinT —+sinTT —=—
@ J5 2 O 5 13 65 2 [T
©) cos 2 rtan 13— tan 12l (d) antiitantii@ntiot
5 5 11 2 5 8 4

5. Solvetheequation tan™(x —1) + tan™(x +1) = tan™*(3x)

476”*’
LET US SUM UP

° Inverse of a trigonometric function exists if we restrict the domain of it.

T

() sintx=y ifsiny=x where —1SX31,—§£ys )

(i) cos*x=y ifcos y=xwhere -1<x<1,0<y<n
T

(i) tan'x =y iftany=xwhere xeR,—g<y< ;

(V) cot™x =y ifcoty=xwhere xeR,0<y<m

(V) sec'x=y ifsecy=xwhere Xx= 1, Osy<§ or X< —1,% <y<nm
T
(Vi) cosec'x =y ifcosecy=xwhere x= 1,0 <ys<<

or X< —1,—% <y<0

° Graphs of inverse trigonometric functions can be represented in the given intervals by
interchanging the axes as in case of y = sin x, etc.
° Properties :

@) sint(sin6)=0, tan (tan0) =0, tan(tan"t0) =0 and sin(sin10)=0

_ (1
(i) cosectx=sin"? [lj cot 1x =tan? [lj sec™ X = cos 1(—)

X X X
(i) sin~t(—x)=—sin"'x, tan" (—x) =—tan"* x, cos*(-x) = —cos * x

. _ T — — T - —
(iv) sin~"x+cos 1x=§, tan~" x +cot 1x=§, cosec™' x +sec X =

NS

V) tantx+tanty=tan | Y| tantx—tanty=tanL{ XY
1-xy 1+xy

2x ) af1-x®) . i 2x
5 | =Cos 5 =tan 5
1+X 1+X 1-x
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erse Trigonometric Functions
(vir) sin~x = cos (\/1— x2 ) —tan? (Lj

1—x2

1 / 2
= sec‘l( > j = cot‘l( 1-X j = cosec* [ij
V1-x X X

e\ SUPPORTIVE WEB SITES

http://en.wikipedia.org/wiki/Inverse_trigonometric_functions

http://mathworld.wolfram.com/Inverse TrigonometricFunctions.html

el TERMINAL EXERCISE

1. Proveeachofthe following :

(a) sin” [gj +sint (%) _sin-t (%J
(b) tan* Gj +tan™* (éj = % cos " (g)
0 (g (5o )

2. Prove each of the following :

2tant [Ej +tan? [lj = tan* (gj
2 5 11

-1 1 -1 1) -1
tan | = |+ 2tan | = |=tan "2
(b) [2) (3

(¢ tan” [%j +tan™ (%) — tan? ( % j

3. (a) Provethat 23in‘1x=sin‘1(2x\/1—x2)

(a

N

(b) Provethat 2cos™ x =cost(2x? —1)

(c) Provethat cos™ x = 2sin? (, /LTXJ —2cost [‘ /“ij

MATHEMATICS
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4.  Provethefollowing :
@) tan”! cSX 1_r_X
l+sinx) 4 2
(b) tant CosX—sinx\)_m
cosx+sinx ) 4
€ cot™ ab +1) +cot™ [Mj +cot™* [
a-b b-c
5. Solve each ofthe following :
(8 tan!2x+tan"13x =§
(b) 2tan™" (cos x) = tan~* (2 cosec x )

() costx+sin”t [E xj _I
2 6

(d) cot‘lx—cot‘l(x+2)=%, x>0

MODULE - VII
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ca+1j=0
c—a
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MODULE - VI A
Relation and 7N\
Function LYJ ANSWERS

CHECK YOUR PROGRESS 24.1

Notes
i @y w03 @3 @©F

1 b 1
2 @3 0 7 © @1 (€) -2

2
3. (@) \1+x2 (b)m (©) x*-1 (d)m ©) %

CHECK YOUR PROGRESS 24.2

X ) 7
L@l B0 Oy Op @
1
5. O,iz
TERMINAL EXERCISE
1
5. @3 ® @« @3
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