INTEGRATION

311en30

Inthe previous lesson, you have learnt the concept of derivative of a function. You have also
learnt the application of derivative in various situations.

Consider the reverse problem of finding the original function, when its derivative (in the form of

a function) isgiven. This reverse process is given the name of integration. In this lesson, we shall
study this concept and various methods and techniques of integration.

r
®©)

OBJECTIVES

After studying this lesson, you will be able to :

explain integration as inverse process (anti-derivative) of differentiation;

find the integral of simple functions like x" sin x, cos x,

2 2

1
SeCc” X, COSec“X, Sec X tan x, cosec x cot x, —, e* etc.;
X

state the following results :
@) I[f(x)ig(x)]dx:If(x)dxifg(x)dx
@) [[xkf(x)]dx = +k[f(x)dx

find the integrals of algebraic, trigonometric, inverse trigonometric and exponential
functions;

find the integrals of functions by substitution method.

evaluate integrals of the type

dx
J‘2+aZJ. 2 _ ZIJX + a2 I\/a J.ax2+bx+c’

,[ j(px+q)dx j(px+q)dx
Vax? + bx +¢ "X +bx+c¢’ " {ax? + bx + ¢

derive and use the result

I:c((x)) = (n|f(x)|+C

state and use the method of integration by parts;
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. evaluate integrals of the type :

I\/xz + a2dx, IVaZ — x2dx, Ieax sin bx dx, Ieax cos bx dx,
[(px+a)Vax? + bx + ¢ dx, [sintx dx, [eos™tx dx,

dx I dx

Isin”xcosmxdx,j —
a+ bsinx a + bcos x

derive and use the result
Iex[f(x)+f'(x)]dx =eXf(x)+c:and

integrate rational expressions using partial fractions.

EXPECTED BACKGROUND KNOWLEDGE

. Differentiation of various functions

. Basic knowledge of plane geometry

. Factorization of algebraic expression

. Knowledge of inverse trigonometric functions

30.1 INTEGRATION

Integration literally means summation. Consider, the problem of finding area of region ALMB
as shownin Fig. 30.1.

Fig. 30.1

L M

We will try to find this area by some practical method. But that may not help every time. To
solve sucha problem, we take the help of integration (summation) of area. For that, we divide
the figure into small rectangles (See Fig.30.2).

R;| R, Rn Fig. 30.2

L @ Q Qv m

Unless these rectangles are having their width smaller than the smallest possible, we cannot find
the area.
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This is the technique which Archimedes used two thousand years ago for finding areas, volumes,
etc. The names of Newton (1642-1727) and Leibnitz (1646-1716) are often mentioned as the
creators of present day of Calculus.

The integral calculus is the study of integration of functions. This finds extensive applications in
Geometry, Mechanics, Natural sciences and other disciplines.

Inthis lesson, we shall learn about methods of integrating polynomial, trigonometric, exponential
and logarithmic and rational functions using different techniques of integration.

30.2. INTEGRATION AS INVERSE OF DIFFERENTIATION

Consider the following examples :

d /. » d .
' —(x*)=2x i —(sinx)=cosx (i —(eX)=¢e*
0 5 0¢) @) o (sinx) Gy (¢
Let us consider the above examples in a different perspective
()  2xisafunction obtained by differentiation of x?.

= x2 is called the antiderivative of 2 x
(in) cos x is a function obtained by differentiation of sin x

= sin x is called the antiderivative of cos x

(iin) Similarly, X is called the antiderivative of *

Generally we express the notion of antiderivative in terms of an operation. This operation is
called the operation of integration. \We write

1. Integration of 2 x is X2 2. Integration of cos x is sin X
3. Integration of e* is e*

The operation of integration is denoted by the symbol j .
Thus

1. _[Zxdx:xz Z.Icosxdx:sinx 3. jexdx=ex

Remember that dx is symbol which together with symbol I denotes the operation of integration.

The function to be integrated is enclosed between I and dx.

Definition : If di [f(x)]=1"(x),thenf(x)issaidto be an integral of f (x) and is written
X

as [ F'(x)dx = f(x)

The function f'(x) which is integrated is called the integrand.

MATHEMATICS

MODULE - VIII
Calculus
Notes
327



MODULE - VIII
Calculus
Notes
328

Integration

Constant of integration
If y= x2,thend—y = 2X
dx
J 2xdx = x?

. d d .
Now consider d—X(X2 + 2)or d—X(X2 + C) where c isany real constant . Thus, we see that

integral of 2x is not unique. The different values of I 2 x d x differ by some constant. Therefore,

j 2xdx = x? + C, wherec s called the constant of integration.
Thusjexdx =X +C, Icosxdx =sinx +¢

Ingeneral j f'(x)dx = f (x)+ C. The constant c can take any value.

We observe that the derivative of an integral is equal to the integrand.

Note: [f(x)dx, [f(y)dy , [f(z)dz butnot like [ f(z)dx

Integral Verification
n+1 d Xn+1
nax = X v +C |=x"
1. Ide_n+1+C i dx£n+1 ]
wherenisaconstantand n = —1.
d :
. sinx dx = —cosx + C .. —(—cosx+C)=sinXx
2 | - S )
3. Icosx dx =sinx +C --i(sinx+C):cosx
" odx
2 d 2
4. [sec’xdx=tanx+C w4, (1anx+ C) = sec? x
2 d 2
5. Jcosec X dx =-cotx +C -_-d—x(—cotx+C)=cosec X
d
6. Isecxtanxdx:secx+c -_.d—x(secx+C):secxtanx
d
7. Icosec x cot x dx = —cosecx + C -,d—x(—cosecx+C):cosec X cot X
1 : d (qin-1 __ 1
8. dx =sintx+C oSN x+C )=
.[ 1—X2 : dX( ) 1—X2
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d 1
dx =tan"tx + C . —(tanIx+C)=
% I1+x2 dx( ) 1+ x2
d 1
1 -1 _
10. —— dx=sec!x+C (s x+C)=——=—
J‘X,XZ—]_ + dX( ) X X2_1
d X _ aX
11. Iexdx=eX+C -d—x(e +C)_e
aX d( a* x 1
X = — C =a” =— ;
12. [a¥dx oga * C dx[loga J ~ifx>0
13, [Sdx =log|x|+C 2 (log|x|+C)
' X X
WORKING RULE
1. To find the integral of X", increase the index of x by 1, divide the result by new index
and add constant C to it.
2 J.de will be very often writtenas [ %%
' f(x) y .[f '
(x)
71
L"‘ §J CHECK YOUR PROGRESS 30.1
3
1 Write any five different values of J‘ X 2dx
2. Write indefinite integral of the following :
(@) x5 (b) cos x (©0
3. Evaluate :
1
6 —7 - XE—X
(@ [x%dx  (b) [xTdx (c)jxdx (d) [3*57*dx

@ %o @[ ax @] o @[ o

4, Evaluate :

cos 0
do
(@) J.sinz 0

sin®
cos? @

®) | do

MATHEMATICS

MODULE - VIII
Calculus

Notes

329



MODULE - VIII
Calculus
Notes
330

Integration

2 .2
c0s“ 0 +sin“ 0
do
© I cos? @ @ J‘sm 29

30.4 PROPERTIES OF INTEGRALS

Ifa function can be expressed as a sum of two or more functions then we can write the integral

of sucha function as the sum of the integral of the component functions, e.g. if f (X) = x +x3,
then

8 X4

f(x)dx = [[x7 +x3]dx = [xTdx +[x3x =2+ X +¢C
Jroae=] JxTox+] 5t
So, in general the integral of the sum of two functions is equal to the sum of their integrals.

I[ X)+9( )]dx_jf )dx+jg(x)dx

Similarly, ifthe given function

f(x)=x"-x?

we can write it as If(x)dx = j(x7 —xz)dx = Ix7dx —Ixzdx

8 3
= X_ — X_ + C
8 3
The integral of the difference of two functions is equal to the difference of their integrals.
ie. I[f(x)—g(x)]dx:If(x)dx—jg(x)dx

If we have a function f(x) as a product of a constant (k) and another function [ g (x )|
1.e. f(x) = kg (x), then we can integrate f(x) as

If(x)dx:jkg(x)dx = kjg(x)dx

Integral of product of a constant and a function is product of that constant and integral of the
function.

ie. [KF (x)dx = k[ f(x)dx
Evaluate:
(i) [ 4*dx (i) [(2x)(37)dx

X

+C

4
Solution:() [ 4*dx = og3
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0 j<2x><sx>dx=ji—:dxf@xdxzuog(

Remember in (ii) it would not be correct to say that Notes

IZXS‘de = szdx IS‘de
)

=4

Therefore, integral of a product of two functions is not always equal to the product of the
integrals. We shall deal with the integral of a product in a subsequent lesson.

S'ETo] R0 Evaluate :

wlN

2X 3—X
Because IZX dx jS‘X dx = [ } +C# +C

log2{ log3

sin2 0 + cos? 0

] dx .
i , whenn=0andn=2 (ii de
0 Icosn X 2 I sin? 0
Solution :
. Wh 0 J‘ dx j dx
enn=0, =
@ cos" x 7 cos® x
dx
= —i— :J.dx

Now Idx can be written as _[ x°dx

Xo+1

_[dx=jx°dx= +C=x+C

0+1

When n=2,
J‘ dx _J- dx
cos" x Y cos? x
= jsec2 x dx
=tanx=C
) 2
sin“ 0 + cos“ 0 -1
' — do = d6 = —[ cosec?0 do
) I sin2 0 J.sinz 0 j
=cot9+C
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Example 30.3 JRYZIIEICE

: : o ex% 4l
@i) I(smx+cosx)dx (u)_[ 3 dx
1- 1 1
m [ wll e =)o

Solution : (i)j(sinx+cosx)dx = Isinxdx +Icosx dx = —cosx +sinx + C

2 2
X< +1 X 1 1 1
i dX=|| =+ |dX = | = dx + | = dx
(i) IX3 I{X3 X3J IX +Ix3
= log|x| + +C =|og|x|—i+C
2x2
1-x 1 X 1
N E U R P
O [E s J L (PR R
:2&—§x3/2+c
1 1 dx dx
- dx = -
O el Lo Fr e
—tan~tx —sinlx+C
SElo] RS Evaluate :
3
()  [vi-sin20 do (i) I(‘lex——zjdx
XVXe -1
6
x° -1
(i) [(tanx+cotx)? dx (V) I{Xz_leX

Solution : (i) 1 _sin 20 = vcos? 6 + sin? © — 2sin B cos O

[ sin2 0 + cos? 0 = 1}

_ \/(cose _sin 9)2 =+(cos®—sin0)
(sign is selected depending upon the value of @)

@ If J1-sin20 =cos6-sin®
then IVl—sinZGdezj(cose—sine)de
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= [c0s6 do - [sin0d0 = sin@ +cos0+C calculus
(b) If IVl—sinze dezj(—cose+sin0)d9 :—Icose de+jsin0d9

=-sin0—-cosO+C

3 3
(li) .“(43)( - T\/T_lj dx = j4eXdX - J’T\/T_l dx Notes

dx
= 4Iede —SJ‘W — 4¢X —3SEC_1X +C

(iii) I(tanx+cotx)2dx :I(tan2x+cot2x+2tanx cotx)dx

:I(tan2x+cot2x+2)dx
:I(tan2x+1+ cot2x+1)dx
= J'(sec2 X + coseczx)dx

= J.sec2 X dX + jcoseczx dx

=tanx —cotx + C

o (22w

j dX (dividing x® — 1 by x2 +1)

Xc+1 x2 +1

4 2
_dex dex+Idx ij 1
:X;—X;+x—2tan‘1

X+ C

Example 30.5 RRIIEICE

0 J'[\/;Jr%fdx (ii)j[495x_gf4x_3}dx

e

Solution :
0 j(&+%fdx:j(x3/2 \&+3\/_l 3/zjdx
_[3/2dx+3j\/_dx+3.[\/_dx j 372

X5/2 X3/2 X1/2 2

= +3 +3 -—+C
3 1
2 2 Vx
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5 3 1 1

:§x2+2x2+6x2—2x 24C

. 4e> — g™ - 9e 3dx
() I[ o3 JdX—I———d il el e

=4Ie2x dx—QIeX dx—3je‘3x dx

= 202X _geX 1 e X 4 C

Q
WX CHECK YOUR PROGRESS 30.2

1. Evaluate :

@ J[x+3)o o [ o

5+3x — 6x% — 7x* —8x®
©) j[leg—&+%jdx (d)j[ X XX6 X X de
x4 2 \?

©) I1+X2 dx (f).[(\/;+ﬁj dx

2. Evaluate :
2
(a) Ju:ﬁ (b) [ tan? xdx © ] SI(;OS::

(d)jm ()Icos XdX (f) | (cosec x — cot x) cosec x dx

3. Evaluate :

(a) [ VI+cos2x dx (b) [V1-cos2x dx (c) [——

1 - cos 2x

4. Evaluate :

(a) I\/X + 2 dx

30.5 TECHNIQUES OF INTEGRATION

11.5.1 Integration By Substitution

This method consists of expressing I f (x ) dx interms of another variable so that the resultant
function can be integrated using one of the standard results discussed in the previous lesson.
First, we will consider the functions of the type f (ax + b ), a = 0 wheref(x) is a standard
function.
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SEo] CON  Evaluate :

@  [sin(ax+b)dx

Solution : (i) Isin(ax +b)dx
Put ax+b=t.

dt dt
Then a=— or dx = —
dx a

. . dt . . .
jsm (ax+b)dx = jsm t; (Here the integration factor will be replaced by dt.)

_cos(ax+b)

1. 1
=_|sintdt ==(—-cost)+C =
aJ. a( ) a

SEo] COWA Evaluate :

1
(M) I(ax + b)“ dx, where n = -1 (ii) jmdx

Solution : (i) j (ax +b)" dx, where n = -1

Put a—E dx—ﬂ
u ax+b=t = dx or a
n l 0 l tn+1

=—|thdt =— +C

[(ax +b)"dx aj dt == D
n+1
:E (ax+b) +C where n = -1
a n+1
1
dx
(1) j(ax+b)
1

Put ax+b=t = dx=—dt

1 1 d 1
- dx=[==_2
I(ax+b) X J.a t alog|t|+C

:élog|ax+b|+C
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SElo] CRORAN Evaluate :

M e dx

Solution : (i) [ e>**dx

Put BX+7 =t = dx = —
jeSX+7dx = %jetdt = %et +C

_L
5

e5X+7 +C

1
Likewise J‘eax+bdx _ geax+b +C

Similarly, using the substitution ax + b =t, the integrals of the following functions will be :

n+1
[(ax+b)" dx ZEM-FC, n#=-1
a n+1
1 1
——dX el
j(ax+b) alog|ax+b|+C
Isin(ax+b)dx :—icos(ax+b)+C
1.
[ cos(ax +b)dx = —sin(ax +b) +C
2 1
jsec (ax +b)dx =gtan(ax+b)+C
2 1
jcosec (ax +b)dx =—gcot(ax+b)+C

Isec(ax+ b)tan (ax + b)dx =§sec(ax+ b)+C

1
Icosec(ax+ b)cot(ax +b)dx = —gcosec(ax +b)+C

SElo] I Evaluate :

M  [sin?xdx (i) [sin®x dx (i) [cos®x dx (iv) [sin3x sin2x dx

Solution : We use trigonometrical identities and express the functions in terms of sines and
cosines of multiples of x
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. 1 - cos 2x . 1- cos2x
(i) J'smzx dx :J'de [ sin? x :T} Calculus

=%.|'(1—c032x)dx :%Ildx—%.[coszx dx

:Ex—isin2x+C Notes
2 4

(i) jsin3 X dx = I3S'nX;S'n3X dx [ sin 3x = 3sin x — 4sin3 x}

1 . . 1 cos 3X
=Zj(3smx—sm3x)dx —Z[—3cosx+ }+C

(i) [ cos® x dx = cos 3 23005 X dx [ cos 3x = 4¢os° x —3cosx}

1

1 _ 1] sin3x
:Zj'(cos3x+3cosx)dx —Z[

+3sinx} +C

. . . 1 . .
(iv) Ism 3x sin 2x dx = EIZSln 3x sin 2x dx

[~ 2sinAsinB =cos(A—-B)—-cos(A+B)]

1 1. sin 5x
i _ ==|sinx — +C
2j(cosx cos 5x ) dx 2[ c }

Q
\ & § CHECK YOUR PROGRESS 30.3

1. Evaluate :
(@  [sin(4-5x)dx (b) Isec2(2+3x)dx
©) ISEC[XJr%jdX (d)  [cos(4x+5)dx

(e) Isec(3x+5)tan(3x+5)dx
(f  [cosec(2+5x)cot(2+5x)dx

2. Evaluate :

dx
@) fm ) [(x+1)*dx (© [(4-7%)"dx

1 1
@  [(4x-5)>dx ©) jmdx (ﬂjmdx
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1
2
@  [(2x+1)*dx (h) jx+ldx
3. Evaluate :
1

(@  [e?*dx (b) [e*dx ©) j—e” oy 9
4. Evaluate :

@) jcos2 X dx (b) jsin3 x cos® x dx

(©) Isin 4x cos3x dx  (d) Icos 4x cos 2x dx

frix)
30.5.2 Integration of Function of The Type m

To evaluate | LHCIPY ,we put f (x) = t. Then f (x) dx = dt.

f(x)
If'(X)

dx — dt
£(x) —IT:Iog|t|+C:Iog|f(x)|+C

Integral of a function, whose numerator is derivative of the denominator, is equal to the logarithm
of the denominator.

SEglo) NN Evaluate :
OB

Solution :

2x d ) J‘ dx
2o @ 2Jx (3+x)

()  Now 2xisthe derivative of X2 +1.
By applying the above result, we have

Ixzzildx :Iog‘x2 +1‘+C

. 1 o
(i) M is the derivative of 3 + \/x

J‘ dx
2&(3+\/§)

:Iog‘3+\/§‘+c

MATHEMATICS



Integration

Example 30.11 FRVEUTEICE

eX 47X e2X —1
i ———aX i dx
() Iex_e—x () Ie2x+1
Solution :
(i) eX + e X isthe derivative of e* —e™*

X —X
J‘&dx = Iog‘ex —e‘X‘+C
eX —e*
Alternatively,
e +e7%

For _[ X _ o dx,
Put e —e X =t
Then (ex +e7% ) dx = dt

e +e7% dt _

5o [% gl s -toofe et

2X

e’ -1
i dx
O [

Here e2* — 1 isnot the derivative of X + 1. But if we mu Iltiply the numerator and denominator
by e~X, the given function will reduce to

eX —X

I__:i_

dx = Iog‘ex +e‘X‘+C
e +e7%

e2X —1 eX — g%
I 2 dx :I
e +1 eX 47X

:Iog‘ex +e‘X‘+C

[ (eX —e% ) is the derivative of (ex +e7% )}

Q
\ & J CHECK YOUR PROGRESS 30.4

1. Evaluate :

X

dx
3x2 — 2

(a)I X+1 J- 2X +9

2
dx — — dx _
(b)'[x2+x+1 x2 +9x + 30
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d dx
(d)jx3+3x+3x( I 2+x 5 (f)j‘/_(SJr‘/_)
) I (8+ Iog X)
Notes | o, Evaluate :
e* dx
d -
@[5 Of brape
30.5.3 INTEGRATION BY SUBSTITUTION
)  [tanxadx (ii) [ sec x dx
Solution :
sin X —sin x
i t dx = dx = - d
0 janx X Icosx X Icosx X

—log|cos x| +C (- —sin x is derivative of cos x)

= log

cosx| 7€ o =log|sec x| +C

Itanxdx = log|sec x|+ C

Alternatively,
in x dx —sin x dx
[tanxax = [AMX D _posinxdx
COS X COS X
Put COSX =t.

Then —sinx dx = dt

dt
jtanxdx :_IT = —log|t|+ C =—log|cos x|+ C

= log

cosx| T C =log|secx|+C

(in) I sec x dx
sec X can not be integrated as such because sec x by itself is not derivative of any function. But

this is not the case with sec? x and sec x tan x. Now I sec x dx can be written as

I (secx + tanx)
sec X
(secx + tan x)
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(sec X +secxtanx)

—I dx
sec X + tan x

Put SeCX + tanx = t.

Then (secx tan X + sec x)dx = dt

dt
jsecx dx=jT =log|t|+C =log|secx + tan x|+ C

1
Example 30.13 |VEUTEIE Iaz _ %2 dx

Solution: Put x = asin® = dx = acos0O do
acoso
2 I a2 do
a2 — x2 —a%sin?0
cose
= I :l Lde =£jsecede
1—sin? 9 a’ coso a
1 1+sin®
=1Iog|sece+tane|+C = —log ‘+C
a a cos 0
1+;(
:—Iog—2+C__| a+ X +C=£|g\/a+x
/1_L a2 _ x2 a Ja - x
a2
1
1 a+Xx)2
=—|09( j +C -1 og|2 Xl c
a a-—-X 2a g a—X

1
Example 30.14 [SCITECHNN by 2 dx

Solution:Put x =asec® = dx =asecO tand do

3 Iasece tan 6 do

x2 — a2 a%sec? 0 —a?
sece tan 0
= I (tanzezsecze—l)
tan? @
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== ﬂde =l _Lde=ljcosecede
tan © sin @ a
=£Iog|cosec 0-cotd|+C =£Iog‘l__cose‘+c
a a sin 0
1 1‘?(
i X —a
a|°g 22 +C = —log — +C
1- % X< —a
52
X—a 1 X—a
==lo +C =—1lo +C
a 9 VX +a 2a 9 X +a
Example 30.15 Ia2+x2 dx
Solution: Put x = a tan® = dx = a sec? 0 do
2
asec” 0
Joryix =] " do
a? + x2 (1+tan 6)
1 1 X 1 X
=-1do ==06+C —=tano tan~"— =0
aI . [a = a j
=1tan‘15+c
a a
J‘;dx
Example 30.16 m
Put X=asing = dx = a cos0 do
I 1 dx—j acoso 4o
Va2 — x?2 Ja? —aZsin2 0
acoso
= do =|do —
Iacose I =0+C
—sintXic
a
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Example 30.17 _[ - ox
Vx?% —a?

Solution : Let X=asechb = dx=asecOtan6do
I 1 _rasecoOtan®

U2 —a? " alsec?o-1

— ['sec6d6 = log|sec O + tan 0| + C

§+£\/x2 ~a?

a

:Iog‘x+\/x2—a2‘+C

de

= log +C

1

Example 30.18 | e
Cianoi 2019 |t

Solution : Put x = a tan 0 — dx =asec20do

=Isecede

= log|sec6 + tan 8] + C = log +C

:Iog‘\/a2+x2 +x‘+C

1 X
“Va?+x?2+2
a

a

x? +1
Example 30.19 -[x“ . dx
+

Solution : Since x? is not the derivative of x* + 1, therefore, we write the given integral as

1+i
2
_[ dx
X2+ L
52
1
Let X — = =t Then [1+—2j dx = dt
X X
1 1
2 _ 42 2 L+ _ 2
Also X —2+F_t — X +X2_t + 2

MATHEMATICS

MODULE - VIII
Calculus
Notes
343



MODULE - VI 1
Calculus 143 dt —IL
. X dx = N 2 2
. Ix2+1 X It2+2 () +(J§)
2
1
1 t 1t -1 X_; C
Notes =—tan_1—+C = —tan +
NA NA J2 V2

Xc -1
Example 30.20 [ Rrameles
+

1
X< -1 1_X7
Solution : IX4+1dX=I 2 1dX
X<+
X
1
PUt  x+==t. Then (1——2jdx:dt
X X
Also X2+2+i2=t2 — X2+i2=t2—2
X X
1
1- —
2 dt dt
X
] 1dXZI2 Z_I 2 2
NG t (1) -(V2)
2
X
t-+2

1
= lo +
22 Ptz

L |xei-2

= log
22 i
X

2

Example 30.21 X" dx
b Ix“ +1

Solution : Inorder to solve it, we will reduce the given integral to the integrals given in Ex-
amples 11.19 and 11.20.

2 2 2

X 1 Xxc+1 xc-1
i dx = = + dx
LE., '[x4+1 ZI{X4+1 x4+1}
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1,ex%+1 1,ex%-1
== dx + = dx
2J‘x“+1 2J‘x“+1

x-1t x+ T 2
EJE S X +ilog X +C
2| V2 L R PN

X
Example 30.22 I 41 dx
X*+1

Solution : We can reduce the given integral to the following form

1

Solution : (a)

i!
J

1
2

X2 +1)—(x2 —l) |
X

x4 +1
2 2
X< +1 1lexc-1
dx —= dx
x* +1 2J‘x“+1
e x—)l( . x+)1(—x/§
tan™ log +C
V2 L R PN
X
2
-1
dx X dx
@) Ixz X +1 (b)jx4+x2+1
[k = T
X -x+1 X2 —x+>-=+1
1
=I 2 dx
(i
2
=I : 7 X
CHRE
X—=| +| —
2 2
X 1
1| " 2
= —tan +C
V3 V3
2 2
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Integration

1 1
2 _ T2
(b) [ dx = [— o
x* +x% +1 w2414 L
52
1 1
X+—==t 1——jdx:dt
Also x2+2+i2=t2 N x2+1+i2=t2—1
X X
1
—
2 dt
_XT gy = 1, |t-1
2 =—log|—|+C
Ix2+1+1 jt -1 72 0 t+1‘
52
X+—-1
log +C
X+—=+1
Example 30.24 .[x/tanx dx
Solution : Let tan x = t2 = sec? x dx = 2t dt
- dx = —o—dt = —2_dt
sec” X 1+t

2t2
jx/taﬁdx_jt(“ﬁjdt —j1+t4dt

s S 2141 1
I[t4+1 t*+ J It4+1 J‘t4+1dt
B = -

Solution : Let cotx = t2 — —cosec?x dx = 2t dt

L ke —2t2 g o 2

7t
COsec-X t* +1

.f«/cot x dx =_It[t42iljdt

MATHEMATICS
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212 I t2 + 1, t2 -
J"[4+1 t4+1 t+1
Proceed according to Examples 11.19 and 11.20 solved before.

SEUIROPLR [ (Vian x + Voot x ) dx Notes

Let sinx—cosx =t = (Ccosx+sinx)dx = dt

Calculus

MODULE - VIII
Jdt

Also 1—2sinxcosx = t2 = 1-t2 = 2sin X cos X

2

= Sin X €0S X

J~sm X —CosX |
CoS X sin X 1-t2 =2
s F I

= V2sin7![sinx —cos x|+ C

S Elo] RS Evaluate :
J‘ dx b .[ dx
(@) 8+ 3x — x2 (b) X(1-2x)

Solution :

dx B dx
@) '[\/8+3x—x2_'[1/8—(x2—3x)

(Using the result of Example 26.25)

. 2
= sin ~ =7

V41

2
2X — 3
1
= sin +C

[ V4l j
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dx dx
b =
® Ix(l—Zx) J‘\/x—2x2
_ l.[ dx J‘ dx
2 \/_ x 1
V)z(_xz \/16 {X2_2+16}
1 dx [x—lj
pivA e ¢ =it e
(4) ‘(X‘J V2 [4)
=%sin‘1(4x—1)+c
Q
(@] cecx vour procress w5
1. Evaluate :
2 X
@ J‘x2X—9dX (®) J‘ez’(iJrldX © J.1+Xx4 dx

J‘ dx J‘ I dX_

@ W © 1+ 3sin? x ® V3 - 2x — x?
dx

© I3X coxv2n O J‘\/5—4x—x2 0 IXVSXZ -12

e*dx 1+ x
) J.sm 40+ cos? 0 (k) I\/1+e2X 0 I 1-x ax

dx 3x? x+1) ix
w0l =% o I
I dx I sin 0 4o I sec? X
O o ac @ N ieto 1 O I aea
1

1
- dx -
©) j(><+2)2+1 ® I\/16x2+25 X

30.6 INTEGRATION BY PARTS

In differentiation you have learnt that

(1) =1 2-(0) + 0 (1)

MATHEMATICS



Integration

d d d
or f&(9)=&(f9)—9&(f) ()

d
Also you know that I&( fg)dx = fg

Integrating (1). we have
f %(g)dx:jéﬂ—x( fg)dx—jg%(f)dx
= fg—jg%(f)dx
if we take f =u(x):—(g)=v(x).

(2) become ju(x)v(x)dx

:u(x)-.[v(x)dx—j[%(u(x)).fv(x)dx}dx

=I function x integral of 11 function — j [differential coefficient of function x integralof 1
function]dx

A B

Here the important factor is the choice of I and Il function in the product of two functions
because either can be I or 11 function. For that the indicator will be part 'B' of the result above.

The first function is to be chosen such that it reduces to a next lower term or to a constant term
after subsegent differentiations.

In questions of integration like

xsin X, xcos’ x, x’e*
()] algebraic function should be taken as the first function

(in) If there is no algebraic function then look for a function which simplifies the product in
'‘B'as above; the choice can be in order of preference like choosin first function

()] aninverse function (i) a logarithmic function
(i) a trigonometric function (v)  anexponential function.
The following examples will give a practice to the concept of choosing first function.

| function Il function

1. I X €0S X dx X (being algebraic) COS X

MATHEMATICS
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2. [ xerdx «2 (being algebraic) e*
3. Ixz log dx log x X2
log x 1
———dx
5. jxsin’lxdx sin™t x X
6. I log x dx log x 1

(Insingle function of logarithm
and inverse trigonometric we
take unityas Il function)

7. sin! xdx sin! x 1
Example 30.28 ERVEUTEICH
Ixz sin x dx

Solution: Taking algebraic function x2 as functionand sin x as Il function, we herv.

jlxzsin xdx = xzjsin x—j[%(xz).[sin xdx}dx

=—x? cosx—ZIx(—cosx)dx
:_xzcosx+2j.xcosxdx @)

againIxcosxdx:xsinx+cosx+c 2)
Substituting (2) in (1), we have

Ixz sin x dx = —x? cos X + 2[xsin x +cos x]+ C

=—X°C0S X+ 2XSin X +cosx+C

S Elo] RPN Evaluate :

Ixz log x dx

Solution: In order of preference log X is to be taken as I function.
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x3 1 x°
logxx2dx =—logx—[=-Z—dx
j g x x2 dx 3109 Ix 3

X3

3 3
:X—Iogx—X—+C
3 9

S Elo] RN Evaluate :

Isin‘lx dx

Solution: jsin‘lx dx=jsin‘1x-1-dx

Let

i X
=xsin™ x—jgdx

V1-x?

1-x2 =t = —2x dx = dt

X

X2 X3 1 3
A _[2gx =—logx—— +C
3Iogx Isdx 3 g 3(3}

-1
xdx =—dt
= 2

X 1,dt
jﬁdx=—§j$ =t+C =—1-x* +C

jsin’lx dx =xsin? x++/1-x*+C

Q
\&' § CHECK YOUR PROGRESS 30.6

Evaluate:

1. (@)
2. @
3. (@)
4. @)

[xsinxdx (o)  [(1+x*)cos2xdx  (0)

Ixtanz xdx  (b) Ixzsinz X dx

[x*log2xdx (b)  (1-x*)logxdx ©)

X" X

Jloﬂ S Ilog(log X) i

Ixsin 2xdx

I (log x)2 dx
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5. (@ [x¥edx () [xedx

6. (@) Ix(log x)2 dx

7. (@  [sectxdx () [xcot™xdx

30.7 INTEGRAL OF THE FORM

Iex[f (x)+ f'(x)]dx
where f () is the differentiation of f (X). In such type of integration while integrating by parts the
solution will be ¢* ( f (x))+C.

For example, consider

jex [tan x + log sec x| dx

. sec x tan x
f (X)= SecX

Let  [(x)=logsecx, then = tan x

So (1) canbe rewritten as
Iex [ £'(x)+ f(x)]dx=e*(f(x))+C—e*logsecx+C
Alternatively, you can evaluate it as under:

[&*[tan x+logsec x]dx = [e" tan xdx+ [ e* logsec xdx

=" Iogsecx—jeX Iogsecxdx+J'eX log sec x dx

=e*logsecx+C

= ETo] R[N Evaluate the following:

(1 1 1+ xl1

@) je (;—?de (b) Ie ( +XX09Xde
_Xe o[ 1+sinx

© J.(X+1)2 ' @ e [1+cosx}dx

MATHEMATICS
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Solution:

=t
o e (1+X|09XJ je( IOgXJ

. d
= [e (Iogx+d—x(|09 X)de =e*logx+C

xe I:X+1_1Xd _ xi_ 1
© J.(x+l)2 ” '[(x+1)ze ” Ie x+1 (x+1)’

=g’ (L}C
Xx+1
14sinx 1+25in§cos§
(d =je [1+cosx}dx:je 2 X
2C0S >

=J‘eX lsec25+tan§ dx
277 2 T2

= Iex tan1+9(tan EH dx
2 X 2

=e”tan X +C
2
SElo R  Evaluate the following:
(@) IsecS x dx (b) Iex sin x dx

dx
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Solution:

@)

Let

or
or

or

or

(b)

Let

or

or

Isecsxdx

I:Isecx-seczxdx
:secx-tanx—jsecxtanx-tanxdx

| =sec xtan X—I(SGCSX—SGCX)dX

I:secxtanx—jsecSde+Isecxdx

21 :secxtanx+jsecxdx

| =secxtan x+ log|sec x+ tan x|+ C,

1
I :E[secxtan x+log|sec X +tan x| |+ C
Iexsin x dx

| :Iexsinxdx

Integration

( tan? x = sec? x —1)

:ex(—cosx)—jex(—cosx)dx =—g* cosx+jeX cos x dx

=—¢" cosx+(exsin x—J'eXsin xdx)
| =—e*cosx+e*sinx-1
21 =—e*cosx+e*sinx

X

I =%(sin X —c0sXx)+C

SElo (RN Evaluate:

Solution:

Let

J'x/az—xzdx

I :I\/az —xzdx=.[\/a2 —x? 1dx

Integrating by parts only and taking 1 as the second function, we have

MATHEMATICS
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Iz(m)x—j

MODULE - VIII

(2x) Calculus
—2X)-xdx

1
2Ja? - x?

2 az_(az_xz)
— 2 2 X‘d _ 22 .[
xva® —x +I g X =xva“ —x" + —Tz—xz dx — |

:x\/af—i)@+a2.[\/azl?dx—.[\/az—7x2dx
| =xv/a? —x* +a?sin™ (EJ—l
or 21 =xy/a? - x? +a’sin™ (2}
or I :%{x\/az—ix%razsinl(gﬂ+c
Similarly, J\/ﬁdx :@—a—;mg‘mm

+C

/ 2 2 2
J‘\/a2 +x2dx:$—%Iog‘x+x\/a2 +x°

Evaluate:
@) j J16X2 + 25dx (b) j V16 — x2dx © j V1+x-2x2dx

Solution:

[, 25 5)
(a) j\/16x2 +25dx:4j X +de:4j X J{ZJ dx
Using the formula for _[1 /(x2 +a’ )dx we get,
/ , 25
X+, X +—
16

| 16x2+25dx:|:§,/xz+f—g+§—g|09
:% 16x2+25+%log‘4x+ 16x2+25‘+C

+C

]+c
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MODULE - VIII
Calculus (b) Using the formula for I, /(a2 — xz) dx we get,

3 X > 16 . X
I«/16—x2 dX:I [(4)" —x?dx —E\/16—x +5sin Z+C
Notes | (c) I\/1+x—2x2dx=x/§j‘1/%+§—x2dx
1 x 1) 1
L2 2= 2 = |+ =
\/_J\/_z (X 2+16j+16}dx

- {3

1 1
X—— 2 X ——
4 |9 1 9 . .7 4
= 2 —_— —_— _——
2 > 16 (x 4j +16><25m 3 +C
L 4
:x/§_4x8_1.%\/1+x—2x2 +3%sin1 4X3_1}+C
= 4X_l\/1+ X—2x2 + 9\/Esin’1 -1 c
8 32 3
rW
X CHECK YOUR PROGRESS 30.7
Evaluate:
1. (@ [ersecx[l+tanx]dx (b) [e*[secx+log|secx+tan x|]dx
) @) j_ex_l xdx (b) Iex sin"tx— ! dx
X’ 1-x?
(x—1) xe*
e” dx dx
s | (x+1) 2 ] (x+1)°
X +Sin X
d Xgj
5, j1+cosx X 6.  [e sin2xdx
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30.8 INTEGRATION BY USING PARTIAL FRACTIONS M%zlfCLuEh;SV”'

By now we are equipped with the various techniques of integration.

. . 4X+5 Lo . .
But there still may be a case like i 6’ where the substitution or the integration by parts

+X—-6

may not be of much help. In this case, we take the help of another technique called techmique Notes

of integrayion using partial functions.

p(x
Any proper rational fraction q (x) can be expressed as the sum of rational functions, each

having a single factor of g(x). Each such fraction is known as partial fraction and the process
of obtaining them is called decomposition or resolving of the given fraction into partial fractions.

3 5 8x+7 8x+7

Forexample, 575"y "1~ (x+2)(x-1) x*+x-2

3 5 8x+7

Here —,— are called partial fractions of —5——.
X+2 X— X"+ X-2

f(x
g(x

If ) is a proper fraction and g (x)can be resolved into real factors then,

@ corresponding to each non repeated linear factor ax + b, there is a partial fraction of the
form

(b)  for (ax+ b)2 we take the sum of two partial fractions- as

A B
+ 2
ax+b  (ax+b)

For (ax+ b)3 we take the sum of three partial fractions as

A B C
+ 2 + 3
ax+b (ax+b)" (ax+b)

and so on.

() For non-fractorisable quadratic polynomial gx? + px + ¢ there isa partial fraction

AX+B
ax® +bx+c
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f(x f(x
Calculus Therefore, if g (X) is a proper fraction QEX; and canbe resolved into real factors, gEX; can

be written in the follwoing form:

Factor in the denominator corresponding partial fraction
Notes A
axtb ax+b
, A N B
(ax+b) (ax+b) (ax+b)2
, A N B N C
(ax+b) (ax+b)  (ax+b)* (ax+b)’
Ax+B
ax’ +bx+c 2l tbxtc
Ax+B Cx+D
2 2 2 + 2
(ax® +bx+c) ax’ +bX+C  (ax® +bx+c)

where A,B,C,D are arbitary constants.

The rational functions which we shall consider for integration will be those whose denominators
can be fracted into linear and quadratic factors.

SElo] RN Evaluate:

I 22X+5 dx
X°—X-2
_ 2X+5  2X+5
Solution: C—x—2 (x—2)(x+1)
2X+5 A B

Let (x—2)(x+1):x—2+x+1

Multiplyping both sides by (x—2)(x +1) ,we have
2x+5=A(x+1)+B(x-2)
Puttingx=2, weget 9=3A  or A=3

Puttingx=-1, we get3=-3B or B=-1
substituting these values in(1),we have
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2x+5 3 1
(x—2)(x+1)_x—2 X+1

j 22X+5 dx:j 3 dx — de
X=X-2 X—2 Xx+1

=3log|x—2|-log|x+1]+C

STl [N Evaluate:

3
J-xxerxIllX

X+ X+1
Solution: I = _[ ﬁdx

X2+ x+1 2x+1 2x +1
=X+ =X+

Now x* -1 -X x2—1_x (x+1)(x-1)
ZI ‘i 2x+1 dx
(x+1)(x-1)
2x+1 __ A B
Let (x+1)(x—1)_x+1 x—1 (2)

— 2x+1=A(x-1)+B(x+1)
. 3
Putting x=1,weget B= 2

. 1
Putting x=-1,weget A= 2

Substituting the values of Aand B in (2) and integrating, we have
j%dx - ljz;dx_kgjidx
(x —l) 2 (x +l) 29 x-1

1 3
:Elog|x+1|+zlog|x—l| (3)
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From (1) and (3), we have

x* 1
l=—+=
2 2

S ETlo) [CRICYA Evaluate:

Iog|x+]4+glog|x—]4+c

j 8 dx
(X—Z)(x2 +4)
Solution:
8 A Bx+C
(@) (x+2)(x2+4):x+2+x2+4

(As x2 4+ 4 isnot factorisable into linear factors)

Multiplying both sides by (x+2)(x* +4), we have
8=A(X+4)+(Bx+C)(x+2)

On comparing the corresponding coeffcients of powers of x on both sides, we get

0=A+B
0=2B+C ;= A=1B=-1C=2
8=4A+2C
8 1 X—2

~[(x+2)(x2+4)0I _Ix+2dx_~[x2—4dx

1 1, 2x dx
—[——dx== [ dx+2

X+2 2~[x2+4 o Ix4+4

- Iog|x+2|—%log‘x2 +4‘+2%tan1§+C

= Iog|x+2|—%log‘x2 +4‘+tan1§+C

= ETglo) RN Evaluate:

.[ 2sin 260 —cos @
4—-cos’6—4sing

Solution:

2sin 20 —cos @
4—cos’6—4sin 6

(4sin 0—1)c030d0
3+sin’0 —4sin 6

-

Let

o]
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Letsing =t, thencos gdg =dt
_J‘ 4t -1

3+t° -4t

4t -1 A B

Let T3t Thus  4t-1=A(t-1)+b(t-3)

Put t =1thenB =—g Put t =3 then A=1—21

=53 dt—=|— ——I glt- 3|——Iog|t 1+C

E(LJ 3pdt 11
27t-1

= 1—21Iog|sin0—3|—glog|sin0—]1+c

(t_zj [ﬂ

(2t-1) dt
__-[1+t j t+1 j

1

1 1 12 'S

_ —glog|1+t|+glog‘t2—t+ﬂ+5.ﬁtan ! g
2

= —%Iog |1+t|+%|og t? —t+1‘+%tan1 (E}C

V3

1 1 1
=—Zlog[l+tan 8|+ =log|tan’0 —tan @ +1| + —tan*
3 g | 6 9 | 3 (

Q
\ & § CHECK YOUR PROGRESS 30.8

Evaluate the following:

1L @ V4 -5dx ) [V+3xdx (©  3-2x—2x7dx

2tan6>—1}rC

V3

X+1 X

>0 et o e

2

< 2X2+x+1
3. @) IX2_4dx (b) '|.(x—1)2(x+2)0I
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MODULE - VI ) 1
Calculus |4 jx X2 o
' (x-1)
sin x 1-cosx
d
5 @) jsin4x dx () J‘cosx(1+cosx) X

Notes

A5
‘gﬁ//’ LET US SUM UP

Integration is the inverse of differentiation
Standard form of some inddefinite integrals

n+1

x"dx = +C(n=-1
@ ] iUl
1
(b) j;dx =log|x|+C
(©  [sinxax = —cosx+C
(@  [cosx dx —sinx+C
() [sec’ xdx =tanx+C
(H  [cosec’xdx —_cotx+C
(@  [secxtanxdx —secX+C
(h) I cosecxcot x dx —_—cosecx+C
1
0 [T SsinxeC
. 1
() .[ 7 X =tan'x+C
1+x

1
k) '[x\/xz——l dx =secx+C

M  [edx _e'4C

a +C(a>0anda=1)
log

(m)  [a*dx =
Properties of indefinite integrals

(a) I[f (x)£g(x)Jdx :I f (x)dxijg(x)dx
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MODULE - VIII

(b)  [Kf(x)dx = k] f (x)dx Calculus
. n _ 1 (aX+b)n+l
(i) j(ax+b) dx _ET+C(n¢_1)
(ii) j LI :llog|ax+b|+C Notes

ax+b a
(iii) jsin(ax+b)dx =_zlcos(ax+b)+c
(iv) Icos(ax+b)dx =§sin(ax+b)+c
(v) jsecz(ax+b)dx =§tan(ax+b)+c
(Vi) Icosecz(ax+b)dx =§cot(ax+b)+C

(vii) jsec(ax+b)tan(ax+b)dx =§sec(ax+b)+c

(viii) jcosec(ax+ b)cot(ax+b)dx =§cosec(ax+b)+c

1
. eax+bdx - = eax+b + C
® | -

)  [tanxadx =—log|cos X|+C =logsec x|+ C
(ii) Icot x dx =log|sinx|+C
(i) Isec x dx =log |sec X +tan x| +C
(iv) Ico sec x dx =log |co sec x —cot x| +C
1 1 a+Xx
i dx=—Io +C
@) jaz—xz 22 Jla—x
1 1 a—x
i dx=—Io +C
(W) jaz—xz 2a J a+ X

1 1 X
ii dx=—tan*=+C
(i) I a’+x? a a

1 ] X
; dx =sin*=+C
O e ;
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MODULE - VI 1
Calculus —dx=|og‘x+ x*—a?|+C
V) .[ [x2 _ 52
(vi) .[\/7 Iog‘x+ x*+a’|+C
Notes | ¢ Integral of the product of two functions

I function x Integral of 11 function —I[ Derivative of | functionx Integral of 11 function]dx
. Iex[f(x)+f(x)]dx:exf(x)+C
J\/a —X dx——{x\/a — x> +a’sin” (aﬂ+c

[y2 2 2
J‘\/x2 —azdx:%—%log‘xH/x2 —a’|+C

/ 2 2 2
J‘\/a2 +x2dx:$+%Iog‘XJr\/a2 +x°|+C

. Rational fractions are of following two types:
()] Proper, where degree of variable of numerator < denominator.
(i) Improper, where degree of variable of numerator > denominator.
f(x
. If g (x) is a proper fraction g (X) can be resolved into real factors, then
f(x)
W can be written in the following form:
Factors in denominator Corresponding partial fraction
A
ax+hb
ax+b
, A N B
(ax+b) ax+b (ax+b)2
\ A N B N C
(ax+b) ax+b (ax+b)2 (ax+b)3
Ax+B
ax” +bx+c 2 tbxtc
Ax+B Cx+D
2 2 2 + 2
(ax® +bx+c) ax’+bX+C " (ax® +bx+c)

where A,B,C, D are arbitary constants.
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TERMINAL EXERCISE

Integrate the following functions w.r.t.x:

sin® x + cos® x
sin? xcos? x

4. (tanx—cotx)’

2.c0s° X
1-cos2x

10. cos(7x—rx)

13 [—%
' sin X —cos X

cot
———dX
16. -[3+4Iogsinx

19, I sec*x tan xdx

———dx
Jtan x

25, j \3x2 + 4dx

28 I dx
' sin? X+ 4cos? x

- I sec® X

. [
' 1+3sin? x

sin
dx
34. Isin 3x

2. J1+sin2x

4 1

5

X X\’ X . X
8. [sinZ+cos=| 9. |cos=—sin=
( 2 ZJ ( 2 ZJ

11. sin(3x+4)

(g
14. (1+x*)tan* x 15. Iog(tanZJ

17. J‘sin 2xlog tan x

C 14X _\/1_)(2

dx

20. Iez sin e*dx

23, Ix/25—9x2dx 24,
26. I\/1+9x2dx 27.

dx

29. I2+cosx

2. [

X" —a

3. I1—4cosz X

X

2

2

dx

dx

COS 2X
cos? xsin? x

2sin? x

1+ cos2x

2

12. cos®(2x+b)

cosec
dx

18. Igi jdx
o1 ,[ x dx

V2x% +3

J- x2dx

Vxt-a’

30 I dx

X2 —6x+13

.[ dx
33, X\/9+—X4

I v 2ax — x%dx

36.  [sec’(ax+b)dx
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37.

40.

43.

46.

49.

52.

55.

58.

6

o

62.

64.

66.

68.

70.

72.

74.

76.

_ jex [cos1 X—

dx
I x(2+log x)

j cot x
logsin x

dx

Icosz x dx
Isinz x cos® x dx
Itans X dx

dx

.[ 1+ X+C0s2X
X2 +5in 2X + 2X

dx
I
sin xcos x dx
I a’sin® x +b? cos’® x

! jdx
1—x?

It ot /1 Cos X
1+cosx
sin"! x
3

(1- xz)E

Iex(1+ x)Iog(xeX)dx

dx

Iexsinz X dx

Ilog(x+1)dx

.[ sin@cos@
cos’ 0 —cosf —2

I(xz + 2)(2x2 +1) dx

dx
Il—e*

X5
38. dx
-[1+ x®
sec? x
41, |———dx
-[a+btan X
44, Isin3xdx
47. Isin“xdx

COS X —Sin x
———dx
S I 1+sin2x

Jsece cosecfdo
53 logtan 6

Il—tanede
1+tané@

5, [— X
" Jsin x+cos x

61 je* Sin X +Cos X
' cos® X

Integration

Icosx—sin X
Sin X + oS X

dx

dx

.[ sin x
1+cos
Isin 5xsin 3x dx

jl_dx
1+sinx

jcoseczx
1+cotx
jcote do

logsin @

j —eildx

Jox

63, jco{zcot{\/gﬂ dx

65. Iﬁlog x dx

log x
dx
67. I(l+ X)Z

69. Icos(log x) dx

2

x—1)"(x+3)

I dx
73. x(x5 +l)

log x

dx

7. J‘x(1+log x)(2+logx) X
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Integration

AN

®

CHECK YOUR PROGRESS 30.1

2 1 7 7 7 7
—X2+1,=X2+2,=-X?+3,=X?+4,-Xx?+5
7 7 7 7 7

(a) €+C ()  sinx+C c 0
; 1
@ X7+C 0  FtC  © logl+C

(SJX

S 4

~2)_.¢ 3 ! -1
@ 'Og@ © ZX+C O GatC

@ 2Jx +C () 9x° +C

(@) —coses@+C (b)  secp+C
(c) tang+C (d) —cotd+C

CHECK YOUR PROGRESS 30.2

X2 1
(@) 7+§X+C (b) —X+tantx+C
2 3 1 3 2 7
X0 —=x2+2Ux+C (d)-—=-—5+-—+——8x+C
© 3 2+ () x> 4xt 3 X

3 2

() X?—x—tan1x+C (f X?+4x+4logx+C

1
(@) Etanx+C () tanx-x+C
1
()] —2cosecx+C (d) —Ecotx+C
(e) —secx+C (f) —cot x+cosecx+C
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3. @
©
4, @

\/Esinx+C

—lcotx+C
2

3

2 3
- 2)2+C
3(x+ )2+

CHECK YOUR PROGRESS 30.3

1. @

©

(d)

()

©

©)

©

©

©

%cos(4—5x)+C

T T
sec| X+ |+tan| x+—
( 4) ( 4j

%sin (4x+5)+C

log

—%cosec(3+5x)+c

Integration

(b) /2 cosx+C

(b)

+C

©)

(b)

(d)

()

()

(b)

(b)

(d)

%tan(2+3x)+C
1
§sec(3x+5)+C

1 5
= 1 C
5(x+ ) +

%(4x—5)4 +C

2 5-9x+C
9
log|x+1]+C

_l e?rSX + C
8

£l —§c052x+10056x +C
32\ 2 6

1(sin6x sin2x
= + +C
2( 6 2 J

MATHEMATICS



Integration

MODULE - VIII
CHECK YOUR PROGRESS 30.4 Calculus
1. @ %Iog\3x2 -2+C (b)  log|x*+x+1+C
(©) Iog‘x2 +9x+30‘+C (d) %Iog‘x3 +3x+3‘+C N
() Iog‘x2+x—5‘+C () 2Iog‘5+x/;‘+c

) log[8+log x|+C

2. (@ (b) tan”(e")+C

CHECK YOUR PROGRESS 30.5

3 X—3
Zlogl=—2l+C 1 (gx
1L @ x+jlog i+ (b) tan”(e")+C
1, 1. (3
©  tan '(x*)+C @ 3sin 1(TJ+C
1, af X+1
e tan '(2tanx)+C ® sin 1(T)+C

1 -t 1 . 2
@) 3\/_t [)i/tJ+C (h) sin” (X; J+C

i —sec —+C - itanl(tanzg_l}rc
O 25 N J2tand

(k) e +y1l+e™|+C O sin'x—V1-x*+C
] X—a 1. 4
sin| =—— |+C =sin| =x® [+C
(m) ( a J (n) 1 (3 J
(0) \/x2+1+log‘x+\/x2+1‘+c
2
) ilog 2X+V9+4x LC
P 2 2
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Integration

@) —%l09‘20059+m‘+c
") log‘tan x+\/m‘+c

X+2

) tan? (T) +C (©) % log +C

X+ [ X +(EJ2
4

CHECK YOUR PROGRESS 30.6

1. (@) —XCOS X +sin+C
1 . XCOS2X Sin2x
=(1+ x?)sin2x + - +C
0 51+x) 7
_XC032X+£Sin2X+C
© 2 2 2
2. @) xtan x — log|sec x| —x+C

2

(b) lx?’—lx sin2x—£x0052x+lsin2x+c
6 4 4 8

x*log2x x* X’ X’
3 @ 49 _EJF (b) (x—?jlogx—x+3+c

(© x(Iogx)2—2ongx+2x+C

1-n 1-n

4. (a) 1n IOg X—

7+C (b)  logx.[log(logx)-1]+C

(1-n)
X2 2X 2 e4x e4x
83X ———+—|+C _
5. @ {3 9 27} (b) X 2 x16 +C

2

6. @) X?[(Iog x)2 —log x+ﬂ+c

7. @) xseclx—log‘x+\/x2—1‘+c

2
(b) X?cotl X +%+%cot1 x+C

MATHEMATICS



Integration

CHECK YOUR PROGRESS 30.7 MODULE - VIl
Calculus
1. (@  e*secx0+C (b)  e*log|secx+tanx|+C
1,
2. (@) ;e +C (b) e*sin x+C
Notes

~_.cC e*
3. (1+ X)Z 4, Ttx +C

X 1., .
5. xtan§+C 6. ge (sin2x—2cos2x)+C

CHECK YOUR PROGRESS 30.8

» 9 5 P
1. @ X /x —Z—Zlog x+‘/x 2 +C
2
(b) ( X4+3)\/x2+3x —%Iog (x+g)+\/xz*3x +C

1 7 . 2x+1
Z(2x+1)y3-2x—2x* + sin™ +C
@ &+ 42 ( J7 j

2. (@) 4log|x—3/-3log|x—2|+C

(b) %Iog|x—4|+|og|x+4|+C

2
3. @ 5 -2[loglx-2|+log|x+ 2] +c

11 7
) Elog|x—]4+§log(x+2)— +C

4
3(x-1)

3 3
log|x —1|— — +C
4, g| | (X—l) 2(X—l)2

5. @) %Iog|l—sin x|—%|1+sin |

—%Iog ‘1—\/§sin x‘+%log ‘1+ J2sin x‘+C
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(b)

TERMINAL EXERCISE

1
3
S.
7

11.

13.

14.

16.

18.

20.

22,

23.

24,

25.

secx—cosecx+C
—cotx—tanx+C
4tant x—sintx+C

—cotx—x+C

X+cosx+C

—cos(3x+4)
3

+C

1 log
2

Iog‘tan’1 x‘+C

%Iog|3+4|ogsin x|+C

X —X

2logle? —e? [+C

—cose* +C

2\Jtanx +C

1 (25—9x2) +§sin’1 (EXJ+C
6 6 5

%(X—él)\IZax—x2 +%a2 sinl(x_

XN3X2+4 2 |«/3_x+

X
log|sec x +tan x|—2tan§+C

T T
CoSec| X —— |—cot| x—=
( 4) ( 4J

+—Iog‘

2 \3

© o M~ DN

12.

15.

17.

19.

21.

Integration

sinx—cosx+C
tanx—cotx—4x+C
tanx—-x+C
X—cosx+C

sin(7x—n)
7

+C

tan (2x +b)
2

+C

log +C

X
log tan =
g 2

%Iog|log tan x|+ C

lsec4 Xx+C
4

V2x% +3

2

+C

MATHEMATICS



Integration
x\/9x +1 1

26. Iog‘3x+ 1+9x

27. Fx\/xz—a2 +%a2 Iog‘x+

28. %tanl(tanXJ+C

30. %tanl(—x_3J+C

2
32. x+%|ogr2+c
2 |«@+tanx| LC
34. 2\@ ‘f tanx‘

36. itan(ax+b)+c

38. %Iog (1+ x6)+C

40.  logllog(sinx)|+C

42.  —log[l+cosx|+C
cos® x

44.  —COSX+ +C
1., sin°x

46. 35" x- +C

48. tanx—secx+C

-1

S
COSX+SIn X

29.

31.

33.

35.

37.

39.

41.

43.

45.

47.

49

51.

X
. 2)
tan™ +C

2 )
NCR

%tanl(Ztan x)+C

V9+x —3
12 \/9+x +3
1 | |tanx—x/§|

+C

242 og‘tan X++/2|
log|(2+log x)[+C
log|sin x+cosx|+C
1
BIog|a+btanx|+C

%szx+£x+c

1S|n2x 1 sin8x
2 2 2 8

+C

3%[12x—83in 2x+sin4x]+C

tan® x

+log|cos x|+ C .

log

1+cotx
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52.

54.

56.

58.

59.

60.

62.

64.

66.

68.

70.

72.

74.

76.

Integration

%Iog‘x2+sin2x+2x‘+c 53 logltan6|+C.
. 1,
log|logsin 6|+ C 55, Etan 2X
log|cos 6 +sin6|+C 57. e§+C
2(612;_bz)log‘a2 sin? X +b? cos? x‘+C
iIo sec(x—z)ﬂan(x—zj +C
NE 4 4
e*cos™ x+C 61.  e*secx+C
L x> +C 63. —£x2+C
2
3
Xsllixzx 1Iog‘l x‘+C 65. %xztlogx—§j+c
X X l
Xe [Iog(xe )—1}+C 67. —mlog|x|+Iog|x|—|og|x+]4+c
1 e”

EeX—E(Zsin2x+0052x)+C 69. 2[003009 x)+sin(logx) |+ C

3 1 5
xlog|x+1—x+log|x+1]+C 71. §|°9|X—1|—Z(X_1)+§|09|X+3|+C

5

+C

—%Iog|cos@ —2|—%Iog|cos@ +1+C 73. —|09

5
3\/,{tan (\ijﬂan (\/ﬂ)}c 75.

X

2
o (2+logx) ic
1+logx

+C

lo
g 1
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