DEFINITE INTEGRALS

311en31

In the previous lesson we have discussed the anti-derivative, i.e., integration ofa function.The
very word integration means to have some sort of summation or combining of results.

Now the question arises : Why do we study this branch of Mathematics? In fact the integration
helps to find the areas under various laminas when we have definite limits of it. Further we will
see that this branch finds applications in a variety of other problems in Statistics, Physics, Biology,
Commerce and many more.

In this lesson, we will define and interpret definite integrals geometrically, evaluate definite integrals
using properties and apply definite integrals to find area of a bounded region.

\Z| oBiECTIVES

After studying this lesson, you will be able to :

. define and interpret geometrically the definite integral as a limit of sum;
. evaluate a given definite integral using above definition;
. state fundamental theorem of integral calculus;

. state and use the following properties for evaluating definite integrals :
b a c b c
Q) jf(x)dx :—jf(x)dx (i) jf(x)dx :jf(x)dx +jf(x)dx
a b a a b

2a a

a
iy [ TOOd=[f0Odx + [f(2a-x)dx
0 0 0
b b
i) JFOOd =[f(a+b—x)dx
a a

a a
W) jf(x)dx :jf(a—x)dx
0 0

2a a

W) [ FOOdx =2[fODdx if f(2a-x) = (x)
0 0

=0if f(2a—x)=-f(x)
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a a
(vii) | fOxdx = 2] (x)dx iffisanevenfunction of x
-a 0
=0 iffis an odd function of x.

. apply definite integrals to find the area of a bounded region.

EXPECTED BACKGROUND KNOWLEDGE

. Knowledge of integration

. Area of a bounded region

31.1 DEFINITE INTEGRAL AS A LIMIT OF SUM

In this section we shall discuss the problem of finding the areas of regions whose boundary is
not familiar to us. (See Fig. 31.1)

Fig.31.1 Fig. 31.2

Let us restrict our attention to finding the areas of such regions where the boundary is not
familiar to us is on one side of x-axis only as in Fig. 31.2.

This is because we expect that it is possible to divide any region into a few subregions of this
kind, find the areas of these subregions and finally add up all these areas to get the area of the
whole region. (See Fig. 31.1)

Now, let f(x) be a continuous function defined on the closed interval [a, b]. For the present,
assume that all the values taken by the function are non-negative, so that the graph of the
function is a curve above the x-axis (See. Fig.31.3).
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Fig. 31.3

Consider the region between this curve, the x-axis and the ordinates x =aand x = b, that is, the
shaded region in Fig.31.3. Now the problem is to find the area of the shaded region.

In order to solve this problem, we consider three special cases of f(x) as rectangular region,
triangular region and trapezoidal region.

The area of these regions = base x average height
In general for any function f (X) on [a, b]
Area of the bounded region (shaded region in Fig. 31.3) = base x average height

The base is the length of the domain interval [a, b]. The height at any point x is the value of f (x)
at that point. Therefore, the average height is the average of the values taken by fin [a, b]. (This
may not be so easy to find because the height may not vary uniformly.) Our problemis how to
find the average value of fin [a,b].

31.1.1 Average Value of a Function in an Interval

If there are only finite number of values of fin [ a,b], we can easily get the average value by the
formula.
Sum of the values of fin[a,b]

Average value offin[a,b] = Numbers of values

But in our problem, there are infinite number of values taken by fin [ a, b]. How to find the
average in such a case? The above formula does not help us, so we resort to estimate the
average value of f in the following way:

First Estimate : Take the value of fat 'a’ only. The value of fat ais f (a). We take this value,
namely f (a), as a rough estimate of the average value of fin [a,b].

Average value of fin [a, b] ( first estimate ) = f (a) ()]
Second Estimate : Divide [a, b] into two equal parts or sub-intervals.

Let the length of each sub-intervalbe h, h = b_;a .

Take the values of f at the left end points of the sub-intervals. The values are f(a) and f (a+h)
(Fig. 31.4)
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Y
/\\_
f(a) f(a+h)
X
o (@+h) b
Fig. 31.4

Take the average of these two values as the average of fin [a, b].

Average value of fin [a, b] (Second estimate)

_f(a)+f(a+h) _b-a _
- 2 = W

This estimate is expected to be a better estimate than the first.

Proceeding in a similar manner, divide the interval [a, b] into n subintervals of length h
) b-a
(Fig. 31.5), h = —

ya

T

—

©

~
Y—

f(a + h)
f (a + 2h)

f (@ +(n—1)h)

]
]
]
]
1
]
]
]
]
1
]
]
1
a

a+ha+2h a+(n-)h b

Fig.31.5
Take the values of f at the left end points of the n subintervals.

The values are f (a), f (a +h),......,f[a + (n-1) h]. Take the average of these n values of fin
[a, b].
Average value of fin [a, b] (nth estimate)

_f(a)+f(a+h)+..... +f(a+(n-1)h) . _b-a

(iif

For larger values of n, (iii) is expected to be a better estimate of what we seek as the average
value of fin [a, b]

Thus, we get the following sequence of estimates for the average value of fin [a, b]:
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f(a)
%[f(a)+f(a+h)], h:b—;""
%[f(a)+f(a+h)+f(a+2h)], h:b—;""

%[f(a)+f(a+h)+ ........ +f{a+(n_1)h}]’h:¥

As we go farther and farther along this sequence, we are going closer and closer to our destina-
tion, namely, the average value taken by fin[a, b]. Therefore, it is reasonable to take the limit of
these estimates as the average value taken by fin [a, b]. In other words,

Average value of fin[a, b]

lim 1{f(a)+f(a+h)+f(a+2h)+ ...... +f[la+(n-1)h]},

n—o N

(V)
It can be proved that this limit exists for all continuous functions f on a closed interval [a, b].

Now, we have the formula to find the area of the shaded region in Fig. 31.3, The base is

(b — a)and the average height is given by (iv). The area of the region bounded by the curve f
(x), x-axis, the ordinates x=aandx=b

—(b-a) lim Z{f(a)+f(ath)+f(a+2n)+....+f[a+(n-1)n]l,

n—oo N

im 2(£(a) +£(a+h) +.... +f{a+(n—1)h}],h=$ W

We take the expressionon R.H.S. of (v) as the definition of a definite integral. This integral is
denoted by

b
jf(x)dx

b

read as integral of f (x) fromato b'. The numbers aand b in the symbol .[ f(x) dX are called
a

respectively the lower and upper limits of integration, and f (x) is called the integrand.

Note : In obtaining the estimates of the average values of fin [a, b], we have taken the left
end points of the subintervals. Why left end points?

Why not right end points of the subintervals? We can as well take the right end points of the
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subintervals throughout and in that case we get

jzf(x)dx:(b—a) lim Z(f(a+h)+f(at2n) s tf(b)), hoP=2
a n—oo N n

2
Example 31.1 FindJ'x dx as the limit of sum.

1

Solution : By definition,

1
Herea=1,b=2,f(x)=xand h =

2
dex: lim 1[f(l)+f[1+£j+ ........ +f(1+n—_1ﬂ
1 n—ow N n n

= lim 1 1+(1+£j+(1+3j ........ +(1+n—_1ﬂ
n—aw N | n n n

= lim 1 1+1+..... +1+[£+§+ ........ _n—lj
N—o N s n n n

- lim X n+£(l+2+ ...... +(n—1))}
n—oo N [ n

_ lim £ n+—(n—1).n}
n—owo N | n.2

[Sincel+2+3+....+(n—1)ZW}

) 1[3n—1}
= |lim =
2
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2
SENCRIWA Find J'exdx as limit of sum.
0

Solutions : By definition

jzf(x)dx:r!imoh[f(a)+f(a+h)+f(a+2h)+ ..... +f{a+(n-1)h}]
where h-D-8
n

Herea=0,b=2,f(x)=exandh:%:%

= lim h[e0+eh+92h+ ....... +e(”‘1)h}

h—0
h n
e -1
= lim h| e° —( h)
h—0 e’ -1
- 2 1 -1
Since a+ar+arc +..... +ar"t =2 1
r_
. e _1 _h| e2-1
= ||m h h = ||mﬁ h—
=0 [ e -1 h=0 e -1 (‘nh=2)
h
_e?2-1 e?-1
= lim =
h—0el —1 1
h
h
..e' -1
- lim =1
=e? -1 { h—0 h }

Inexamples 31.1and 31.2 we observe that finding the definite integral as the limit of sum is quite
difficult. In order to overcome this difficulty we have the fundamental theorem of integral calculus
which states that

Theorem 1: If fiscontinuousin [ a, b] and Fis an antiderivative of fin [a, b] then

b
[f(x)dx=F(b)-F(a) . (1)
a

The difference F (b) —F (a) is commonly denoted by [ F( x ) ]2 so that (1) can be written as

b
[f(x)dx=F(x)Lor[F(x)]:

d
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In words, the theorem tells us that
b

I f (x) dx = (Value of antiderivative at the upper limit b)
a
—(Value of the same antiderivative at the lower limit a)

SET]e) (YR Evaluate the following

T

- 2
2 2

() [ cosx dx (b) | €% dx
0 0

Solution : We know that

j cos X dX = Sin X + ¢

T

cosx dx = [sinx ]2

o —N 3

:sinﬁ—sinO:l—Ozl
2
2 - 2% 2
e dX: , . X — pX
(b) { { > } [ [ edx=e }

(57

Theorem 2 : If f and g are continuous functions defined in [a, b] and c is a constant
then,

b b

(i) J'cf(x)dx:cj'f(x)dx
Z ) b b

(ii) J.[f(X)+g(X)]dX:J.f(X)dX+J.g(X)dX
b b b

i JIFOO-g(x)]dx = [f(x)dx-[g(x)dx

2

2
Example 31.4 JR¥IIEE I(4X — 95X + 7)dX

0
2 2 2 2
Solution : I(4x2 —5x+7)dx = I4x2dx —ISX dx +.[7 dx
0 0 0 0
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-4, X?} - 5{%} +7[xP
- 0 0 Notes
8 4
=4 = |-5/=|+7(2
sl )
~32 10414
3
_4
3
71
L" # CHECK YOUR PROGRESS 31.1
5 1
1.  Find I(X +1) dX a5 the limit of sum. 2. Find .[ e” dX as the limit of sum.
0 -1
T T
4 2
3. Evaluate (3) [sinx dx (b) [ (sinx +cosx) dx
0 0
I 2
dx 4x3 - 5%? + 6x + 9 ) dx
CllEwe ] )
31.2 EVALUATION OF DEFINITE INTEGRAL BY
SUBSTITUTION
The principal step in the evaluation of a definite integral is to find the related indefinite integral.
In the preceding lesson we have discussed several methods for finding the indefinite integral.
One of the important methods for finding indefinite integrals is the method of substitution. When
we use substitution method for evaluation the definite integrals, like
Y
3 5 .
J' X > dx J- sinx__
21 +X% T lltcos?x
the steps could be as follows :
(i)  Make appropriate substitution to reduce the given integral to a known formto integrate.
Wrrite the integral in terms of the new variable.
@)  Integrate the new integrand with respect to the new variable.

MATHEMATICS 383



MODULE - VIII
Calculus
Notes
384

Definite Integrals

(@)  Change the limits accordingly and find the difference of the values at the upper and lower
limits.

Note : Ifwe don't change the limit with respect to the new variable then after integrating
resubstitute for the new variable and write the answer in original variable. Find the values of
the answer thus obtained at the given limits of the integral.

= ETo] [FR Evaluate the following :

T T T
2 : 2 2
sin X sin 20
@ J— =& O] I
01+cos X Osm 0 + cos? e 5+4cosx
Solution : @ Letcosx=t then sinxdx=-dt
Whenx:O,tzlandX=g,t=0.Asxvariesfrom0tog,tvariesfromltoo.
T
2 . 0
I smx2 dx:—j 12dt=—[tan‘1t]1
01+cos X 11+t
:—[tan‘lo tan‘ll]
:_[o_f} _T
41 4
n n
| = 2 sin 20 4o - 2 sin 20 40
(0) J.sm 40 +cos*o _j 2 2 )2 . 2 2
0 o(sm 0 + cos 6) — 2sIn“ 0 cos” 6

sin 20
1 - 2sin? 0 cos? O

de

Il
O —N |3

sin 20 do6
1—25m26(1—ﬂn26)

Il
o —N3

Let sin?@=t
Then 2sin©cos0do = dt i.e. sin 20d0 = dt

T
When 9 =0,t =0and 0 = g,t =1.As gvaries from 0to o the new variable t varies

from Oto 1.
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1
_ 1 1 1
I_Imdt :I02t2 2t t
0 -2t+1
1 11 L
) : =3 dt
I_E‘[ 2 1 1 dt 2~[ 1 2 1 2
S TR
4 4 5 >
I\TH
11 4l T2
_EI tan —E =[tan_1l—tan_1(—1):|
2 2 0
_n_[_ﬁj_ﬂ:
4 4 _2
1—tan2 X
(c) We know that cos x = )2(
1+tan? >
2
> L
2 2
I5 41 dx = | L - dx
55+ 4c0sX 5 4 1_tan2(2jj
5+ ,
1+ tan4 * )
[+ en( )
T
;)
= —dX (1)
2( X
5 9+ tan (E)
X
tan— =1t
Let >
2 X -
Then  SsecC de=2dt when x =0, tzo,whenx=§’t=1
T
2 1 -
Jstamn Uz [From (1)]
05+4cosx 09+t

1
=g{tan‘1£} =E[tan‘11}
3 3], 3 3

31.3 SOME PROPERTIES OF DEFINITE INTEGRALS

The definite integral of f (x) between the limits a and b has already been defined as

MATHEMATICS

MODULE - VIII
Calculus

Notes

385



b
If(x)dx =F(b)-F(a),Where diX[F(X)]=f(X),

where aand b are the lower and upper limits of integration respectively. Now we state below
some important and useful properties of such definite integrals.

b b b a

M JFOOdx=[f(t)dt iy | T dx = —[f(x)dx
a a a b
b c b

i) [F(x)dx=[f(x)dx+[f(x)dx where a<c<b.

b b
@) [FOO)d=[f(a+b-x)dx

2a

) If(x)dx:jf(x)dx+jf(2a—x)dx
0 0 0

(vi) J.f(x)dx:.[f(a—x)dx
0 0

22 0, if f(2a—-x)=-f(x)

(vil) gf(x)dxz ZTf(x)dx, if £ (22— x)=f(x)
0

. 0, if f (x)isan odd function of x

(i) jf(x)dx:

a
o 2.[f(x)dx, if f (x)isan even function of x

0

Many of the definite integrals may be evaluated easily with the help of the above stated proper-
ties, which could have been very difficult otherwise.

The use of these properties in evaluating definite integrals will be illustrated in the following
examples.

= ETpalo] CREHMEN Show that

T

X
log |tan X | dx = 0 (b) ~£l+sinxdx:n

@)

O —nN |3
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Solution :

(a) Let log | tan x | dx

O'-—.l\)\?—]

a a
Using the property | T (X)dx = [ f (a - x)dx, we get
0 0

g tan( 5 -x ] Jx =

T
2
Ilog(tanx) dx :—Ilogtanxdx
0

log ( cot x ) dx

Il
OhﬁNm
O'-—.l\)\?—]

N |3

0
= | [Using (1)]
21=0
T
2
ie. I1=0 or Ilog|tanx|dx:0
0
T
d
() ~(|;1+sinx X
T
Let ~(|;1+smx M)
T mT—X
f(x)dx=|f(a—-x)dx
~[01+3|n(n x) j( ) j ( )
:]f RoX _
o 1+sinx (i)

Adding (i) and (ii)

X +m— x x
21 = jl j
0 + sin X 0 +S|nx
T .
1-sinx
or 2|:TCJ.+2dX
01—sm X

]E(sec X — tan xsecx) dx
0
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MODULE - VI ~ n[tanx —secx ¢
Calculus
=n[(tanm—secm)—(tan0—sec0)]
=2[0-(-1)-(0-1)]
=2n
Notes I=n

SEo] CRYWA Evaluate

T
vsin x JZ- sin X — cos X
0

O —N 3

a dx

@ Jsin x + +/cos x 1+5|nxcosx
T
2 N

Solution : (a) Let 1 = [ ——1" _dx ()
o Vsin x + ~/cos x

TR

a a
(Usingthepropertyj.f (x)dx = jf (a- x)dx)_
0 0

Also | =

O —N |3

N\::

VCOS X

Jcos X + +/fsin x

dx (i)

1
o —N 3

Adding (i) and (ii), we get

[a

2
o — Jsin x + /cos x iy

1.dx
Jsin x + +/cos x

o —N 3

o
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e j - dx = —
o Vsin x ++/cos x 4
n
2 1 p—
(b)Let 1 = | SINX 7 COSX 4y Q) Notes
O1+smxcosx
> sin(n—xj—cos(n—xj
I=T 2 2 dx ..a F
Then I . .If(x)dx:jf(a—x)dx
ol+sm(—xjcos(2—x 0 0

dx (i)

n

2 .
_J- COS X —sin X

01+ COS X Sin X

Adding (i) and (ii), we get

COS X — Sin X
1+ sin X cos X

sin X — €0S X N
1+ sin x cos X

21 = dx

o —N |3
o—nN |3

Sin X — COS X + COS X — Sin X
1+ sin x cos X

dx

o —N |3

=0
1=0

2

a X 3
xe
SEMBCEINN Evaluate (a) I1+ 2 dx  (p) I|X + 1| dx
—a

-3

xe*’ xe*’
Solution : (a) Here f(x)= f(-x)=—
@ ()= ()=
=1 (%)
. f(x) isanodd function of x.
a x2
I Xe > dx =0
1+ Xx
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(b) J.|X +l|dX
3
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| 1| Xx+1lifx>-1
X+1| =
—Xx-1ifx <-1

-1

I|x+1|dx— j|x+1|dx+ j|x+1|dx using property (i)

-3 -3 -1
-1

= I( -x -1)dx + j(x+1)dx

-3
-1
=| —=-X| +
2 -3
—+l+g—3+
2

T

2
SERINN Evaluate Ilog(sinx)dx
0

Solution : Let log (sin x ) dx

II
o —nN |3

Also

Il
O —N 3

N3

= Ilog(cosx)dx

o

Adding (i) and (ii), we get

og sin{ 5 - Jox.

3
X
_+x}
2 -1

g+3—£+1:10
2 2

()

[Using property (iv)]

(i)

log (sin x cos x ) dx

O'-—.N\?—]

k3

Y T
2 - 2

:J'Iog[smzxjdx [ log (sin 2x ) dx Ilog(z)dx
0 0
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log (sin 2x )dx — g log 2 (iif)

Il
o —nN|3

Again, let I, = | log(sin 2x ) dx

Il
o —N 3

1
Put 2x=t - dx=§dt

Whenx =0, t=0and X =g,t=n

17[
Iy =Ejlog(sint)dt
0

o —N |3

_ %.2 log (sint)dt [using property (vi)]
L2
=32 [ tog (sinx ) dt [using property (i)]
0
W=l [fom@] . (i)

Putting this value in (iii), we get
T T
2l =1 —-=1log 2 l=—-=1log2
28 = 2%

T

2
Hence, [ log (sinx)dx = —glog 2
0

Q
A& CHECK YOUR PROGRESS 31.2

Evaluate the following integrals :

T
1 = 1
1 Ixexzdx 5 Jz-d—x 3 J' 2X2+3 dx
0 o 5+ 4sinx 0 ox° +1
T
5 2 5 .
4. I|x+2|dx 5, IXVZ—xdx 6. J‘Ld
5 0 5 COS X +sinx
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Y Y
2 23X 2
dx i
7. I log cos x dx 8. _[ 1+ %2 0. Ism 2x log tan x dx
0 —a 0
L
2 COS X
10. I - dx
01+smx+cosx

31.4 APPLICATIONS OF INTEGRATION

Suppose that f and g are two continuous functions onan interval [a, b] suchthat f (x ) < g (x)

for x € [a, b]thatis, the curve y =1 (x) does not cross under the curve y =g (x) over [a, b].

Now the question is how to find the area of the region bounded above by y = f (x), below by y
=g (x), and onthe sides by x =aand x=b.

Again what happens when the upper curve y = f(x) intersects the lower curve y = g (x) at either
the left hand boundary x = a , the right hand boundary x = b or both?

31.4.1 Area Bounded by the Curve, x-axis and the Ordinates

Let AB be the curve y =f(x) and CA, DB the two y

ordinates at x = a and x = b respectively. Sup- B
pose y = f(x) isan increasing function of X in the s a /
interval 3 < x < b. A R

Let P (x, Yy) be any point on the curve and
Q(x + dx, y + 8y ) aneighbouring point on it.
Draw their ordinates PM and QN.

Here we observe that as x changes the area o cC M
(ACMP) also changes. Let

A=Area (ACMP) Fig.31.6

Thenthearea (ACNQ) = A + SA.
The area (PMNQ)=Area (ACNQ) —Area (ACMP)
=A+0A - A =0A

Complete the rectangle PRQS. Then the area (PMNQ) lies between the areas of rectangles
PMNR and SMNQ, that is

SA liesbetweeny &xand (y + 3y ) dx

sA

S lies betweenyand (y + 3y )

=
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o MODULE - VIII
In the limiting case when Q — P, 8x — 0and 8y — 0. Calculus
. B0A li
lim 22 im (y+38y)
M 5w lies betweenyand 5",
dA _y Notes
dx

Integrating both sides with respect to x, from x =ato x =b, we have

b b
dA b
dx =[— - dx = [A

= (Area when x = b) — (Area when x = a)
=Area (ACDB) -0
=Area (ACDB).

b
Hence Area (ACDB) = If (x)dx
a

The area bounded by the curve y = f (x), the x-axis and the ordinates x=a, x=Dbis

b b
If(x)dxorjydx
a a

where y = f (X) is a continuous single valued function and y does not change sign in the interval
as<x<hb.

= Elnlo] KM Find the area bounded by the curve y = X, x-axis and the lines x =0, x = 2.
Solution : The given curveisy =X

.. Required area bounded by the curve, x-axis and 1Y

the ordinates x = 0, x = 2 (asshown inFig.31.7) =
2
i Ix dx
0
x2
7] :

= 2 — 0 = 2 square units Fig.31.7
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MODULE - VIII Example <Kkl Find the area enclosed by the circle x2 + y2 = a2, and x-axis in the first
Calculus quadrant.

y
N
. . . (0, 2)
Solution : The given curve is X2 + y2 = a2,

which is a circle whose centre and radius are (0, 0)

; - X2 +y2=a2
and a respectively. Therefore, we have to find the
Notes | areaenclosed by the circle x? + y? = a2, the x-
axis and the ordinates x =0and x = a. (0, 0)
a X € 5 > X
. _ .0
Required area = Iy dx @9

0
a

= J'\/a2 - x?dx
0

(- yispositive in the first quadrant) vy
2 a _
= 5 2 _X2 +a_sin_1(§j F|g318
2 2 a /|,

2 2
—0+2 sinl1-0-Z sinto
2 2
a’ = =1 T cin-l
=2 Z |wsin"1l=—,sin""0=0
2 2 2
nal .
= T square units

Q
\ & § CHECK YOUR PROGRESS 31.3

1. Find the area bounded by the curve y = x2, X-axis and the lines x =0, x =2.
2. Findthe areabounded by the curve y = 3 x, x-axis and the linesx =0 and x = 3.

31.4.2. Area Bounded by the Curve x = f (y) between y-axis and the Linesy=c,y =d
Let AB be the curve x=f (y) and let CA, DB

D
be the abscissae at y = ¢, y = d respectively. Y B
S
Let P (x, y) be any point onthe curve and let N Q (x+8x, y+dy)
Q( X + 8, y + 8y ) beaneighbouring point M / R
on it. Draw PM and QN perpendiculars on ¢ Py

y-axis from P and Q respectively. Asy changes, A

the area (ACMP) also changes and hence

clearly afunctionofy. Let Adenote thearea — X
(ACMP), then the area (ACNQ) will be Fig.31.9

A + J0A.
The area (PMNQ) = Area (ACNQ) — Area (ACMP) = A + A — A = SA.
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Complete the rectangle PRQS. Then the area (PMNQ) lies between the area (PMNS) and the
area (RMNQ), that is,

SA liesbetween x & y and (x+3x)3y

oA
= g lies between x and X + 8 x
In the limiting positionwhen Q — P, dx — 0 and ,°,
. OA .
lim — i lim (X + dx
sy->0 By lies between x and E3)(_)0( )
m_
— =>—=X

Integrating both sides with respect to y, between the limits ¢ to d, we get

d d

dey:j?j—A.dy

C C y
_ d
_:[A]c

= (Areawheny =d) — (Areawheny =)
=Area (ACDB) -0
=Area (ACDB)

d
[f(y)dy

C
The area bounded by the curve x =f(y), the y-axis and the linesy=candy=d is

d d
J.Xdy or J.f(Y)dy
c c

where x =f('y) is a continuous single valued function and x does not change sign in the interval
c<y<d.
SENlo] SRYMPA Find the area bounded by the curve x =y, y-axis and the linesy =0, y = 3.

Solution : The given curve isx =Y.
. Required area bounded by the curve, y-axis and the linesy =0, y =3 is

d
Hencearea (ACDB) = IX dy =
C

3
:J.x dy Ny y =X
2 /
3 < >y=3
= [y dy
0
3
_{y_z} < . >y=0
=% < ¢
0
29 ,  Fig.3110
2
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9 .
= 7 square units

=Velyl ol LR Find the area enclosed by the circle x2 + y2 = a2 and y-axis in the first
quadrant.

Solution : Thegivencurveis x2 + y2 = a2, whichisa circle whose centre is (0, 0) and radius

a. Therefore, we have to find the area enclosed by the circle x? + y? = a2, the y-axis and the
abscissaey =0,y =a.

a y
Required area = IX dy
0 (0, a)
a
= [Va? -y dy
0
(because x is positive in first quadrant) X < o ( 0)> X
a,
2 a
—| ¥ Ja2 - y? +a—sin‘1(Xj
2 2 a
0
2 2 ' Fig.31.11
—0+2 sint1-0- 2L sinto y e
2 2
TEaZ . — - T
= e square units wsinT~0=0,sin""1= 2

Note : The area is same as in Example 31.11, the reason is the given curve is symmetrical
about both the axes. In such problems if we have been asked to find the area of the curve,
without any restriction we can do by either method.

S REMYN Find the whole area bounded by the circle x? + y? = a?.
y

Solution : The equation of the curve is x2 + y? = a2. B

The circle is symmetrical about both the axes, so the whole

area of the circle is four times the area os the circle in the first
quadrant, that is, X

. 0
Area of circle =4 x area of OAB A A
na’ :
=4 x Ve (From Example 12.11 and 12.13) _ ;52 B
square units Fig. 31.12
1g. .
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= e o] CRYWER Find the whole area of the ellipse MODULE - Vil
Calculus
2 2
a b
Solution : The equation of the ellipse is
ﬁ + Y_2 -1 Notes
2 2
a b

The ellipse is symmetrical about both the axes and so the whole
area of the ellipse is four times the area in the first quadrant, that is,
Whole area of the ellipse =4 x area (OAB)

Inthe first quadrant,
y? X2 b 7 5
b? a’ a
Now for the area (OAB), x varies from0 to a

a A G / A
Area (OAB) = J.y dx

0 B'

ba

_ 2 _ 2

—gJ. a® —x“ dx Fig. 31.13
0

_ , .
LI ESVACR: +a—sin‘1(5j
a_2 2 a /|,
r 2 2
“ 20+ & sint1—0-2sinlo
2 2

_ abr

4
Hence the whole area of the ellipse

:4)(ab_n

= mab. square units

31.4.3 Area between two Curves
Suppose that f (x) and g (x) are two continuous and non-negative functions on an interval [a, b]
suchthat f (x) > g(x) forall x < [a, b] thatis, the curve y=1f(x) doesnot cross under the

curvey =g (x) for x € [a, b]. We want to find the area bounded above by y =f(x), below by
y =g (x), and on the sides by x =aand x=h.
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Let A= [Areaundery = f (x)] —[Areaunder ’ y=tx)

y=9 ()]

..... 1)

Now using the definition for the area bounded i

by the curve y = f ( x ), x-axis and the ordi- i y= ok

nates x = a and X = b, we have !

Area under 5 — X
b

y=f(><)=£f(><)0'X ..... @) —_—
b

Similarly Areaunder Y =900 = Jg(x)dx (3)
a

Using equations (2) and (3) in (1), we get

b b
A:jf(x)dx —jg(x)dx

b
:J’[f(x)—g(x)]dx ----- (4)

What happens when the function g has negative values also? This formula can be extended by
translating the curves f (x) and g (x) upwards until both are above the x-axis. To do this let-m be
the minimum value of g (X) on [a, b] (see Fig. 31.15).

Since g(x)>-m = g(x)+m=0
AY
y=f(x)+m
i 1
I I Area
I Area !
] | =b
=2} /HX > X y=9(x)+m
0 |\_/ X=a x=b
X
y=9(x) %
Fig. 31.15 Fig. 31.16

Now, the functions g (x ) + m and f (x ) + m are non-negative on [a, b] (see Fig. 31.16). It
is intuitively clear that the area ofa region is unchanged by translation, so the area A between f

and g is the same as the area betweeng (x ) + m and T (X) + m  Thus,

MATHEMATICS
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A=[areaundery = [f (x) + m]]—[areaundery =[g(x)+m]] ... (5) MODULE - VIl
Now using the definitions for the area bounded by the curve y = f (x), x-axis and the ordinatesx |~ C@lculus
=aand x = b, we have

b
Areaunder y = f OO +m = [[f(x)+m]dx .. (6)
a Notes
b
and Areaunderyzg(X)er:j[g(X)me]dX 7

The equations (6), (7) and (5) give i
b b
A= j[f(x)+ m ]dx —j[g(x)+ m ] dx

a

b
= [[f(x)—g(x)]dx

which is same as (4) Thus,
If f (x) and g (x) are continuous functions on the interval [a, b], and

f (X) =g (x),Vx e[a, b], thenthe area of the region bounded above by y =f (x), below
byy =g (x), onthe left by x =aand on the right by x=b'is

b
= [[f(x)—g(x)]dx

34 .
= 3 Square units

If the curves intersect then the sides of the region where the upper and lower curves intersect
reduces to a point, rather than a vertical line segment.

=ElylJCRFMIGE Find the area of the region enclosed between the curves y = x? and
y=X+6.

Solution : We know that y = x2 isthe equation of the parabola which is symmetric about the
y-axis and vertex is origin and y = X + 6 is the equation of the straight line. (See Fig. 31.17).

+—t > X
4 of 1 2
Fig. 31.17
MATHEMATICS 399
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A sketch of the region shows that the lower boundary is y = x2 and the upper boundaryis y
=X +6. These two curves intersect at two points, say Aand B. Solving these two equations we
get

X2 =X+6 = X2 -Xx-6=0
= (x=3)(x+2)=0 = X =23-2
Whenx=3,y=9and whenx=-2,y=4

- Therequired area = I_32 [(x+6)-x2 dx

125

= 5 square units

= Enlo] MM Find the area bounded by the curves y2 = 4x andy=x.

Solution : We know that y2 = 4x the equation of the parabola which is symmetric about the
x-axis and origin is the vertex. y = x is the equation of the straight line (see Fig. 31.18).
A sketch of the region shows that the lower boundaryis y = x and the upper boundary is y2 = 4x.
These two curves intersect at two points O and A. Solving these two equations, we get
2
y -
2 _y=0 y =X
4 y ry
= y(y-4)=0 A y2 = 4x
= y=04
Wheny=0,x=0and wheny=4,x=4.

1

Here f(x)=(4x)5,g(x)=x,a:O,b:4 0
Therefore, the required area is
1

- 2 _
_.[ 2% x ) dx Fig. 31.18
0
4
32
3 2
0
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8 .
=3 Squareunits

S'ETglo] CRYMESE Find the area common to two parabolas x

2 — gay and y? = 4ax.

Solution : We know that y? = 4ax and x2 = 4ay are the equations of the parabolas, which

are symmetric about the x-axis and y-axis respectively.

Also both the parabolas have their vertices at the origin (see Fig. 31.19).

A sketch of the region shows that the lower boundary is x% = 4ay and the upper boundary is

y2 = 4ax. These two curves intersect at two points O and A. Solving these two equations, we

have
4
16a2
— x(x3—64a3)=0
= X =0, 4a

Hence the two parabolas intersect at point

y2 = 4ax

(0,0) and (44, 4a).
2
Here f(x)=+4ax,g(x) =Z—a,a =0andb = 4a

Therefore, required area

4a 2
= J[@—X—}dx
0

4a

3 4a
__{22J3x2x3}
3 12a o

_ 32a® 16a®

3 3

16 - i
= ?a square units

Fig. 31.19
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L"' @ CHECK YOUR PROGRESS 31.4

1.  Findtheareaofthecircle x? + y? = 9

2 2

2. Findthe area of the ellipse XT + y? =1
X2 y2
. Findth ftheellipse — + — =
3 ind the area of the ellipse TR

2

4.  Find the area bounded by the curves y? = 4axandy = z—a

5. Find the area bounded by the curves y? = 4x and x? = 4y.

6. Find the area enclosed by the curves y = x2 and y=X+2

D4
ozl LT Us sum uP

If fis continuous in [a, b] and F is an anti derivative of fin [a, b], then

jzf(x)dx =F(b)-F(a)

If fand g are continuous in [a, b] and ¢ is a constant, then

b b
0] jcf(x)dx:cjf(x)dx

b b b

(i) I[f(x)+g(x)]dx:If(x)dx+jg(x)dx
b b b

(i) I[f(x)—g(x)]dx:jf(x)dx—jg(x)dx

The area bounded by the curve y = f (x), the x-axis and the ordinates
b b
x =ax=bis | F(x)dx g [yex
a a

where y = f ( x) isacontinuous single valued functionand y does not change sign in
theinterval 3 < x < b
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Iff(x) and g (x) are continuous functions on the interval [a, b] and f (x ) > g(x ), forall

x € [a, b], thenthe area of the region bounded above by y = f(x), below by y =g (x), on
the left byx =aand onthe right by x=b is

b

I[f(x)—g(x)]dx

a

e\ SUPPORTIVE WEB SITES

http://mathworld.wolfram.com/Definitelntegral. ntml

http:/Aww.mathsisfun.com/calculus/integration-definite. html

qi]

TERMINAL EXERCISE

Evaluate the following integrals (1 to 5) as the limit of sum.

b
1. dex
a

b
5 Ixz dx
a

Evaluate the following integrals (4 to 20)

2
4, JVa® —xPdx
0

4
1

10. f 57— dx
3
T
2

13. Isin3 X dx
0

Y
16. Ix log sin x dx
0

sin 2x dx

($)]
O —nN|3

1
8. J'sin‘1 X dx
0

T 1
11. ~(|;5+3cose

1

SN

2
. J.X\/X+2dX
0

s
17. [ log (1 + cos x )dx
0

12.

15.

18.

2 tan® x dx

o—n|3

Jsin 0 cos® 0 do

o —nN3a

T xsinx
I—dx
o1+ cos® x
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19.

21.

23.
24,

25.

26.

Definite Integrals

log (1 + tan x ) dx

sin? x

— adx 20.
sin X + cos X

o —nN |3
O3

Find the area bounded by the curve x = y?, y —axisand lines y=0, y=2.
Find the area of the region bounded by the curve y = x?and y=x.

Find the area bounded by the curve y* = 4x and straight line x=3.

Find the area of triangular region whose vertices have coordinates (1,0), (2,2) and (3.1)

2 2

X
Find the area of the smaller region bounded by the cllipse 9 + y? =1 and the straight
Xy
—+==1
line 375

Find the area of the region bounded by the paralal y = x? and the curve y = x|

404

MATHEMATICS



MODULE - VIII
ﬁ Calculus
Ls_/J ANSWERS

CHECK YOUR PROGRESS 31.1

1 § 2 e-— 1 Notes
' 2 ' e
J2 —1 64
. @5 02 © 5 @ %5

CHECK YOUR PROGRESS 31.2

e-1 2 11 1 3 -1
-— —tant = Zlog6 + ——tan"1/5
1. > 2. 3 3 3. 5 g NG
4. 29 5, 22 6. —
15 4
" log 2 1[E—Iogz}
7. > g 8. 0 9. 0 10. 51 2

CHECK YOUR PROGRESS 31.3

L Sspunits 2 o squnit
: 3 S0 units .~ S0 units

CHECK YOUR PROGRESS 31.4

1. 97t SQ. units 2. 6 SQg. units 3. 20x SQ. units
16 . 16 . 9 .
4, ?a Sg. units S. 3 Sg. units 6. > Sg. units

TERMINAL EXERCISE

2 .2 3 .3 14 2
" g D@ 3. =~ 5. B
2 3 3 4

1 T T
2 log 2 n T

5. 1 6. 5 log 7 8. >

9 kil 10. Llog2 1. = 12. 1-1log2

. 5 . 21097 .2 . 1-log
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26.

2
3

2
T
——1log 2
> 9

1
Elog(1+x/§)

1

— Square unit
6

3 .

> Square unit

1
3 Square unit

14.

17.

20.

23.

25.

Definite Integrals

®(2+42)
15

—mnlog 2

T

—log 2

3 g

8+/3 Square unit

3
E(ﬂ —2)Square unit

15.

18.

21.

64
231

TE2

4

8
3 square unit.
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