STRAIGHT LINES
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InFig. 36.1, we see a rectangular box having six faces, which are parts of six planes. In the
figure, ABCD and EFGH are parallel planes. Similarly,

ADGH and BCFE are parallel planes and so are ABEH G F
and CFGD. Two planes ABCD and CFGD intersect in
the line CD. Similarly, it happens with any two adjacent E
planes. Also two edges, say AB and AH meet in the ver-
tex A. It also happens with any two adjacent edges. We
can see that the planes meet in lines and the edges meet in

vertices. A B

In this lesson, we will study the equations of a line in space Fig.36.1

in symmetric form, reducing the general equation of a line

into symmetric form, finding the perpendicular distance of a point from a line and finding the
angle between a line and a plane. We will also establish the condition of coplanarity of two lines.

r
| oBiECTIVES

After studying this lesson, you will be able to :

o find the equations of a line in space in symmetric form;

. convert the general equations of a line into symmetric form;
. find the perpendicular distance of a point froma line;

. find the angle between a line and a plane; and

. find the condition of coplanarity of two lines.

EXPECTED BACKGROUND KNOWLEDGE

. Basic knowledge of three dimensional geometry.
. Direction cosines/ratios of a line and projection of a line segment on another line.
. Condition of parallelism and perpendicularity of two lines.

. General equation of a plane.
. Equations of a plane in different forms.
. Angle between two planes.

36.1 VECTOR EQUATION OF A LINE

A line is uniquely defermined if, it passes through a given point and it has a given direction
or it passes through two given points.
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Straight Lines

16.1.1 Equation of a line through a given point and parallel to a given vector : Let
| be the line which passes through the pomtAand which is parallel to the vector b.Leta
be position vector of the point Aand r be the position vector of an arbitrary point P on the
line.

In AOAP, OA+AP = OP
Le. AP = OP-OA=r-a
But AP|lb . AP=2b
r-a = ib (1)

— r=a+\b is the required equation of the line in vector from

36.1.2 Conversion of Vector form into Cartesian form :

Let (x,, y;, Z,) be the coordinates of the given point Aand b, , b,, b, be the direction ratios
of vector p. Consider (x, y, z) as the coordinates of point P.

Thenr =xi+ y]+zl2, §:x1f+ y1]+zllz
and b = bji+b,]j+bsk.
Substituting these values in equation (1) we get
(X=x)i+(y-y1)j+(z—2z)k = A(bi+Db, j+bsk)
X_Xlz}\qy_y]_:}\”z_zlz}\‘

by b, by

X=X Y=Y -7, . . i
b b, b 8 the corresponding Cartesian form of equation of the

=

line. This is also known as symmetric form of equation of line.
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36.1.3 EQUATION OF THE LINE PASSING THROUGH TWO
GIVEN POINTS :

Let | be the line which passes through two points A and B. Let a and b be the position
vectors of points Aand B respectively. Let r be the position vector of an arbitary point P
on the line.

From the figure, Y
L. B
AP = r-a A P
_ . - - |

and AB = b-a

But aAp and ‘ag are collinear vectors

P = AAB
. 0 >X
ie.  r—a = A(b-a) -(2)
— F = é+x(6—é) Z Fig. 36.3

which is the required equation in vector form.

36.1.4 CONVERSION OF VECTOR FORM INTO CARTESIAN

FORM

Let (x;, ¥;, Z,) and (X,, ¥,, Z,) be the coordinates of point A and B respectively. Consider
(%, y, z) as the coordinates of point P.

Then a = Xi+Y)+7K D=Xi+Yy,]+2,k

and F = Xi+y]j+zk.

Substituting these values in equation (2) we get
(X Xlﬁ"‘ (y- Y1)] +(z- 21)iz = MXp - Xlﬁ"‘ (Y, — Y1)] +(z, - Zl)iz]

X_Xl =>\‘ y_yl :x Z_Zl =7L
Xy —Xg Yo=Y =4

XZh YN 274 sipe corresponding Cartesian form of equation of
X=X Yo=Y1 274

the line. This is known as two point form of equation of line.
SETlo) [REME Find the vector equation of the line through the point (2, -3, 5) and parallel
to the vector j+2]—3k.

Solution : Here a = 2i-3j+5kK
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i+2j-3k
- F = (2i-3j+5K)+r(i+2]-3Kk)
which is the required equation of the line.

Notes =l WA Find the vector equation of a line passing through the points (-1, 5, 2) and
(4, 3, -5).

Solution : Vector equation of line in two point form is

r = a+a(b-a)

Here a= —f+5]+2l2
and b = 4i+3j-5K
b-a = 5i-2j-7k

(=i +5] +2K) + A (51 — 2] — 7K)

= |
1

Hence, the required equation is

X+3 y-2 z-5
37

el CRIRE Write the following equation of a line in vector form

X=X _Y-h_121-14

Solution : Comparing the given equation with b, b, b,
We get X, =-3,¥,=2,2,=5
b,=2b,=-3, b, =7
a = (-8i+2j+5k)
and b = (2i-3]+7k)
Hence, F = (-3i+2]+5K)+A(2i—3]+7k) is the required

equation in vector form.

eS8 Find the equations of the line through the point (1, 2, -3 ) with direction
cosines

(L S _L)
NEIRVERRVE]
Solution : The equations of the line are
X-1 y-2 z+3
1 1 1

3 3 3
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x-1 y-2 z+3
1 1 -1
X-1l=y-2=—(z+3)

Io |
= =

SElyloFRB Find the equations of a line passing through the point (1, -3, 2 ) and having
direction ratios (1, -2, 3)
Solution : The equations of the line are

x-1 y+3 z-2
1 -2 3

e Find the equations of the line passing through two points (1,-3,2)and
(4,2,-3)

Solution : The equations of the required line are

x-1 y+3 z-2 x-1 y+3 z-2
4-1 2+3 -2 3 5 5

SEneWA Find the equations of the line passing through the points (1, -5, -6 ) and

parallel to the line joining the points (0,2,3) and (-1,3,7).

Solution : Direction ratios of the line joining the points (0,2,3) and (-1,3,7) are
-1-0,3-2,7-3

or -1, +1 +4

. Direction ratios of a line parallel to this line can be takenas —1,1, 4.

Thus, equations of the line through the point (1, -5, -6 ) and parallel to the given line are

Xx-1 y+5 z+6
-1 1 4

Q
\ & fl CHECK YOUR PROGRESS 36.1

1. Find the equations, in symmetric form, of the line passing through the point (1, -2, 3 ) with
direction ratios 3, —4, 5.

2. Find the equations of the line, in symmetric form, passing through the points (3, -9, 4)
and (-9,5,-4).

3. Find the equations of the line, in symmetric form, passing through the points (-7, 5, 3 )and
(2,6,8)
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Straight Lines
MODULE - IX

Vectors and three 14 Find the equations of the line, in symmetric form, through the point (1,2,3) and parallel to
dimensional Geometry the line joining the points (—4,7,2)and (5,-3,-2)
5. Find the equations of a line passing through the origin and equally inclined to the co-
ordinate axes.
6. Write the vector equation of the line passing through origin and (5, -2, 3).
Xx-5 y+4 z-3
3 7 2
8.  Write the following equation of a line in Cartesian form :
r=(@+2]+3K)+ 13 -3]+2k)
9. Find the vector equation of a line passing through the point (2, -1, 4) and parallel to
the vector j+2]j—k.

Notes 1 7. Wrrite the following equation of a line in vector form

36.2 REDUCTION OF THE EQUATIONS OF A LINE INTO

SYMMETRIC FORM

You may recall that a line can be thought of as the intersection of two non-parallel planes.
Let the equations of the two intersecting planes be
aXx +by+cz+d=0 (i)

and a'x+b'y+c'z+d'=0 ...(i)

Let AB be the line of intersection of the two planes. Every point on the line AB lies on both the
planes. Thus, the co-ordinates of any point on the line satisfy the two equations of the planes.
Hence (i) and (ii) together represent the equations of a line.

Theequations ax + by + cz=0and a'x + b'y + ¢'z = 0together represent the equations

of the line through the origin parallel to the above line as the above two planes also pass through
origin. The above form of the equations of a line is referred to as general (or non-symmetric)
form of the equations of a line.

To reduce the general equations of a line given by (i) and (ii) in the symmetric form, we need the
direction cosines of the line as well as the co-ordinates of a point on the line.

Let the direction cosines of the line be I, mand n. The line is perpendicular to the normal to
planes given by (i) and (ii).

al+bm+cn=0 ad a'l+b'm+c'n=0
By cross multiplication method, we get

| o m n
bc'—b'c ca'-ac' ab'—a'b

Thus, the direction cosines of the line are proportional to
(bc'-b'c),(ca'-ac')and (ab'—a'b).

The point where the line meets the XY —plane is obtained by putting z = 0 in the equations (i)
and (ii), which give
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ax +by+d=0 ...(1ii)
a'x+b'y+d'=0 ..(iV)
Solving (iii) and (iv), we get
bd'-b'd da'-d'a
X=——— Yy = ————
ab'—a'b ab'-a'b

bd'-b'd da'-d'a Oj
ab—a'b’ ab—a'b’

. The equations of the line in symmetric formare

- Apointonthe lineis (

X_bd'—b'd _da'-d'a
ab—a'b _ Y ab'-a'b _ z
bc'-b'c ca'-c'a ab'-a'b

Note : Instead of taking z = 0, we may take x = 0 or y = 0 or any other suitable value for any
of the x, y, z provided the two equations so obtained have a unique solution.

=eo]BRERH Convert the equations ofthe linegivenbyx — 2y + 3z = 4,2x -3y +4z =5
into symmetric formand find its direction cosines.

Solution : Let z =0 be the z—co-ordinate of a point on each of the planes.
. The equations of the planes reduce to
X—-2y=4
2x =3y =5
which onsolving give x = -2 and y = -3
. The point common to two planesis (-2,-3,0).

Let I, m, nbe the direction cosines of the line As the line is perpendicular to normal to the planes.
we have

| -2m+3n=0
and 21-3m+4n =0
I m  n
-8+9 6-4 -3+4
Il m n 1
or 17271 °%
. The equations of the line are
X+2 y+3 zZ
1 2 1
i% i% 1—6
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MODULE - IX
Vectors and three | o X+2 _yt 3 _Z
dimensional Geometry 1 2 1
and the direction cosines of the line are + 1 ,+ 2 ,+ 1 (the same sign positive or nega-
6 6 6
tive to be taken throughout)
Notes

Q
\ & §| CHECK YOUR PROGRESS 36.2

1. Find the equations, in symmetric form, of the line given by

() x+5y-z=7 and 2X -5y +3z=-1
i)x+y+z+1=0 and 4x+y—-22+2=0
(i)x-y+z+5=0 and X—-2y-z2+2=0

36.3 PERPENDICULAR DISTANCE OF A POINT FROM A LINE

Let P be the point ( X1, Y1,21 ) and AQ be the given P(x,y,.2,)
line whose equations are

X-oa _y-B_z-v
| m n

where I, m and n are the direction cosines of the line
AQ, Q is the foot of the perpendicular from P on AQ

and Ais the point (o, B, v). A Fig.36.4 Q ’

We have PQ2 = AP2 — AQ?

Now AP2 = (x; - o)’ +(y1—B)* + (2 - 7)
Again AQ, the projection of AP onthe line is
(xg—a)l+(yp-B)m+(z-v)n

PQ2 = {(xg — @)’ +(y1—B)* + (2 1)}

2
_{(Xl —(X)I + (yl —B)m +(Zl —’Y)n}
which gives the length of perpendicular (PQ) from the point P to the line.

=ellol CRNR Find the distance of a point (2,3,1) from the line

y+z-1=0=2x-3y-22+4
Solution : Let z = 0 be the z-coordinate of the point common to two planes.

. Theirequations become y =1 and 2x — 3y + 4 = Owhichgive x = —%
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1
. Apoint common to two planes is [ 5 1,0 j

Let I, m, nbe the direction cosines of the given line

Then, 0l + m+n=0and 2l -3m-2n=0
I m n 1

1 2 2
—_—— = —_— = — I:i—7m=i—’n=_—
or 1 2 2 3" 3 33

If PQ is the length of the perpendicular from (2,3,1) to the given line. Then

PQz=[[2+%J2+(3—1f+(1—of]—[5x§+_-x2—1x§

_B 9
4 4
. PQ=3

Thus, the required distance is 3 units.

Q
\ & | CHECK YOUR PROGRESS 36.3

1. Find the distance of the point from the line, for each of the following :

i\ Point (0.2. 3). i X+3 y-1 z+4
(i) Point (0, 2, 3), line — 5 3

-13 y+8 z-31
5 —6 1
(i) Point (4,1,1),linex+y+z=4,x-2y-z=4

. X
(i) Point (-1, 3, 9), line

(iv)Point (3,2,1),line x+y+z=4,x-2y-z=4

36.4 ANGLE BETWEEN A LINE AND A PLANE

90°-6
The angle between a line and a plane is the complement of the zZp
angle between the line and normal to the plane. Let the equa- 0
tions of the line be
X-x" y-y'" z-2' )
T m (1)
> Y
and that of the plane be o]
ax+by+cz+d=0 ...(i) Fig. 36.5
If  be the angle between (i) and (ii), then X
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al + bm + cn

2 4m2 +n2 Va2 + b2+ c2

. . X-2 y+3 z-1
S Elo CRIGMIN Find the angle between the line 3 = 3 = 1

and the plane 2x -3y +4z-7 =0
Solution : Here the angle @ between the given line and given plane is given by

] 2x3-3x3+4x1
sin@ = =

1
V32 432 412 \/22 +(—3)2 + 42 V19 V29
1

V551
. 1
9 =sint (—j
or J551

Q
W& J CHECK YOUR PROGRESS 36.4

1. Findthe angle between the following lines and the planes.

sin6 =cos(90°—-90) =

X-4 y+2 z-3

(1) Line: 1 7 7 and Plane:3x -4y +5z =5
XxX-2 z2-3 +2

(il Line : = = === = Y = and  Plane: -2x + 4y - 52 = 20
X -2 +2

(iii)Line:Z=y_—3=y5 and  Plane: x — 4y + 6z = 11

. X+2 y-3 z+4 _

(iv) Line : 2 5 1 and Plane:4x -3y-z-7=0

36.5 CONDITION OF COPLANARITY OF TWO LINES

If the two lines given by

X=X _¥Y=Y1_2-17% :
I, my n 0]

X—X2=y—y2:Z—22 B
and I m, n, (ii)

intersect, they lie in the same plane.
Equation ofa plane containing line (i) is

A(Xx-x)+B(y-y1)+C(z-2)=0 ... (iii)
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with Al +Bm;+Cny=0 .. (iv)
If the plane (iii) contains line (ii), the point ( X5, y,,Z, ) mustlieonit.
Thus, A(Xp =X )+B(y,-y1)+C(z,-2)=0 ... (V)

with  Al, + Bm, +Cn, =0 cero (V)

Eliminating A,B and C from (iv), (v) and (vi), we have

Xo =Xy Yo—VY1 22124

which is the necessary condition for coplanarity of lines given by (i) and (ii)
Again, eliminating A,B and C from (iii), (iv) and (vi) we get
X=X ¥Y-Y12-7;

Il ml nl - 0 ..... (V"l)
I my Ny

(viii) represents the equation of the plane containing the two intersecting lines.
We shall now show that if the condition (vii) holds, then the lines (i) and (ii) are coplanar.

Consider the plane

X=X Y-Y12-174

Il ml nl =0 (|X)
I my, Ny
or, (X =xp) (mqny —mang )+ (y —y3 ) (mly —nzk)

+(z-2z1)(lymy —Iom;) =0

Aline will lie in the plane, if the normal to the plane is perpendicular to the line and any point on
the line lies in the plane.

You may see that
lp (Mg —mang ) + my(ngly = nghy )+ ng (hmy —Imy ) = 0
Hence line (i) lies in plane (ix)
By similar argument, we can say that line (ii) lies on plane (ix)
. The two lines are coplanar.
Thus, the condition (vii) is also sufficient for the two lines to be coplanar.

Corollary : The lines (i) and (ii) will intersect if and only if (vii) holds and lines are not parallel.
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Note :

(1) Two lines in space, which are neither intersecting nor parallel, do not lie in the same
plane. Such lines are called skew lines.

(i) If the equation of one line be in symmetric form and the other in general form, we
proceed as follows:

Let equations of one line be

X=X _¥Y=-Y1_2-7 0

| m n

and that of the other line be
aXx +by+cz+d=0and a'x+b'y+c'z+d'=0 ... (i)

If the two lines are coplanar, then a point on the first line should satisfy equations of the second
line. Ageneral pointonline (i) is ( X; + Ir, y; + mr, zy +nr).
Thispoint lieson ax + by + cz +d = 0 if

a(xg+Ir)+b(y;+mr)+c(z +nr)+d=0

ax; + by; +cz; +d
al + bm +cn

or r=

Similarly, this point should lieona'x + b'y + ¢'z + d' = 0, resulting in

_ a.'Xl'|'b|y1'|'(;IZ:|_'|'dI
a'l +b'm+c'n

Equating the two values of r obtained above, we have the required condition as

aX1+by1+C21+d _ a'X1+b'y1+C'Zl+d'
al + bm +cn a'l +b'm+c¢'n

Note : In case, both the lines are in general form, convert one of them into symmetric form
and then proceed as above.

SETlo] CIGMER Prove that the lines X ; S =Y ; ! _Z +53

X-8 y-4 z-5

and are co-planar.
7 1
Solution : Forthe lines X =° _¥—-7_z+3 (i)
4 4 -5
d X-8 y-4 z-5 .
an 7 1 3 ()]

to be coplanar we must have
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8-54-75+3 3-38
4 4 5|=0 or 44 =5=0
21 3 71 3

or 3(12+5)+3(12+35)+8(4-28)=0
or 51+141-192=0
or 0 = 0 whichistrue.

. The two lines given by (i) and (ii) are coplanar.

S'Elo CRGMPA Prove that the lines

X+1 y+3 z+5 dx—2_y—4_z—6
3 5 7 T 4 7
are coplanar. Find the equation of the plane containing these lines.

Solution : For the lines

X+1 y+3 z+5 d X-2 y-4 z7-6
3 5 7 M VA

to be coplanar, we must have

2+14+36+5 3 7 11
3 5 7 =0 or 3 5 7
1 4 7 1 4 7

or 3(35—28)—7(21—7)+11(12—5)=O

or 21-98+77=0

or 0 =0. whichistrue.

. The given lines are coplanar.
Equation of the plane containing these lines is

X+1ly+3z+5
3 5 71 =20
1 4 7
or (x+1)(35-28)-(y+3)(21-7)+(z+5)(12-5)=0
or IX+7-14y —42+72+35=0
or 7Xx-14y+72=0

or X—-2y+z=0
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Q
\ & fl CHECK YOUR PROGRESS 36.5

1. Prove that the following lines are coplanar :
X-3 y-2 z+1

0] 3 ) 1 and X +2y +3z2=0=2x+4y+3z2+3
. x-1 y-2 z-3
(i) > 3 2 and 4x -3y +1=0=5x -3z + 2
2. Show that the lines X+l= y-3 = 2+ 2
-3 2 1
and % = y__—37 =2 er ! are coplanar. Find the equation of the plane containing them.

52
QeZdl LT Us sum up

. A line is the intersection of two non-parallel planes.

. \ector equation of a line is r =a-+Ab, where a is the position vector of the given

point on the line and b is a vector parallel to the line.
. lItscorresponding Cartesian form is

X ;lxl = y; hW_z-4 , Where (x,, y,, Z,) are the coordinates to the given point on
2

the line and b,, b,, b, are the direction ratios of the vector b.

. r =a+A(b—a) isanother vector equation of the line where a and b are the position
vectors of two distinct points on the line.
. lItscorresponding Cartesian form is

X=X _ Y=Y _7-14 h h .
Yo% YoV Zp-2° where (x,, ¥, ;) and (x,, Y,, ,) are the coordinates

of two distinct given points on the line.

X — X - z-2
. The angle g between the line I 1_Y mY1 = L and the plane

ax + by + cz+d =0 isgiven by

al + bm + cn

sin® =
V12 £ m2 +n2 Va2 + b2 + c2

. The condition of coplanarity of two lines,
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X=X _Y=Y1_2-17 dX—Xz _Y~-Yo -7
I my Ny an I m, no

Xo=Xp Yo—=Y1 244

and the equation of the plane containing the lines is

X=X1Y—-YN12-7

9\ SUPPORTIVE WEB SITES

http://Aww.regentsprep.org/regents/math/algebra/acl/eqglines.htm
http:/AMww.purplemath.com/modules/strtineg.htm
http://Aww.mathsteacher.com.au/year10/ch03_linear_graphs/02_gradient/line.htm

Sl TERMINAL EXERCISE

Find the equations of the line passing through the points (1,4,7) and (3, -2, 5)

=

2. Findthe equations of the line passing through the point (-1, —2, —3) and perpendicular to
theplane 3x — 4y +5z2-11=10

3. Find the direction cosines of the line which is perpendicular to the lines whose direction
ratiosare 1,-1,2 and 2,1, -1.

4. Show that the line segment joining the points (1,2,3) and (4,5,7) is parallel to the line
segment joining the points (—4,3,-6) and (2,9,2)

5. Find the angle between the lines

Xx-1 y-2 z+5 X+1 y+1 z

2 4 5 and 3 4 2

6. Find the equations of the line passing through the point (1, 2, —4 ) and perpendicular to
each of the two lines
x-8 y+19 z-10 x-15 y-29 z-5
3 15 7 o 3 8 5
7. Convert the equations of the line x -y + 2z -5=0, 3x + y+ z -6 = 0 into the
symmetric form.
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10.

11.

12.
13.

14.

Straight Lines

Show that the lines ~— = = Y= 3 = Z jng X -4 _¥-1_z-1
ow thatthe lines — 2 —pan 3 > 1
are coplanar. Find the equation of the plane containing them.

Find the equation of the plane containing the lines.

X-5 y-7 z+3 d X-8 y-4 z-5
4 4 5 an 7 1 3
Find the projection of the line segment joining the points (2,3,1) and (5,8,7) on the line

X _y+4 z+1
2 3 6
Find the vector equation of a line which passes through the point (1, 2, —4) and is

parallel to the vector (2j+3j—5kK).

Cartesian equation of a line is %5 = y-4 =z, what is its vector equation?

Find the vector equation of a line passing through the points (3, -2, -5) and
(3, -2, 6).
Find the vector equation of a line which passes through the point (-2, 4, -5) and

parallel to the line given by

Xx-3 y+4 z-8
3 5 2
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CHECK YOUR PROGRESS 36.1

Xx-1 y+2 z-3

3 —4 5 2
X+7 y-5 27z-3
3. s 1 s 4.
X_Y_Z
S 1-1°1 6.

7. ?:[5€—4j+3€j+l(3€+7}+2ﬁj 8.

0. ?:[2€—3+4ﬁj+l(€+2}—ﬁj

CHECK YOUR PROGRESS 36.2
x-2 y-1 z

L0 5T T3
X+t y+ -
(i 3_ 3.2
1 -2 1
, X-1 y-3 z+3
(i) 3 2 1

CHECK YOUR PROGRESS 36.3

1. (i) /21 units (i) 21 units
(iii) \/g units (iv) /6 units

CHECK YOUR PROGRESS 36.4
L () Sin‘l[—gj

a1 46 .
(iii) SIn [\/ﬁj (iv) 0°.

X-3 y+9 z-4

—6 7 —4
X-1 y-2 z-3
9 -10 ~4

?:A(5?—2}+3?j

x-1 y-2 z-3
1 -3 2

MATHEMATICS

MODULE - IX
Vectors and three
dimensional Geometry

Notes
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Straight Lines

MODULE - IX
vectors and thee | CHECK YOUR PROGRESS 36.5

dimensional Geometry 2 X+y+2z=0

TERMINAL EXERCISE

Notes
L x-1 y-4 z-7 5 X+1 y+2 z+3
' 2 —6 -2 ' 3 —4 5
3 — ° 5 90°
1 2 4 —— )/Jrg
6. =1 -2 7. 4_" " 4_2
2 3 6 -3 5 4
8. 2X -5y -162+13=0 9. 17x — 47y — 24z +172 =0
57 . - 2 ~ n S AN N
10. = units. 11. r=(>+2y-4k)+1(2i+3j-5k)
12, r=(-5i+4])+A3i-5]+k) 13, r=(3i-2j-5k)+1(11k)

14, r=(-2i+4j-5k)+1(3i+5] +2Kk)
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