
xf.kr 123

lhek ,oa lkarR;

ekWM~;wy - VIII

dyu

fVIi.kh

25

lhek ,oa lkarR;

iQyu 
2x 1

f (x)
x 1

−
=

−
 yhft,A

vki ns[k ldrs gSa fd iQyu x 1=  ij ifjHkkf"kr ugha gS D;ksafd ( )x 1−  gj esa gSA x dk eku

1 ds fcYdqy ikl] ysfdu 1 ds cjkcj ugha] tSlk uhps rkfydk esa fn;k x;k gSA bl voLFkk
esas x 1− ≠  0 D;ksafd x ≠  1

ge ( ) ( )( )
( )

2 x 1 x 1x 1
f x x 1

x 1 x 1

+ −−
= = = +

− −
 fy[k ldrs gSa D;ksafd x 1 0− ≠

blfy, ( )x 1−  ls Hkkx nsuk laHko gSA

         rkfydk 2
x f (x)

1.9 2.9

1.8 2.8

1.7 2.7

1.6 2.6

1.5 2.5

: :

: :

1.1 2.1

1.01 2.01

1.001 2.001

: :

: :

1.00001 2.00001

                  rkfydk 1

x f (x)

0.5 1.5

0.6 1.6

0.7 1.7

0.8 1.8

0.9 1.9

0.91 1.91

: :

: :

0.99 1.99

: :

: :

0.9999 1.9999



124

lhek ,oa lkarR;

xf.kr

ekWM~;wy - VIII

dyu

fVIi.kh

mijksDr rkfydkvksa esa vki ns[k ldrs gSa fd x,1  dh vksj vxzlj gks jgk gS rFkk ( )f x  dk laxr

eku 2 ds ikl&ikl igqap jgk gS (vxzlj gS)A vycÙkk bl voLFkk esa ( )f x  ,x=1 ij ifjHkkf"kr ugha
gSA bl fopkj dks ;g dg ldrs gSa fd tc x, 1 dh vksj vxzlj gksrk gS rks ( )f x  ds eku dh lhek
2 gSA
vkb, vc ,d vU; iQyu ( )f x 2x=  ysaA ge bl iQyu ds vkpj.k x 1=  fcUnq ds ikl rFkk

x 1=  ij ns[ksaxsA ge ns[krs gSa tc x, 1 dh vksj vxzlj gksrk gS] rks ( )f x  dk laxr eku 2 dh vksj

vxzlj gksrk gS rFkk x 1=  ij ( )f x  dk eku 2 gSA

vr% mijksDr [kkst ls ge ( )f x  ds vkpj.k ds fo"k; esa vkSj vf/d D;k dg ldrs gSa tc x,

2 ds ikl gS rFkk tc x = 2 gSA

bl ikB esa ge fdlh iQyu ds fdlh fcUnq ds ikl rFkk ml fcUnq ij ( )f x  dk vkpj.k ns[ksaxs pkgs

ml fcUnq ij iQyu ifjHkkf"kr Hkh u gksA

    mís';
bl ikl ds vè;;u ds ckn vki fuEufyf[kr esa leFkZ gks tk,axs %

• ,d iQyu dh lhek dks ifjHkkf"kr djuk

• ,d iQyu dh ekud lhek Kkr djuk

• ekud lhekvksa rFkk fofHkUu fof/;ksa dk iz;ksx dj lhek,a Kkr djuk

• ,d fcUnq ij iQyu ds lkarR; dks ifjHkkf"kr djuk rFkk mldh T;kferh; O;k[;k djuk

• ,d iQyu dk ,d vUrjkr esa lkarR; dks ifjHkkf"kr djuk

• fdlh fcUnq ij ,d iQyu dk lkarR; rFkk vU;Fkk Kkr djuk

• mnkgj.kksa dh lgk;rk ls iQyu ds lkarR; ds izes;ksa dk dFku nsuk rFkk mudk iz;ksx djuk

iwoZ Kku
• iQyu dh ladYiuk
• ,d iQyu dk vkys[k [khapuk
• f=kdks.kferh; iQyuksa dh ladYiuk
• pj?kkarkdh rFkk y?kqx.kdh; iQyuksa dh ladYiuk

25.1 ,d iQyu dh lhek

bl ikB ds vkjEHk esa geus iQyu 
2x 1

f (x)
x 1

−
=

−
 dks fy;k FkkA geus ns[kk Fkk tc x,1 dh vksj

vxzlj gksrk gS] rks ( )f x , 2  dh vksj vxzlj gksrk gSA lkekU;r% ;fn x, a  dh vksj vxzlj gksrk gS

rks ( )f x , L  dh vksj vxzlj gksrk gS] rks ge dgrs gSa L, iQyu ( )f x  dk lhekar eku gS

ladsrksa esa bls fy[kk tkrk gS ( )
x a
lim f x L
→

=
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vkb, vc ge iQyu ( )5 x−  dk lhekUr eku Kkr djsa] tc x, 0 dh vksj vxzlj gksrk gSA

vFkkZr ( )
x 0
lim 5x 3
→

−

bl lhek dks Kkr djus ds fy,] ge 'kwU; ds nksuksa vksj] x dks eku nsrs gSa

x 0.1 0.01 0.001 0.0001..........

5x 3 3.5 3.05 3.005 3.0005 ..........

− − − −

− − − − −

x 0.1 0.01 0.001 0.0001..........

5x 3 2.5 2.95 2.995 2.9995 .........− − − − −

mijksDr ls lkiQ gS fd ( )5x 3−  dh lhek tc x 0, 3→ −  gS

vFkkZr ( )
x 0
lim 5x 3 3
→

− = −

bldks fp=k 25.1 esa vkys[k ds :i esa fn[kk;k x;k gS %
y

5

4

3

2

1

–1

–2

–3

–4

–5

1 2 3 4 5–1 –2 –3 –4 –5

y′

x′ x

(0.1, –2.5)

(0, –3)

(–0.1, –3.5)

fp=k 25.1

,d fcUnq ij fdlh iQyu dk lhekUr eku] pj dks ml fcUnq ds cgqr ikl ds eku nsdj Kkr djuk]
lnk lqfo/ktud ugha gSA

vr% gesa bl fof/ ds vfrfjDr fof/;ka pkfg,¡ ftuds }kjk ge iQyu dh lhek Kkr dj ldsa] tc
x (Lora=k pj) ,d ifjfer jkf'k ekuk a dh vksj vxzlj gS

vkb, ,d mnkgj.k ysa& 
x 3
lim f (x),
→

Kkr dhft, tc 
2x 9

f (x)
x 3

−
=

−

bls ge izfrLFkkiu fof/ ls Kkr dj ldrs gSa] ftlds pj.k fuEu gSa %
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fVIi.kh% è;ku nas fd ( )f 3  ifjHkkf"kr ugha gS fiQj Hkh bl iQyu dh lhek tc x 3, 6→  gSA

vc ge fofHkUu izdkj ds iQyuksa dh lhek Kkr djus dh vU; fof/;ksa ij ppkZ djsaxsA

vkb, vc ,d vU; mnkgj.k ysa

x 1
lim f (x)
→

 Kkr djsa tgk¡ 

3

2

x 1
, x 1

f (x) x 1

1 , x 1

 −
≠

=  −
 =

;gk¡ x 1≠  ds fy, 
3

2

x 1
f (x)

x 1

−
=

−

 
( )( )

( )( )

2x 1 x x 1

x 1 x 1

− + +
=

− +

;g n'kkZrk gS fd ;fn ( )f x  dk :i 
( )

( )
g x

h x
 gks] rks ge mls xq.ku[kaM dh fof/ ls gy dj ldrs

gSaA bl fLFkfr esa ge fuEu pj.k viukrs gSa%

pj.k&3 % h 0=  j[kdj vHkh"V eku (ifj.kke)
izkIr djsaA

2x 9
f (x)

x 3

−
=

−
 ds fy, ge x dks 3 h+

fy[krs gSaA x 3→  rks h 0→

vc     f (x) f (3 h)= +

( )2
3 h 9

3 h 3

+ −
=

+ −
2h 6h

h

+
=

 = h + 6

( ) ( )
x 3 h 0
lim f x lim 6 h
→ →

= +

tc x 0→  rks h 0→

h = 0 j[kus ij] ( )
x 3
lim f x 6 0 6
→

= + =

pj.k&1 % ge 'a' ds fudV ,d eku yas] tSls
a h+  tgka h ,d cgqr NksVh /ukRed l[a;k gS
Li"Vr% tc x a→  rc h 0→

pj.k&2 % ( )f a h+  dks ljy djsa
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vr% ( )f x  dh lhek tc x a→ rFkk iQyu dk ml fcUnq x a=  ij eku vyx&vyx gks ldrs gSaA

vkb,] vc ge ,d ,slk mnkgj.k ysa tks u rks xq.ku[kaM fof/ vkSj u gh izfrLFkkiu fof/ ls gy
gks ldrk gSA

eku Kkr dhft, %
x 0

1 x 1 x
lim

x→

+ − −

blds fy, ge fuEu pj.k ysrs gSa %

pj.k&1% ml in dk ifjes;hdj.k djsa ftlesa oxZewy gS

pj.k&2% ljy djsa

pj.k&3% x dk eku j[ksa rFkk okafNr ifj.kke izkIr djsa

gy %

        

( )( )
( )

1 x 1 x 1 x 1 x1 x 1 x

x x 1 x 1 x

+ − − + + −+ − −
=

+ + −

         ( )
2 2(1 x ) (1 x)

x 1 x 1 x

+ − −
=

+ + − ( )
(1 x) (1 x)

x 1 x 1 x

+ − −
=

+ + −

         ( )
1 x 1 x

x 1 x 1 x

+ − +
=

+ + − ( )
2x

x 1 x 1 x
=

+ + −

[ x 0≠Q vr% mls dkV ldrs gSaA]

pj.k&1 % ( )g x  rFkk ( )h x  ds xq.ku[kaM djsa

pj.k&2 % ( )f x dks ljy djsa

pj.k&3 % x dk eku j[kus ij gesa vHkh"V
ifj.kke feyrk gSA

gy %
3

2

x 1
f (x)

x 1

−
=

−

        
( )( )

( )( )

2x 1 x x 1

x 1 x 1

− + +
=

− +

 ( x 1, x 1 0≠ ∴ − ≠∵  vkSj bl izdkj ge bls
dkV ldrs gSaA

∴
2x x 1

f (x)
x 1

+ +
=

+

3 2

2x 1 x 1

x 1 x x 1 1 1 1 3
lim lim

x 1 1 1 2x 1→ →

− + + + +
∴ = = =

+ +−

ijUrq f (1) 1=  (fn;k gS)

bl voLFkk esa 
x 1
lim f (x) f (1)
→

≠
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2

1 x 1 x
=

+ + −

∴   
x 0 x 0

1 x 1 x 2
lim lim

x 1 x 1 x→ →

+ − −
=

+ + −

2

1 0 1 0
=

+ + −

2

1 1
=

+
 = 1

25.2 ckb± i{k rFkk nkb± i{k lhek,a
ge igys gh ns[k pqds gSa fd x a→  dk vFkZ gS fd x ds eku a ds cgqr fudV gaS tks a ls cM+s
vFkok NksVs gSaA ml fLFkfr esa tc x ds eku a ls NksVs rFkk a ds cgqr fudV gSa rks ge dgrs gSa fd
x, ckb± vksj ls x dh vksj vxzlj gS rFkk bls ge x a−→  ds :i esa fy[krs gSaA blh izdkj x ds eku
tks a ls cM+s rFkk a ds cgqr fudV gSa rks ge dgrs gSa fd x nkbZa vksj ls a dh vksj vxzlj gS rFkk

mls ge x a+→  ds :i esa fy[krs gSaA

vr% ;fn ,d iQyu ( )f x ,d lhek 1l dh vksj vxzlj gS] tc x 'a' dh vksj ck;sa ls mixeu djrk gS]

rks ge dgrs gSa fd ( )f x  dh ckb± i{k lhek tc x a→ ] 1l gSA ge mls bl izdkj fy[k ldrs gSa %

( ) 1
x a

lim f x
−→

= ℓ
    vFkok ( ) 1

h 0
lim f a h , h 0
→

− = >ℓ

blh izdkj x ds nk;sa ls a dh vksj vxzlj gksus ij ;fn ( )f x  ,d lhek 2l  dh vksj vxzlj gks] rks

ge dgrs gSa fd ( )f x  dh nkb± i{k lhek tc 2x a; l→  gSA ge bls bl izdkj fy[k ldrs gSa %

( ) 2
x a

lim f x
+→

= l vFkok ( ) 2
h 0
lim f a h , h 0
→

+ = >l

dk;Zdkjh fu;e %

nkb± i{k lhek Kkr djuk ckb± i{k lhek Kkr djuk

( )
x a

lim f x
+→

( )
x a

lim f x
−→

x a h= +  jf[k, x a h= −  jf[k,

( )
h 0
lim f a h
→

+  Kkr dhft, ( )
h 0
lim f a h
→

−  Kkr dhft,

 fVIi.kh % è;ku jgs nksuksa voLFkkvksa esa h ds eku /ukRed gksaxsA

25.3 iQyu y = f (x) dh x = a ij lhek
vkb, ,d mnkgj.k ysa %

x 1
lim f (x)
→

 Kkr dhft, tgk¡ 2f (x) x 5x 3= + +

;gk¡ ( ) ( )2

h 0x 1

lim f (x) lim 1 h 5 1 h 3
+ →→

 = + + + +  
2

h 0
lim 1 2h h 5 5h 3
→

 = + + + + +
 

    = 1 + 5 + 3 = 9 .....(i)
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rFkk    
2

h 0x 1

lim f (x) lim (1 h) 5(1 h) 3
− →→

 = − + − +
 

      
2

x 0
lim 1 2h h 5 5h 3
→

 = − + + − +
 

      1 5 3 9= + + = .....(ii)

(i) rFkk (ii) ls,      
x 1 x 1

lim f (x) lim f (x)
+ −→ →

=

vkb, ,d vU; mnkgj.k ysa %

eku Kkr dhft, %
x 3

| x 3 |
lim

x 3→

−

−

;gk¡         
h 0x 3

| x 3 | | (3 h) 3 |
lim lim

x 3 [(3 h) 3]+ →→

− + −
=

− + − h 0

| h |
lim

h→
=

      
h 0

h
lim

h→
= (D;ksafd h>0, vr% | h | = h)

      =1 .....(iii)

rFkk            
h 0x 3

| x 3 | | (3 h) 3 |
lim lim

x 3 [(3 h) 3]− →→

− − −
=

− − − h 0

| h |
lim

h→

−
=

−

      
h 0

h
lim

h→
=

−
(D;ksafd h > 0, vr% |-h | = h)

      1= − .....(iv)

vr% (iii) rFkk (iv) ls, 
x 3 x 3

| x 3 | | x 3 |
lim lim

x 3 x 3+ −→ →

− −
≠

− −

vr% izFke mnkgj.k esa ckb± i{k lhek = nkb± i{k lhek tcfd nwljs mnkgj.k esa

ckb± i{k lhek ≠  nkb± i{k lhek

vr% ckb± i{k lhek rFkk nkb± i{k lhek lnk leku ugha gksrsA vr% ge bl urhts ij igq¡ps gSa fd

( )2

x 1
lim x 5x 3
→

+ +  dk vfLrRo gS (tks 9 ds cjkcj gS) rFkk 
x 3

| x 3 |
lim

x 3→

−

−
 dk vfLrRo ugha gSA

 fVIi.kh%

( )

( )
( )x a

x a

x a

I lim f x

lim f x
lim f x

+→

→
−→

= 


⇒ == 


l

l
lrFkk

( )

( )
( )

1
x a

x a2
x a

II lim f x

lim f x .
lim f x

+→

→
−→

= 


⇒= 


l

l
dk vfLrRo ugha

rFkk
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III ( )
x a

lim f x
+→

 ;k ( )
x a

lim f x
−→

 dk vfLrRo ugha ⇒ ( )
x a
lim f x
→

dk vfLrRo ugha

25.4 lhekvksa ij vk/kjHkwr izes;

1.
x a x a
lim cf (x) c lim f (x)
→ →

=  tgk¡ c  ,d vpj gS

bldks lR;kfir djus ds fy, ekuk ( )f x 5x=

ge ns[krs gSa fd 
x 2
lim 5x
→

 esa 5 ,d vpj gS rFkk lhek ls csvlj gS

∴ x 2 x 2
lim 5x 5 lim x 5 2 10
→ →

= = × =

2. ( ) ( ) ( )
x a
lim g x h x p x ....
→

+ + + =   ( ) ( ) ( )
x a x a x a
lim g x lim h x lim p x ........
→ → →

+ + +

tgk¡ ( ) ( ) ( )g x ,h x ,p x ,....dksbZ iQyu gSa

3. ( ) ( ) ( ) ( )
x a x a x a
lim f x g x lim f x lim g x
→ → →

⋅ =  

bls lR;kfir djus ds fy, ekuk
2f (x) 5x 2x 3= + +

rFkk g (x) = x + 2.

rc      ( )2

x 0 x 0
lim f (x) lim 5x 2x 3
→ →

= + +

       
2

x 0 x 0
5 lim x 2 lim x 3 3

→ →
= + + =

    
x 0 x 0 x 0
lim g(x) lim (x 2) lim x 2 2
→ → →

= + = + =

∴
2

x 0 x 0
lim (5x 2x 3) lim (x 2) 3.2 6
→ →

+ + + = = .....(i)

fiQj
2

x 0 x 0
lim[f (x) g(x)] lim[(5x 2x 3)(x 2)]
→ →

⋅ = + + +

              
3 2

x 0
lim (5x 12x 7x 6)
→

= + + +

              =
3 2

x 0 x 0 x 0
5 lim x 12 lim x 7 lim x 6

→ → →
+ + +

   = 6 .....(ii)

(i) rFkk (ii) ls]

           ( ) ( )[ ] ( ) ( )
x 0 x 0 x 0
lim f x g x lim f x lim g x
→ → →

=

4.

( )

( )

( )

( )
x a

x a
x a

lim f x
f x

lim
g x lim g x

→

→
→

 
= 

 
,  tcfd ( )

x a
lim g x 0
→

≠
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bls lR;kfir djus ds fy, ekuk 2f (x) x 5x 6= + +  vkSj g(x) x 2= +

gesa feyrk gS
2 2

x 1
lim (x 5x 6) ( 1) 5 ( 1) 6
→−

+ + = − + − +

      1 5 6= − +  = 2

rFkk          
x 1
lim (x 2) 1 2
→−

+ = − +  = 1

∴

2

x 1

x 1

lim (x 5x 6)
2

2
lim (x 2) 1

→−

→−

+ +
= =

+ .....(i)

vkSj

2

2 2

x 1 x 1

x 5x 6

(x 5x 6) (x 3)(x 2) x 3x 2x 6lim lim
x 2 x 2 x(x 3) 2(x 3)

(x 3)(x 2)

→− →−

 + +
 

+ + + +  = + + +=  + + = + + + 
 = + + 

Q

     
x 1
lim (x 3)
→−

= +

     1 3 2= − + = .....(ii)

∴  (i) rFkk (ii) ls]

 

( )2
2

x 1

x 1
x 1

lim x 5x 6
x 5x 6

lim
x 2 lim (x 2)

→−

→−
→−

+ ++ +
=

+ +

vFkkZr~      
( )

( )

( )

( )
x 1

x 1
x 1

lim f x
f x

lim
g x lim g x

→−

→−
→−

 
= 

 

ge us mQij ns[kk fd fn;s gq, nks iQyuksa dks vusd fof/;ksa ls feyk dj u;k iQyu cuk;k tk ldrk
gSA bl la;ksftr iQyu dh lhek tc x a→ ] dh x.kuk fn, gq, iQyuksa dh lhek ls dh tk ldrh
gSA vUr esa] ge lhek ij dqN vk/kjHkwr ifj.kkeksa dk o.kZu uhps djsaxs ftu dk vk/kjHkwr lafØ;kvksa
ls la;ksftr iQyuksa dh lheka, Kkr djus esa mi;ksx fd;k tk ldrk gSA

;fn
x a
lim f (x)
→

= ℓ rFkk 
x a
lim g(x) m
→

=  gks] rks

(i)
x a x a
lim kf (x) k lim f (x) k
→ →

= = l  tgk¡ k ,d vpj gS

(ii) [ ]
x a x a x a
lim f (x) g(x) lim f (x) lim g(x) m
→ → →

± = ± = ±l

(iii) [ ]
x a x a x a
lim f (x) g(x) lim f (x) lim g(x) m
→ → →

⋅ = ⋅ = ⋅l
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(iv)  
x a

x a
x a

lim f (x)
f (x)

lim ,
g(x) lim g(x) m

→

→
→

= =
l

 tcfd 
x a
lim g(x) 0
→

≠

mijksDr ifj.kke nks ls vf/d iQyuksa ij Hkh ykxw gksrs gSaA

 mnkgj.k 25.1.  
x 1
lim f (x)
→

 Kkr dhft, tgk¡

( )

2x 1
, x 1

f x x 1

1, x 1

 −
 ≠=  −
 =

gy %     
2x 1

f (x)
x 1

−
=

−

( )( )x 1 x 1

x 1

− +
=

−
(x 1)= + [ x 1]≠Q

∴          
x 1 x 1
lim f (x) lim(x 1)
→ →

= + = 1 + 1 = 2

 fVIi.kh % 
2x 1

x 1

−

−
, x = 1 ij ifjHkkf"kr ugha gSA

x 1
lim f (x)
→

dk eku f (x)  ds x = 1 eku ls Lora=k gSA

 mnkgj.k 25.2.  
3

x 2

x 8
lim

x 2→

−

−
 dk eku Kkr dhft,A

gy %         
3

x 2

x 8
lim

x 2→

−

−

2

x 2

(x 2)(x 2x 4)
lim

(x 2)→

− + +
=

−

( )2

x 2
lim x 2x 4
→

= + + [ x 2]≠Q

22 2 2 4= + × + = 12

 mnkgj.k 25.3.  
x 2

3 x 1
lim

2 x→

− −

−
 dk eku Kkr dhft,A

gy % va'k dk ifjes;dj.k djus ij gesa izkIr gksrk gS

       
3 x 1 3 x 1 3 x 1

2 x 2 x 3 x 1

− − − − − +
= ×

− − − + ( )
3 x 1

(2 x) 3 x 1

− −
=

− − +

( )( )
2 x

2 x 3 x 1

−
=

− − +

∴        ( )( )x 2 x 2

3 x 1 2 x
lim lim

2 x 2 x 3 x 1→ →

− − −
=

− − − +

( )x 2

1
lim

3 x 1→
=

− + [ x 2]≠Q
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( )
1

3 2 1
=

− +

1

1 1
=

+

1

2
=

 mnkgj.k 25.4.  eku Kkr dhft, %

x 3

12 x x
lim

6 x 3→

− −

+ −

gy % va'k rFkk gj dk ifjes;dj.k djus ij gesa feyrk gS

 

( )( ) ( )
( )( )( )x 3 x 3

12 x x 12 x x 6 x 312 x x
lim lim

6 x 3 6 x 3 6 x 3 12 x x→ →

− − − + ⋅ + +− −
=

+ − + − + + − +

     
( )2

x 3 x 3

12 x x 6 x 3
lim lim

6 x 9 12 x x→ →

− − + +
= ⋅

+ − − +

     
( )( )

( )x 3 x 3

x 4 x 3 6 x 3
lim lim

x 3 12 x x→ →

− + − + +
= ⋅

− − +

      = 
6

(3 4) 7
6

− + ⋅ = − [ x 3]≠Q

fVIi.kh% tc dHkh fdlh iQyu ds va'k vkSj gj nksuksa dh lheka, 'kwU; gksa rks vki iQyu dk ,slk
ljyhdj.k djsa fd ifj.kkeh iQyu dk gj 'kwU;srj gksA ;fn gj dh lhek 0 gS rFkk va'k dh lhek
'kwU;srj gS] rks iQyu dh lhek dk vfLrRo ugha gksrkA

mnkgj.k 25.5.  
x 0

1
lim

x→
, ;fn mldk vfLrRo gS] rks Kkr djsaA

gy % ge x ds og eku pqurs gSa tks nksuksa vksj ls 0 dh vksj vxzlj gksrs gSaA

ge 
1

x
 ds laxr ekuksa dh rkfydk cukrs gSa

x 0.1 .01 .001 .0001

1
10 100 1000 10000

x

− − − −

− − − −

x 0.1 .01 .001 .0001

1
10 100 1000 10000

x

ge ns[krs gSa fd tSls x 0→  rks 
1

x
 ds eku fdlh la[;k dh vksj vxzlj ugha gksrsA vr% 

x 0

1
lim

x→

dk vfLrRo ugha gS tSlk fd fp=k 25.2 esa fn[kk;k x;k gSA
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5

4

3

2

1

–1

–2

–3

–4

–5

1 2 3 4 5

–1 –2 –3 –4 –5

y

y′

x′ x

y = 
1
x

fp=k 25.2

 mnkgj.k 25.6.  eku Kkr dhft, %

( )
x 0
lim | x | | x |
→

+ −

gy % D;ksafd |x| ds eku x 0≥  rFkk x 0<  ds fy, fHkUu gSa] gesa nksuksa ckb± i{k lhek rFkk nkb± i{k
lhek Kkr djuh iMa+sxhA

( ) ( )
h 0x 0

lim | x | | x | lim | 0 h | | (0 h) |
− →→

+ − = − + − −

     ( )
h 0
lim | h | | ( h) |
→

= − + − −

      =
h 0 h 0
lim h h lim 2h 0
→ →

+ = = ...(i)

rFkk ( ) ( )
h 0x 0

lim | x | | x | lim | 0 h | | (0 h) |
+ →→

+ − = + + − +

     
x 0 h 0
lim h h lim 2h 0
→ →

= + = = ...(ii)

(i) rFkk (ii) ls,

   ( ) [ ]
x 0 h 0

lim | x | | x | lim | x | | x |
− +→ →

+ − = + −

vr%      [ ]
h 0
lim | x | | x | 0
→

+ − =

fVIi.kh% gesa ;kn j[kuk pkfg, fd ge ckb± i{k rFkk nkb± i{k lhek dk iz;ksx fo'ks"kr;k rc djrs
gSa tc (a) fn;k x;k iQyu ekikad iQyu gS rFkk (b) iQyu ,d ls vf/d fu;e }kjk ifjHkkf"kr
gSA
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 mnkgj.k 25.7.   a dk eku Kkr dhft, fd

x 1
lim f (x)
→

 dk vfLrRo gS tgk¡ 3x 5 , x 1
f (x)

2x a, x 1

+ ≤
= 

+ >

gy %   ( )
x 1x 1

lim f (x) lim 3x 5
− →→

= +  f (x) 3x 5, x 1 = + ≤ Q ds fy,

     [ ]
h 0
lim 3 (1 h) 5
→

= − +

     = 3 + 5 = 8 .....(i)

            ( )
x 1x 1

lim f (x) lim 2x a
+ →→

= +      f (x) 2x a, x 1 = + > Q ds fy,

     ( )
h 0
lim 2(1 h) a
→

= + +

     = 2 + a .....(ii)

gesa fn;k gS fd 
x 1
lim f (x)
→

 dk vfLrRo gS ;fn

( )
x 1 x 1

lim f x lim f (x)
− +→ →

=

(i) rFkk (ii) ls]
2 + a = 8

∴ vFkok       a = 6

 mnkgj.k 25.8.  ;fn iQyu ( )f x  bl izdkj ifjHkkf"kr gS fd

1
x , 0 x

2

1
f (x) 0 , x

2

1
x 1, x 1

2

 ≤ <



= =



− < ≤


1
x

2

lim f (x)

→
 ds vfLrRo dk ijh{k.k dhft,A

gy % ;gk¡     

1
x , 0 x .....(i)

2

1
f (x) 0 , x

2

1
x 1, x 1 .....(ii)

2

 ≤ <



= =



− < ≤


    h 01
x

2

1
lim f (x) lim f h

2− → → 
 

 = − 
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 =
x 0

1
lim h

2→

 
− 

 
 

1 1 1 1
h (i) ,f h h

2 2 2 2

  
− < − = −  

  
Q rFkk ls

1 1
0

2 2
= − = .....(iii)

h 01
x

2

1
lim f (x) lim f h

2+ → → 
 

 = + 
 

     
h 0

1
lim h 1

2→

  = + −  
  

         
1 1 1 1

h (ii) , f h h 1
2 2 2 2

    
+ > + = + −    

    
Q rFkk ls

( )1
1

2
= + −  

1

2
= −         .....(iv)

(iii) rFkk (iv) ls] ckb± i{k lhek ≠  nkb± i{k lhek

vr% 
1

x
2

lim f (x)

→

 dk vfLrRo ugha gSA

  ns[ksa vkius fdruk lh[kk 25.1

1. fuEu esa ls izR;sd lhek Kkr dhft,%

   (a) [ ]
x 2
lim 2(x 3) 7
→

+ + (b) ( )2

x 0
lim x 3x 7
→

+ + (c)
2

x 1
lim (x 3) 16
→

 + −
 

    (d) 
2

x 1
lim (x 1) 2
→−

 + +
  (e) 

3

x 0
lim (2x 1) 5
→

 + −
  (f) ( )( )

x 1
lim 3x 1 x 1
→

+ +

2. fuEu iQyuksa esa izR;sd dh lhek Kkr dhft, %

    (a)  
x 5

x 5
lim

x 2→

−

+
(b)

x 1

x 2
lim

x 1→

+

+
(c)

x 1

3x 5
lim

x 10→−

+

−

    (d)  
x 0

px q
lim

ax b→

+

+
(e)

2

x 3

x 9
lim

x 3→

−

−
(f)

2

x 5

x 25
lim

x 5→−

−

+

     (g) 
2

2x 2

x x 2
lim

x 3x 2→

− −

− +
(h) 

2

1
x

3

9x 1
lim

3x 1→

−

−

3. fuEu esa izR;sd lhek Kkr dhft, %

     (a)
3

x 1

x 1
lim

x 1→

−

−
(b)

3

2x 0

x 7x
lim

x 2x→

+

+
(c)

4

x 1

x 1
lim

x 1→

−

−

      (d) 2x 1

1 2
lim

x 1 x 1→

 
− − − 
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4. fuEu lhekvksa esa ls izR;sd dks Kkr dhft,%

(a) 
x 0

4 x 4 x
lim

x→

+ − −
(b)

x 0

2 x 2
lim

x→

+ −
 (c)

x 3

3 x 6
lim

x 3→

+ −

−

(d) 
x 0

x
lim

1 x 1→ + −
(e) 

x 2

3x 2 x
lim

2 6 x→

− −

− −

5. (a) 
x 0

2
lim

x→
, ;fn mldk vfLrRo gS] Kkr dhft,A

(b) 
x 2

1
lim

x 2→ −
, ;fn mldk vfLrRo gS] Kkr dhft,A

6. fuEu lhekvksa dks Kkr dhft, %

(a)
x 0

x
lim

5 | x |→ − (b)
x 2

1
lim

| x 2 |→ + (c)   
x 2

1
lim

| x 2 |→ −

(d) n'kkZb, fd 
x 5

| x 5 |
lim

x 5→

−

−
dk vfLrRo ugha gSA

7. (a) fuEu iQyuksa dh ckb± i{k lhek rFkk nkb± i{k lhek Kkr dhft, %

        
2x 3, x 1

f (x)
3x 5, x 1

− + ≤
= 

− >
tcfd x 1→

(b) ;fn 
2x , x 1

f (x) ,
1,x 1

 ≤
= 

>
 

x 1
lim f (x)
→

 gks] rks Kkr dhft,A

(c)
x 4
lim f (x)
→

, ;fn mldk vfLrRo gS] Kkr dhft, tc 
4x 3, x 4

f (x)
3x 7, x 4

+ <
= 

+ ≥

8. 'a' dk eku Kkr dhft, rkfd 
x 2
lim f (x)
→

 dk vfLrRo gS] tgk¡ 
ax 5, x 2

f (x)
x 1, x 2

+ <
= 

− ≥

9.  ekuk 
2

x, x 1

f (x) 1, x 1

x , x 1

 <


= =


>

 rks 
x 1
lim f (x)
→

 ds vfLrRo dk ijh{k.k dhft,A

10.
x 2
lim f (x)
→

,  ;fn mldk vfLrRo gS] rks Kkr dhft, tgk¡

x 1,x 2

f (x) 1,x 2

x 1,x 2

− <


= =
 + >
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25.5 dqN fo'ks"k iQyuksa dh lhek Kkr djuk

(i) fl¼ dhft, fd (a) 

n n
n 1

x a

x a
lim na

x a

−

→

−
=

−
 tgk¡  n ,d /ukRed iw.kkZad gSA

miifÙk %

    
( )n nn n

x a h 0

a h ax a
lim lim

x a a h a→ →

+ −−
=

− + −
s

( )n n 1 n 2 2 n n

h 0

n n 1
a n a h a h ..... h a

2!
lim

h

− −

→

− 
+ + + + − 

 =

( )n 1 n 2 n 1

h 0

n n 1
h n a a h ..... h

2!
lim

h

− − −

→

− 
+ + + 

 =

( )n 1 n 2 n 1

h 0

n n 1
lim n a a h ..... h

2!

− − −

→

− 
= + + + 

 

n 1n a 0 0 ..... 0−= + + + +

n 1n a −=

∴    
n n

n 1

x a

x a
lim n a

x a

−

→

−
= ⋅

−

fVIi.kh% ;g ifj.kke lHkh n ds fy, Hkh lR; gS

(ii) fl¼ dhft, fd (a)
x 0
lim sin x 0
→

=  rFkk    (b) 
x 0
lim cos x 1
→

=

miifÙk %  ,d bdkbZ o`Ùk yhft, ftldk dsUnz B gS

rFkk ftlesa  C ij ledks.k gS rFkk ∠ ABC = x  jsfM;u gS

vc sin x = A C rFkk cos x = BC

tSls&tSls x ?kVrk gS oSls&oSls A,C ds ikl gksrk tkrk gS

vFkkZr x 0,A C→ →

vFkok x 0,AC 0→ →  rFkk BC AB→

(Qo`Ùk dh f=kT;k 1 gS)

∴ sin x 0→  rFkk cos x 1→

bl izdkj gesa feyrk gS 
x 0
lim sin x 0
→

= rFkk 
x 0
lim cos x 1
→

=

(iii) fl¼ dhft, fd 
x 0

sin x
lim 1

x→
=
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miifÙk % ,d bdkbZ f=kT;k dk o`Ùk yhft, ftldk dsUnz ewy fcUnq O ij gSA ekuk o`Ùk ij ,d fcUnq
B (1, 0) gS rFkk A, o`Ùk ij ,d vU; fcUnq gSA AC OX⊥  cukb,A

ekuk AOX x∠ =  jsfM;u] tgk¡ 0 < x < 
2

π

o`Ùk ds fcUnq B ij ,d Li'kZ js[kk [khafp,] tks c<+kbZ xbZ OA dks D ij feyrh gSA vr% BD OX⊥

AOC∆ dk {ks=kiQy < f=kT;[kaM OBA dk {ks=kiQy < DOBD dk {ks=kiQy

vFkok 21 1 1
OC AC x(1) OB BD

2 2 2
× < < ×

[D;ksafd ,d f=kHkqt dk {ks=kiQy 
1

2
= ×  vk/kj × mQ¡pkbZ rFkk ,d f=kT;[kaM dk {ks=kiQy 21

= r
2

θ ]

∴
1 1 1

cos x sin x x 1 tan x
2 2 2

< < ⋅ ⋅

OC AC BD
cos x ,sin x tan x ,OA 1 OB

OA OA OB

 = = = = =  
Q vkSj

vFkok
x tan x

cos x
sin x sin x

< < [ 
1

2
sin  x ls Hkkx nsus ij]

vFkkZr
x 1

cos x
sin x cos x

< <

vFkkZr
1 sin x

cos x
cos x x

> >

vFkok
sin x 1

cos x
x cos x

< <

lhek ysus ij] tc x 0→  gesa feyrk gS

x 0 x 0 x 0

sin x 1
lim cos x lim lim

x cos x→ → →
< <

vFkkZr
x 0

sin x
1 lim 1

x→
< <

x 0 x 0

1 1
lim cos x 1 lim 1

cos x 1→ →

 = = =  
Q rFkk

vr%
x 0

sin x
lim 1

x→
=

 fVIi.kh % mijksDr ifj.kke esa Lej.k jf[k;s fd dks.k x

jsfM;u esa O;Dr gSA

(iv) fl¼ dhft, fd ( )

1

x

x 0
lim 1 x e
→

+ =

miifÙk % f}in izes; ls] tc | x | 1<  rks gesa feyrk gS

fp=k 25.3

fp=k 25.4

C
B

A

O C

x

A

D

Li Z js[kk'k

B
X 
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( )

1

x 2 3

1 1 1 1 1
1 1 2

1 x x x x x
1 x 1 x x x ..........

x 2! 3!

     − − −     
     + = + ⋅ + + + + ∞

 

 
( ) ( )( )1 x 1 x 1 2x

1 1 ..........
2! 3!

− − − 
= + + + + ∞ 
 

∴ ( ) ( )( )
1

x

x 0 x 0

1 x 1 2x1 x
lim 1 x lim 1 1 ..........

2! 3!→ →

− − −
+ = + + + + ∞ 

 

1 1
1 1 ..........

2! 3!

 = + + + + ∞  

= e  (ifjHkk"kk ls)

vr% ( )

1

x

x 0
lim 1 x e
→

+ =

(v) fl¼ dhft, fd 
( )

x 0

log 1 x
lim 1

x→

+
=

miifÙk %
( ) ( ) ( )1/ x

x 0 x 0 x 0

log 1 x 1
lim lim log 1 x lim log 1 x

x x→ → →

+
= + = +

 = log e
( )

1

x

x 0
lim 1 x e
→

 
 

+ = 
 
 

d s i;z kxs  ls

 = 1

(vi) fl¼ dhft, fd 
x

x 0

e 1
lim 1

x→

−
=

miifÙk % ge tkurs gaS fd 
2 3

x x x
e 1 x ..........

2! 3!

 
= + + + +  
 

∴         

2 3
x x x

e 1 1 x .......... 1
2! 3!

 
− = + + + + −  

 

2 3x x
x ..........

2! 3!

 
= + + +  
 

∴         

2 3

x

x x
x ..........

2! 3!e 1

x x

 
+ + +  −  =

       [ nksuksa i{kksa dks x ls Hkkx nsus ij]

      

2x x
x 1 ..........

2! 3!

x

 
+ + +  

 =
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2x x
1 ..........

2! 3!

 
= + + +  
 

∴          

x 2

x 0 x 0

e 1 x x
lim lim 1 ..........

x 2! 3!→ →

 −
= + + +  

 

    1 0 0 ........ 1= + + + =

 vr%            
x

x 0

e 1
lim 1

x→

−
=

mnkgj.k 25.9.  

x x

x 0

e e
lim

x

−

→

−
 dk eku Kkr dhft,A

gy % ge tkurs gaS fd  
x

x 0

e 1
lim 1

x→

−
= .....(i)

∴(i) esa x  ds LFkku ij x−  j[kus ij gesa feyrk gS

x

x 0

e 1
lim 1

x

−

→

−
=

−
.....(ii)

nh xbZ lhek dks fy[k ldrs gSa
x x

x 0

e 1 1 e
lim

x

−

→

− + −

x x

x 0

e 1 1 e
lim

x x

−

→

 − −
= + 

  

x x

x 0

e 1 e 1
lim

x x

−

→

 − −
= + 

−  

x x

x 0 x 0

e 1 e 1
lim lim

x x

−

→ →

− −
= +

−
= 1+1 [ (i) rFkk (ii) ds iz;ksx ls]
= 2

vr%
x x

x 0

e e
lim 2

x

−

→

−
=

mnkgj.k 25.10.  

x

x 1

e e
lim

x 1→

−

−
 dk eku Kkr dhft,A

gy % ekuk  x = 1 + h tgk¡ h→0

x 1 h

x 1 h 0

e e e e
lim lim

x 1 h

+

→ →

− −
=

−
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1 h

h 0

e e e
lim

h→

⋅ −
=

h

h 0

e(e 1)
lim

h→

−
=

h

h 0

e 1
e lim

h→

−
=

= e × 1 = e.

vr%        
x

x 1

e e
lim e

x 1→

−
=

−

mnkgj.k 25.11.  eku Kkr dhft, %

x 0

sin 3x
lim

x→

gy %    
x 0 x 0

sin 3x sin 3x
lim lim 3

x 3x→ →
= ⋅ (3 ls xq.kk rFkk Hkkx nsus ij)

3x 0

sin 3x
3 lim

3x→
= [Q tc x 0→ rks 3x 0→ ]

3.1=
x 0

sin x
lim 1

x→

 =  
Q

= 3

vr%       
x 0

sin 3x
lim 3

x→
=

mnkgj.k 25.12.   eku Kkr dhft, %

2x 0

1 cos x
lim

2x→

−

gy %

22

2

2 2x 0 x 0
2

x cos 2x 1 2 sin x,2 sin
1 cos x 2lim lim 1 cos 2x 2 sin x

2x 2x x
or 1 cos x 2 sin

2

→ →

 
= − 

−  = ∴ − =
 
 − =
  

Q

=

2

x 0

x
sin

2lim
x

2
2

→

 
 
 
 ×
 

(gj dks 2 ls xq.kk rFkk Hkkx nsus ij)

2

x
0

2

x
sin

1 2lim
x4

2
→

 
 

=  
 
 

1 1
1

4 4
= × =



xf.kr 143

lhek ,oa lkarR;

ekWM~;wy - VIII

dyu

fVIi.kh

∴   2x 0

1 cos x 1
lim

42x→

−
=

 mnkgj.k 25.13.  eku Kkr dhft, %
0

1 cos 4
lim

1 cos 6θ→

− θ

− θ

gy %
2

20 0

1 cos 4 2 sin 2
lim lim

1 cos 6 2 sin 3θ→ θ→

− θ θ
=

− θ θ

=

2 2

0

sin 2 3 1
lim 2

2 sin3 3θ→

 θ θ   
 × θ ×    θ θ θ    

2 2 2

20

sin 2 3 4
lim

2 sin 3 9θ→

θ θ θ   =    θ θ    θ

2 2

2 0 3 0

4 sin 2 3
lim lim

9 2 sin 3θ→ θ→

θ θ     =      θ θ     

4 4
1 1

9 9
= × × =

mnkgj.k 25.14.  eku Kkr dhft, % 
( )2

x
2

1 cos 2x
lim

2xπ
→

+

π −

gy % x h
2

π
= +  yhft, tc x , h 0

2

π
→ →

∴   2x 2h= π +

∴   
( )2 2h 0

x
2

1 cos 2 h
1 cos 2x 2

lim lim
[ ( 2h)]2xπ →→

π + + +  =
π − π +π −

2h 0

1 cos( 2h)
lim

4h→

+ π +
=

2h 0

1 cos 2h
lim

4h→

−
=

2

2h 0

2 sin h
lim

4h→
=

2

h 0

1 sin h
lim

2 h→

 =  
 

  
1 1

1
2 2

= × =
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∴    ( )2
x

2

1 cos 2x 1
lim

22xπ
→

+
=

π −

mnkgj.k 25.15.  eku Kkr dhft, % 
x 0

sin a x
lim

tan b x→

gy %    
x 0 x 0

sin a x
a

sin a x axlim lim
tan bxtan b x

b
bx

→ →

×
=

×

x 0

x 0

sin a x
lim

a ax
tan b xb

lim
bx

→

→

=

a 1

b 1
= ⋅

a

b
=

∴     
x 0

sin ax a
lim

tan bx b→
=

    ns[ksa vkius fdruk lh[kk 25.2

1. fuEu esa ls izR;sd dk eku Kkr dhft, %

(a) 
2x

x 0

e 1
lim

x→

−
(b)   

x x

x xx 0

e e
lim

e e

−

−→

−

+

2. fuEu esa ls izR;sd dk eku Kkr dhft, %

(a)
x 1

x 1

e e
lim

x 1

− −

→

−

−
(b)

x

x 1

e e
lim

x 1→

−

−

3. fuEu esa ls izR;sd dk eku Kkr dhft, %

(a)
x 0

sin 4x
lim

2x→
 (b) 

2

2x 0

sin x
lim

5x→
 (c)

2

x 0

sin x
lim

x→
(d)

x 0

sin a x
lim

sin b x→

4. fuEu esa ls izR;sd dk eku Kkr dhft, %

(a) 2x 0

1 cos x
lim

x→

−
(b)

x 0

1 cos8x
lim

x→

−
     (c) 3x 0

sin 2x(1 cos2x)
lim

x→

−

(d) 2x 0

1 cos 2x
lim

3 tan x→

−

5. fuEu esa ls izR;sd dk eku Kkr dhft, %

(a)
x 0

1 cosa x
lim

1 cosb x→

−

− (b)

3

x 0

x cot x
lim

1 cos x→ −
(c)

x 0

cosec x cot x
lim

x→

−
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6. fuEu esa ls izR;sd dk eku Kkr dhft, %

(a) 
x

sin x
lim

x→π π − (b)
x 1

cos x
2lim

1 x→

π

−
(c) ( )

x
2

lim sec x tan x
π

→

−

7. fuEu esa ls izR;sd dk eku Kkr dhft, %

(a) 
x 0

sin5x
lim

tan3x→
(b)

0

tan 7
lim

sin 4θ→

θ

θ
(c)

x 0

sin 2x tan3x
lim

4x tan5x→

+

−

25.6 fdlh fcUnq ij ,d iQyu dk lkarR;

(a, f(a))

(a, f(a))
(a, f(a))

a a a a

(i) (ii) (iii) (iv)

fp=k 25.5

vkb;s ,d iQyu ds mijksDr vkys[kksa dk izs{k.k djsa %

vkys[k (iv) dks ge fcuk iSafly mBk;s vkysf[kr dj ldrs gSa ysfdu vkys[kksa (i),(ii) rFkk (iii) esa] iwjk
vkys[k [khapus ds fy, gesa iSafly dks mBkuk gh iM+sxkA

fLFkfr (iv) ds fy, ge dgrs gSas fd x a=  ij iQyu lrr gSA vU; rhu fLFkfr;ksa esa x a= ij iQyu
lrr ugha gS] vFkkZr og x a=  ij vlrr gSA

fLFkfr (i) esa] x a=  ij iQyu dh lhek dk vfLrRo ugha gSA

fLFkfr (ii)  esa] lhek dk vfLrRo gS ysfdu x a=  ij iQyu ifjHkkf"kr ugha gSA

fLFkfr (iii) esa] lhek dk vfLrRo gS] ysfdu og iQyu dk x a=  ds eku ds cjkcj ugha gSA

fLFkfr (iv) esa] lhek dk vfLrRo gS rFkk og iQyu dk x a= ds eku ds cjkcj Hkh gSA

 mnkgj.k 25.16.  iQyu  f (x) = x a−  dk x = a ij lkarR; dk ijh{k.k dhft,A

gy %           
x a h 0
lim f (x) lim f (a h)
→ →

= +
h 0
lim[(a h) a]
→

= + −

= 0 .....(i)

rFkk    f (a) a a 0= − = .....(ii)

(i) rFkk (ii) ls]        
x a
lim f (x) f (a)
→

=

vr% x a=  ij iQyu ( )f x  lrr gSA
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 mnkgj.k 25.17.   n'kkZb, fd ( )f x c=  lrr gSA

gy % vpj iQyu ( )f x c=  dk izkar R gSA ekuk 'a' ,d LosPN okLrfod la[;k gSA

∴ x a
lim f (x) c
→

=  rFkk f (a) c=

∴  
x a
lim f (x) f (a)
→

=

∴ x = a ij ( )f x  lrr~ gSA ijUrq a LosPN gS] vr% ( )f x c=  ,d lrr iQyu gSA

 mnkgj.k 25.18.  n'kkZb, fd ( )f x cx d= +  ,d lrr iQyu gSA

gy % iQyu ( )f x cx d= + dk izkar R gS rFkk ekuk a ,d LosPN okLrfod la[;k gSA

x a h 0
lim f (x) lim f (a h)
→ →

= +

      
h a
lim[c (a h) d]
→

= + +

      ca d= + .....(i)

rFkk         ( )f a ca d= + .....(ii)

(i) rFkk (ii) ls,  
x a
lim f (x) f (a)
→

=

vr% x a=  ij ( )f x lrr gS

D;ksafd a LosPN gS] vr% ( )f x  ,d lrr iQyu gSA

 mnkgj.k 25.19.  fl¼ dhft, fd ( )f x sin x=  ,d lrr iQyu gSA

gy % ( )f x sin x=

sin x  dk izkar R gSA ekuk 'a' ,d LosPN okLrfod la[;k gS

∴           
x a h 0
lim f (x) lim f (a h)
→ →

= + =
h 0
lim sin(a h)
→

+

=
h 0
lim [sin a. cos h cos a. sin h]
→

+

=
h 0 h 0

sin a lim cos h cosa lim sin h
→ →

+
x a x a
lim kf (x) k lim f (x) k
→ →

 =  
Q tgk¡  ,d vpj gS

sin a 1 cosa 0= × + ×
x 0 x 0
lim sin x 0 lim cos x 1
→ →

 = =  
Q vkSj

= sin a .....(i)

rFkk  f (a) = sin a .....(ii)

(i) rFkk (ii) ls, 
x a
lim f (x) f (a)
→

=

∴sin x, x = a  ij lrr gS

Qsin x, x = a  ij lrr gS rFkk x ,d LosPN fcUnq gSA
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blfy, ( )f x sin x=  lrr gSA

ifjHkk"kk %

1. ,d iQyu ( )f x  ,d [kqys vUrjky ]a,b[ esa lrr gS ;fn og ]a,b[* ds izR;sd fcUnq ij

lrr gSA

2. ,d iQyu ( )f x  ,,d cUn vUrjky [a,b] esa lrr gS ;fn ;g ]a,b[ ds izR;sd fcUnq ij lrr

gS rFkk ;g fcUnq a ij nk;sa ls rFkk 'b' ij ck;sa ls lrr gSA

vFkkZr ( ) ( )
x a

lim f x f a
+→

=

rFkk ( ) ( )
x b

lim f x f b
−→

=

* [kqys vUrjky ]a, b[ esa ge vUr fcUnq a rFkk b ugha ysrsA

    ns[ksa vkius fdruk lh[kk 25.3

1. fuEu iQyuksa dh lrrrk dk ijh{k.k dhft, %
(a) f (x) x 5,x 2= − =  ij (b) f (x) 2x 7,x 0= + =  ij

(c) 
5

f (x) x 7,x 3
3

= + = ij (d) f (x) px q,x q= + = − ij

2. n'kkZb, fd iQyu ( )f x 2a 3b= +  lrr gS tgk¡ a rFkk b vpj gSaA

3. n'kkZb, fd iQyu 5x 7+ lrr gS

4. (a)   n'kkZb, fd cos x  ,d lrr iQyu gS

(b)    n'kkZb, fd cot x  vius izkar ds lHkh fcUnqvksa ij lrr gSA

5. fuEu iQyuksa esa vpjksa ds eku Kkr dhft,%

(a) ( )f x px 5= −  rFkk ( )f 2 1=  tcfd x 2=  ij ( )f x  lrr gS

(b)  ( )f x a 5x= + rFkk ( )f 0 4=  bl izdkj gS fd x 0=  ij ( )f x  lrr gS

(c)  ( )f x 2x 3b= +   rFkk ( ) 2
f 2

3
− =  tcfd ( )f x , x 2= −  ij lrr gS

25.7 ,d fcUnq ij iQyu dk lkarR; vFkok vlkarR;
vc rd geus dsoy mUgha iQyuksa ij fopkj fd;k gS tks lrr gSaA vc ge dqN ,sls mnkgj.kksa dh
ppkZ djsaxs ftuesa fn;s x, iQyu lrr gks ldrs gS vFkok ughaA

mnkgj.k 25.20.  n'kkZb, fd iQyu xf (x) e=  ,d lrr iQyu gSA

gy % xe  dk izkar R gSA ekuk a R∈  tgka a ,d LosPN gS
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x a h 0
lim f (x) lim f (a h)
→ →

= +  tcfd h ,d cgqr NksVh la[;k gSA

a h

h 0
lim e +

→
= a h

h 0
lim e e
→

= ⋅ a h

h 0
e lim e

→
=

ae 1= ×

ae= .....(i)

lkFk gh]       f (a) ae= .....(ii)

∴(i) rFkk (ii) ls ,         
x a
lim f (x) f (a)
→

=

∴ f (x), x = a ij lrr gSA

D;ksafd a ,d LosPN gS] xe  ,d lrr iQyu  gSA

mnkgj.k 25.21.   iQyu ( )
2x 1

f x
x 1

−
=

−
 ds vkys[k ls blds lkarR; dh ppkZ dhft,A

gy % iQyu dk vkys[k (fp=k 25.6) esa fn;k x;k gSA iQyu vlrr gS D;ksafd x 1=  ij vkys[k
esa ,d vlrrk (varjky) gSA

–1 O 2 1

1

2

y

x

fp=k 25.6

    ns[ksa vkius fdruk lh[kk 25.4

1. (a)  n'kkZb, fd f(x) = e5x ,d lrr iQyu gSA

(b)  n'kkZb, fd ( )
2

x
3f x e

−

=  ,d lrr iQyu gSA

(c) n'kkZb, fd ( ) 3x 2f x e +=  ,d lrr iQyu gSA

(d)  n'kkZb, fd ( ) 2x 5f x e− +=  ,d lrr iQyu gSA

2. vkys[k }kjk] fuEu iQyuksa esa ls izR;sd ds lkarR; dk ijh{k.k dhft, %

(a) f (x) = x+1. (b) ( ) x 2
f x

x 2

+
=

−
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(c) ( )
2x 9

f x
x 3

−
=

+
(d) ( )

2x 16
f x

x 4

−
=

−

25.8 lrr iQyuksa ds xq.k /eZ

(i) iQyu ( )f x 4=  ij fopkj djsaA iQyu ( )f x 4=  dk vkys[k fp=k 25.7 esa fn[kk;k x;k gSA

vkys[k ls ge ns[krs gSa fd iQyu lrr gSA lk/kkj.kr;k lHkh vpj iQyu lrr gSaA

(ii) ;fn dksbZ iQyu lrr gS] rks ml iQyu dk vpj

xq.kt Hkh lrr gSA vkb, iQyu ( ) 7
f x x

2
=  ij

fopkj djsaA ge tkurs gSa fd
7

2
 ,d vpj iQyu gS]

blfy, ;g lrr gSA x  Hkh lrr iQyu gS

vc

x a h 0
lim f (x) lim f (a h)
→ →

= +
h 0

7
lim (a h)

2→
= +

7
a

2
= .....(i)

rFkk    
7

f (a) a
2

= .....(ii)

∴ ( ) 7
f x x

2
= , x a=  ij ,d lrr iQyu gS

;fn x a= ij 
7

2
 rFkk x lrr~ iQyu gSa rks 

7
x

2
 Hkh x a=  ij lrr iQyu gSA

(iii) iQyu 2f (x) x 2x= +  ij fopkj djsaA ge tkurs gSa fd 2x  rFkk 2x  nksuksa lrr gSas

vc         
x a h 0
lim f (x) lim f (a h)
→ →

= + , h > 0

( ) ( )2

h 0
lim a h 2 a h
→

 = + + +  

2 2

h 0
lim a 2ah h 2a 2ah
→

 = + + + +
 

2a 2a= + .....(i)

rFkk       2f (a) a 2a= + .....(ii)

(i) rFkk (ii) ls]      
x a
lim f (x) f (a)
→

=

∴ f(x), x = a ij lrr gSA

vr% ge dgrs gSa fd x a= ij 2x  rFkk 2x  nks lrr iQyu gSa] rks ( )2x 2x+  Hkh x a=  ij

lrr gSA

fp=k 25.7

4

y

O
x
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(iv) iQyu ( )( )2f (x) x 1 x 2= + +  ij fopkj dhft,A ge tkurs gaS fd ( )2x 1+  rFkk ( )x 2+  nks

lrr iQyu gSa

rFkk  ( )( )2f (x) x 1 x 2= + +

        3 2x 2x x 2= + + +

D;ksafd 3 2x ,2x ,x rFkk 2 lrr iQyu gSa] blfy, 3 2x 2x x 2+ + +  Hkh ,d lrr iQyu gS

ge dgrs gSa fd ;fn ( )2x 1+  rFkk ( )x 2+  nks lrr iQyu gSa] rks ( )2x 1+ (x 2)+  Hkh ,d

lrr iQyu gS

(v) iQyu 
2x 4

f (x)
x 2

−
=

+
dks x 2=  ij fopkj dhft;sA ge tkurs gaS fd 2x 4,x 2− =  ij lrr

iQyu gSA ( )x 2+  Hkh x 2=  ij lrr gS

rFkk        
( )( )2

x 2 x 2

x 2 x 2x 4
lim lim

x 2 x 2→ →

+ −−
=

+ +

( )
x 2
lim x 2
→

= −

2 2 0= − =

rFkk      
2(2) 4

f (2)
2 2

−
=

+

 
0

0
4

= =

∴
x 2
lim f (x) f (2).
→

=  vr% f (x), x = 2 ij lrr gS

;fn x 2=  ij ( )2x 4+  rFkk ( )x 2+  nks lrr iQyu gSa] rks 
2x 4

x 2

−

+
 Hkh x 2=  ij lrr gSA

(vi) iQyu f (x) | x 2 |= −  ij fopkj djsaA bl iQyu dks ge bl izdkj fy[k ldrs gSa

        
(x 2), x 2

f (x)
(x 2),x 2

− − <
= 

− ≥

           h 0x 2

lim f (x) lim f (2 h)
− →→

= −
, h > 0

   [ ]
h 0
lim (2 h) 2
→

= − −

    2 2 0= − =

             h 0x 2

lim f (x) lim f (2 h)
+ →→

= +
,  h > 0 ......(i)

    [ ]
x 0
lim (2 h) 2
→

= + −

    2 2 0= − = .....(ii)
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vkSj          f (2) (2 2) 0= − = .....(iii)

(i), (ii) rFkk (iii) ls]  
x 2
lim f (x) f (2)
→

=

vr%  | x 2 |− ] x = 2 ij lrr gSA

mijksDr ifj.kkeksa ls ge lrr iQyuksa ds dqN xq.k/eksZa dks uhps ns jgss gSa%

;fn f (x) rFkk g (x)] x = a ij nks lrr iQyu gSa] rks

(i) C f (x), x = a ij lrr iQyu gS tgk¡ C ,d vpj gS

(ii) f (x) g(x)± , x = a ij lrr gS

(iii) ( ) ( )f x g x⋅ , x = a ij lrr gS

(iv) f (x)/g (x), x = a ij lrr gS tgk¡ ( )g a 0≠

(v) |f(x)|, x = a ij lrr gS

 fVIi.kh% izR;sd vpj iQyu lrr gS

25.9 lkraR; ij dqN egRoiw.kZ ifj.kke
mijksDr pfpZr xq.kksa dk iz;ksx djrs gq, ge lkarR; ij dqN ifj.kkeksa dh ppkZ djasxsA

(i) iQyu f (x) px q,x R= + ∈ (i)

bl iQyu dk izkar okLrfod la[;kvksa dk leqPp; gSA eku ysa R esa a ,d LosPN okLrfod
la[;k gS

(i) ds nksuksa i{kksa dh lhek ysus ij gesa feyrk gS

( )
x a x a
lim f (x) lim px q pa q
→ →

= + = +

   p x +q=  dk x = a ij eku

∴  x = a ij px +q lrr gS

blh izdkj ;fn 2f (x) 5x 2x 3= + + ij fopkj djsa] rks ge n'kkZ ldrs gSa fd ;g lrr

iQy+u gSA

O;kid :i esa ;fn] 2 n 1 n
0 1 2 n 1 nf (x) a a x a x ... a x a x−

−= + + + + +

tgka 0 1 2 na ,a ,a .....a  vpj gSa rFkk n ½.ksrj iw.kkZad gS

ge n'kk Z ldrs gS a fd fcUnq x c=  (tgk a c dksb Z okLrfod la[;k gS) ij lHkh
2 n

0 1 2 na ,a x,a x ,.....a x  lrr gaS vkSj xq.k (i) ls mu ds ;ksxiQy Hkh x = c ij lrr gSA

∴ fdlh fcUnq c ij ( )f x  lrr iQyu gSA

vr% izR;sd cgqin iQyu izR;sd fcUnq ij lrr gSA

(ii) iQyu 
( )( )

( )
x 1 x 3

f (x)
x 5

+ +
=

−
 ij fopkj djsaA
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( )f x  ifjHkkf"kr ugha gS tc x 5 0− =  vFkkZr x 5=  gSA pwafd ( )x 1+  rFkk ( )x 3+  nksuksa lrr

gSa] (x + 1) (x + 3) Hkh lrr gS [xq.k (iv) dk iz;ksx djus ij]

∴ iQyu dk va'k lrr gS]

( )x 5−  Hkh lrr gS

∴ xq.k (iv) dk iz;ksx djus ij ge dg ldrs gSa fd x 5=  ds vfrfjDr lHkh fcUnqvksa ij

iQyu 
( )( )x 1 x 3

(x 5)

+ +

−
 lrr gSA

O;kid :i esa] ;fn p(x)
f (x)

q(x)
=  tgka p (x)  rFkk q (x) cgqin iQyu gSa rFkk ( )q x 0≠ rks

( )f x  lrr gS D;ksafd p (x) rFkk q(x) lrr gSaA

mnkgj.k 25.22.  ;fn
3x 2,x 2

f (x)
x 2,x 2

 − <
= 

+ ≥

d s fy,

d s fy,
 gks] rks x = 2 ij f (x) ds lkarR; dh tkap

dhft,A

gy % D;ksafd f (x), fcUnq x 2=  ds ckb± vksj cgqin iQyu 3x 2−  ds :i esa ifjHkkf"kr gS rFkk

x 2=  ds nkbZa vksj nwljs cgqin iQyu x 2+  ds :i essaA blfy, x 2=  ij ge iQyu dh ckb± i{k
lhek rFkk nkb± i{k lhek vyx&vyx Kkr djsaxsA

ckb± i{k lhek 
x 2

lim f (x)
−→

=
x 2
lim (3x 2)
→

= − 3 2 2 4= × − =

5

4

3

2

1

–5

–4

–3

–2

–1

–1 –2 1 2 3 4 5

y = x + 2

y
 =

 3
x
 –

 2

x

y

y′

x′
O

fp=k 25.8
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nkb± i{k lhek = ( )
x 2x 2

lim f (x) lim x 2 4
+ →→

= + =

pwafd x 2=  ij ckb± i{k lhek rFkk nkb± i{k lhek cjkcj gS] blfy, x 2=  ij iQyu ( )f x  dh lhek

dk vfLrRo gS vkSj og 4 ds cjkcj gS vFkkZr 
x 2
lim f (x) 4
→

=

rFkk x = 2 ij  f (x), x + 2 ds :i esa ifjHkkf"kr gSA

∴       f (2) = 2 + 2 = 4.

vr%            
x 2
lim f (x) f (2)
→

=

blfy, x 2=  ij ( )f x  lrr gSA

mnkgj.k 25.23.

(i) ( )f x x=  dk vkys[k [khafp,A

(ii) x 0=  ij ( )f x  ds lkarR; dh ppkZ dhft,A

gy % ge tkurs gSa fd x 0≥  ds fy, x x= vkSj x x= −  gksrk gSA vr% ( )f x  dks fuEu izdkj ls
fy[k ldrs gSa %

x, x 0
f (x) | x |

x, x 0

− <
= = 

≥

(i) iQyu dk vkys[k fp=k 25.9 esa fn;k x;k gSA

1 2 3 4 –4 –3 –2 –1 O

y′

y

x′ x

fp=k 25.9

(ii)  ckb± i{k lhek 
x 0

lim f (x)
−→

=
x 0
lim ( x) 0
→

= − =

  nkb± i{k lhek 
x 0

lim f (x)
+→

=
x 0
lim x 0
→

= =

vr%          ( )
x 0
lim f x 0
→

=

rFkk       f (0) = 0
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∴           
x 0
lim f (x) f (0)
→

=

vr% x 0=  ij iQyu ( )f x  lrr gSA

mnkgj.k 25.24.  iQyu f (x) | x b |= −  ds x b=  ij lkarR; dk ijh{k.k dhft,A

gy % gesa fn;k gS f (x) | x b |= −

bl iQyu dks bl izdkj Hkh fy[kk tk ldrk gS %

( )
( )

x b ,x b
f (x)

x b ,x b

− − <
= 

− ≥

  ckb± i{k lhek  
h 0x b

lim f (x) lim f (b h)
− →→

= = −
h 0
lim[ (b h b)]
→

= − − −

  
h 0
lim h 0
→

= = .....(i)

   nkb± i{k lhek 
h 0x b

lim f (x) lim f (b h)
+ →→

= = +
h 0
lim[(b h) b]
→

= + −

   
h 0
lim h 0
→

= = .....(ii)

lkFk gh,          f (b) b b 0= − = .....(iii)

(i), (ii) rFkk (iii) ls,
x b
lim f (x) f (b)
→

=

vr% ( )f x , x b=  ij lrr gSA

mnkgj.k 25.25.  ;fn 
sin 2x

, x 0
f (x) x

2, x 0


 ≠= 
 =

rks Kkr dhft, fd ( )f x , x 0=  ij lrr gS ;k ughaA

gy % ;gka
sin 2x

, x 0
f (x) x

2, x 0


 ≠= 
 =

 ckb± i{k lhek 
x 0

sin 2x
lim

x−→
=

h 0

sin 2(0 h)
lim

0 h→

−
=

−

h 0

sin 2h
lim

h→

−
=

− h 0

sin 2h 2
lim

2h 1→

 = × 
 

=1 × 2 = 2 .....(i)

  nkb± i{k lhek 
x 0

sin 2x
lim

x+→
=

h 0

sin 2(0 h)
lim

0 h→

+
=

+
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h 0

sin 2h 2
lim

2h 1→
= ×

= 1 × 2 = 2 .....(ii)

lkFk gh]    f (0) = 2 (fn;k gS) .....(iii)

(i), (ii) rFkk (iii) ls     
x 0
lim f (x) 2 f (0)
→

= =

vr% x 0=  ij ( )f x  lrr gSA

fpUg iQyu % iQyu f (x) = sgn (x) [ftls flxue (x) i<+k tkrk gS] dks fuEu ls ifjHkkf"kr fd;k
tkrk gS

1, x 0

f (x) 0, x 0

1, x 0

− <


= =
 >

iQyu ds uhps fn;s x;s vkys[k ls bldh ckb± i{k lhek rFkk nkb± i{k lhek Kkr dhft,A

1 2 3–1 –2 –3

–1 

y

x

fp=k 25.10

vkys[k ls] ge ns[krs gSa fd tc x 0+→ , f (x) 1→  rFkk tc (x) 0−→ , f (x) 1→ −

vr%
x 0 x 0

lim f (x) 1, lim f (x) 1
+ −→ →

= = −

D;ksafd ;g lhek,¡ leku ugha gS] blfy, iQyu ( )f x , x 0= ij vlrr gSA

lcls cM+k iw.kkZad iQyu% vkb, iQyu [ ]
x 0
lim f (x) x
→

= , tgk¡ [ ]x , x  ls cjkcj ;k NksVk cM+s ls

cM+k iw.kkZad n'kkZrk gSA Kkr dhft, fd D;k ( )f x  lrr gS \

(i) 
1

x
2

=  ij (ii) x =1 ij

bls gy djus ds fy,] vkb, ge x ds dqN LosPN eku ysa tSls 1, 3, 0, 2, –0,  –0.2, 2,-- lcls cM+s
iw.kkZad iQyu dh ifjHkk"kk ls

[1.3] = 1,[1.99] = 1,[2] = 2,[0.2] = 0, [ − 0.2] = −1,[ − 3.1] = − 4, bR;kfn

lk/kkj.kr;k  3 x 2− ≤ < − ds fy, [x] 3= −
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 2 x 1− ≤ < − ds fy, [x] 2= −

1 x 0− ≤ < ds fy, [x] 1= −

0 x 1≤ < ds fy, [x] 0=

1 x 2≤ < ds fy, [x]=1 blh izdkj vkxs

iQyu ( ) [ ]f x x=  dk vkys[k fp=k 25.111 esa fn;k x;k gS

(i) vkys[k ls

1 1
x x

2 2

lim f (x) 0, lim f (x) 0,
− +

→ →

= =

∴ 1
x

2

lim f (x) 0

→

=

rFkk       
1

f [0.5] 0
2

 
= = 

 

blfy,  1
x

2

1
lim f (x) f

2→

 =  
 

vr%  f (x), 
1

x
2

=  ij lrr gS

(ii)
x 1 x 1

lim f (x) 0, lim f (x) 1
− +→ →

= =

vr% x 1=  ij ( )f x  dk vfLrRo ugha gS

 fVIi.kh% iQyu ( ) [ ]f x x=  dks ix iQyu Hkh dgrs gSaA

 mnkgj.k 25.26.  iQyu ( )
x 1

x 4 (x 5)

−

+ −  fdu fcUnqvksa ij lrr gS\

gy % 
( )

x 1
f (x)

x 4 (x 5)

−
=

+ −
 fn;k gS

va'k esa fn;k iQyu ( )x 1−  lrr gSA gj esa fn;k iQyu (x+4) (x − 5) Hkh lrr gSA

ysfdu f (x), x = − 4, 5 ij ifjHkkf"kr ugha gS

iQyu ( )f x , fcUnqvksa – 4, 5 dks NksM+dj] tgk¡ ij ;g ifjHkkf"kr ugha gS] izkar ds 'ks"k lc fcUnqvksa

ij lrr gSA

    ns[ksa vkius fdruk lh[kk 25.5

1. (a) ;fn f (x) 2x 1= + tc x 1≠  rFkk ( )f x 3=  tc x 1=  n'kkZb, fd x 1=  ij ( )f x

lrr gSA

fp=k 25.11

1 2 3 4–1 –2 –3 –4

–1 

–2 

–3 

–4

1 

2 

3 

4

y

x
O
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(b) ;fn 4x 3, x 2
f (x) ,

3x 5, x 2

+ ≠
= 

+ =
 rks

Kkr dhft, fd x 2=  ij iQyu f lrr gS vFkok ughaA

(c) Kkr dhft, fd x 2=  ij iQyu ( )f x  lrr gS vFkok ugha tgk¡]

4x 3, x 2
f (x)

8 x, x 2

+ ≤
= 

− >

(d) x 1=  ij iQyu ( )f x  ds lkarR; dh tkap dhft,] tgk¡

2x ,x 1
f (x)

x 5, x 1

 ≤
= 

+ >

(e) k dk eku Kkr dhft, tcfd iQyu

2kx ,x 2
f (x)

3, x 2

 ≤
= 

>
x 2=  ij lrr gSA

2. fuEu iQyu ds lkarR; dh tkap dhft, %
(a) x 2=  ij f (x) | x 2 |= − (b) x 5= −  ij f (x) | x 5 |= +

(c)   x a=  ij f (x) | a x |= −

(d)

| x 2 |
, x 2

f (x) x 2
1, x 2

−
 ≠=  −
 =

] x = 2 ij lrr gS ;k ugha tk¡p dhft,A

(e) n'kkZb, fd 
| x a |

, x a
f (x) x a

1, x a

−
 ≠=  −
 =

,  x = a ij vlrr gSA

3. (a) ;fn
sin 4x, x 0

f (x)
2 , x 0

≠
= 

=
, x = 0 ij] rks tk¡p dhft, fd ( )f x  ,d lrr iQyu

gS ;k vlrrA

(b) ;fn 
sin 7x

, x 0
f (x) x

7, x 0


 ≠= 
 =

] x = 0 ij] rks tk¡p dhft, fd ( )f x  ,d lrr

iQyu gS ;k vlrrA

(c) a ds fdl eku ds fy, iQyu 
sin 5x

, x 0
f (x) 3x

a, x 0


 ≠= 
 =

, x = 0 ij lrr gS\

4. (a) n'kkZb, fd iQyu ( )f x , x 2=  ij lrr gS] tgk¡
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2x x 2
, x 2

f (x) x 2
3, x 2

 − −
 ≠=  −
 =

ds fy,

ds fy,

(b) x = 1 ij iQyu ( )f x  ds lkarR; dh tkap dhft,] tgk¡

2x 4x 3
, x 1

f (x) x 1

2 , x 1

 − +
≠

= −
− =

d s fy,

d s fy,

(c) k ds fdl eku ds fy, fuEu iQyu x 1= ij lrr gS tgk¡

2x 1
x 1

f (x) x 1

k x 1

 −
 ≠=  −
 =

tc

tc

(d) x 2=  ds fy, iQyu ( )f x  ds lkarR; dh ppkZ dhft,] tc

2x 4
, x 2

f (x) x 2

7, x 2

 −
≠

= −
 =

ds fy,

ds fy,

5. (a) ;fn 
| x |

, x 0
f (x) x

0, x 0


 ≠= 
 =

 Kkr dhft, fd x 0= ij] iQyu f lrr gS vFkok ugha

(b) ewy fcUnq ij iQyu ( )f x  ds lkarR; dh tkap dhft, %

x
, x 0

f (x) | x |

1, x 0

 ≠
= 
 =

6. Kkr dhft, fd ( ) [ ]f x x=  fuEu fcUnq ij lrr gS vFkok ugha %

(a)
4

x
3

= ] (b) x 3= (c) x 1= − (d) 
2

x
3

=

7. fdu fcUnqvksa ij fuEu fLFkfr;ksa esa izR;sd iQyu ( )f x  lrr gS\

(a) 
( )( )

x 2
f (x)

x 1 x 4

+
=

− −
 (b) 

( )( )
x 5

f (x)
x 2 x 3

−
=

+ −
 (c) 

2

x 3
f (x)

x 5x 6

−
=

+ −

(d) 
2

2

x 2x 5
f (x)

x 8x 16

+ +
=

− +
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C

A1

% + vkb;s nksgjk,¡

• ;fn ,d iQyu ( )f x , l  dh vksj vxzlj gksrk gS tc x, a dh vksj vxzlj gksrk gS] rks ge

dgrs gSa fd ( )f x  dh lhek l  gS

ladsr esa ge fy[krs gSa fd 
x a
lim f (x)
→

= l

• ;fn
x a
lim f (x)
→

= l  rFkk 
x a
lim g(x) m
→

=  gks] rks

(i)
x a x a
lim kf (x) k lim f (x) k
→ →

= = l

(ii) [ ]
x a x a x a
lim f (x) g(x) lim f (x) lim g(x) m
→ → →

± = ± = ±l

(iii) [ ]
x a x a x a
lim f (x)g(x) lim f (x) lim g(x) m
→ → →

= = l

(iv) x a

x a
x a

lim f (x)
f (x)

lim
g(x) lim g(x) m

→

→
→

= =
l , tcfd 

x a
lim g(x) 0
→

≠

• dqN izfl¼ iQyuksa dh lhek,¡

(i)
n n

n 1

x a

x a
lim na

x a

−

→

−
=

−
(ii)

x 0
lim sin x 0
→

=

(iii)
x 0
lim cos x 1
→

= (iv)
x 0

sin x
lim 1

x→
=

(v) ( )

1

x

x 0
lim 1 x e
→

+ = (vi)
( )

x 0

log 1 x
lim 1

x→

+
=

(vii)
x

x 0

e 1
lim 1

x→

−
=

• http://www.youtube.com/watch?v=HB8CzZEd4xw

• http://www.zweigmedia.com/RealWorld/Calcsumm3a.html

• http://www.intuitive-calculus.com/limits-and-continuity.html

fuEufyf[kr lhekvksa dk eku Kkr dhft,A

1.
x 1
lim 5
→

2.
x 0
lim 2
→

lgk;d osclkbV

vkb, vH;kl djsa
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3.
5

6 3x 1

4x 9x 7
lim

3x x 1→

+ +

+ +
4.

2

3 2x 2

x 2x
lim

x x 2x→−

+

+ −

5.

4 4

x 0

(x k) x
lim

k(k 2x)→

+ −

+
6.

x 0

1 x 1 x
lim

x→

+ − −

7. 2x 1

1 2
lim

x 1 x 1→−

 
+ + − 

8.
x 1

(2x 3) x 1
lim

(2x 3)(x 1)→

− −

+ −

9.
2

x 2

x 4
lim

x 2 3x 2→

−

+ − −
10. 2x 1

1 2
lim

x 1 x 1→

 
− − − 

11.
x

sin x
lim

x→π π −
12.

2 2

2 2x a

x (a 1)x a
lim

x a→

− + +

−

fuEufyf[kr iQyuksa dh ck;ha rFkk nk;ha lhek Kkr dhft,%

13.   
2x 3 if x 1

f (x) as x 1
3x 5 if x 1

− + ≤
= →

− >
14.

2x 1
f (x) as x 1

| x 1|

−
= →

+

fuEufyf[kr lhekvksa dk eku Kkr dhft,%

15.
x 1

| x 1|
lim

x 1−→

+

+

16.
x 2

| x 2 |
lim

x 2+→

−

−

17.
x 2

x 2
lim

| x 2 |−→

−

−

18. ;fn 
2(x 2) 4

f (x)
x

+ −
= , fl¼ dhft, fd 

x 0
lim f (x) 4
→

= ;|fi f(0) ifjHkkf"kr ugha gSA

19. k dk eku Kkr dhft, ;fn 
x 2
lim f (x)
→

 ifjHkkf"kr gS tgka 
5x 2,x 2

f (x)
2x k, x 2

+ ≤
= 

+ >

20. eku Kkr dhft, 
x 0

sin 7x
lim

2x→

21. eku Kkr dhft, 

x x

2x 0

e e 2
lim

x

−

→

 + −
 
  

22. eku Kkr dhft, 2x 0

1 cos3x
lim

x→

−

23. eku Kkr dhft, 
x 0

sin 2x 3x
lim

2x sin3x→

+

+

24. eku Kkr dhft, 
x 1

x
lim(1 x) tan

2→

π
−

25. eku Kkr dhft, 
0

sin5
lim

tan8θ→

θ

θ
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fuEufyf[kr lkaR;rk dk ijh{k.k dhft,%

26.
1 3x if x 1

f (x)
2 if x 1

+ > −


≤ −
    x = –1 ij

27.

1 1
x,0 x

x 2

1 1
f (x) , x

2 2

3 1
x, x 1

2 2


− < <




= =



− < <


   
1

x
2

= ij

28. k ds fdl eku ds fy, iQyu

( )

2x 16
x 4

f x x 4

k x 4

 −
 ≠=  −
 =

;fn

;fn
 x = 4  ij lrr gS \

29. fuEu iQyuksa ds fy, vlrr gksus ds fcUnq Kkr dhft, %

(a)   
2

2

x 3

x x 1

+

+ +
(b) 

2

2

4x 3x 5

x 2x 1

+ +

− +

(b)   
2

2

x x 1

x 3x 1

+ +

− +
(d) 

4x 16, x 2f (x)
16, x 2

 − ≠= 
=

30. n'kkZb, fd iQyu
sin x

cos, x 0
f (x) x

2, x 0


 + ≠= 
 =

  x 0=  ij lrr gS

31. 'a' dk eku Kkr dhft, fd iQyu ( )f x  tks fuEu }kjk ifjHkkf"kr gS

a cos x
, x

2x 2
f (x)

5, x
2

π
≠π −= 

π =


lrr gSA

ns[ksa vkius fdruk lh[kk 25.1

1. (a) 17 (b) 7 (c) 0 (d) 2

(e)- 4 (f) 8

2. (a)   0 (b) 
3

2
(c)

2

11
− (d)

q

b
 (e) 6

(f) 10− (g)  3 (h) 2

3. (a) 3 (b)
7

2
(c) 4 (d) 

1

2

mÙkjekyk
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4. ( a )  ( a )  ( a )  ( a )  

1

2
(b) 

1

2 2
(c) 

1

2 6
(d) 2 (e) 1−

5. (a) vfLrRo ugha gS (b) vfLrRo ugha gS

6. (a) 0 (b)
1

4
(c) vfLrRo ugha gS

7. (a) 1, 2− (b) 1 (c) 19

8. a 2= −

10. vfLrRo ugha gS

ns[ksa vkius fdruk lh[kk 25.2

1. (a) 2 (b)  
2

2

e 1

e 1

−

+

2. (a) 
1

e
− (b) −e

3. (a)  2 (b)
1

5
(c) 0 (d) 

a

b

4. (a) 
1

2
(b) 0 (c)  4 (d) 

2

3

5. (a) 
2

2

a

b
(b) 2 (c) 

1

2

6. (a) 1 (b)
2

π
(c)  0

7. (a) 
5

3
(b) 

7

4
(c) -5

 ns[ksa vkius fdruk lh[kk 25.3

1. (a) lrr (b) lrr

(c) lrr (d) lrr

5. (a) p =3 (b) a = 4 (c) 
14

b
9

=

ns[ksa vkius fdruk lh[kk 25.4

2. (a) lrr

(b) x = 2 ij vlrr

(c) x 3= −  ij vlrr

(d) x = 4 ij vlrr
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ns[ksa vkius fdruk lh[kk 25.5

1. (b) lrr (c) vlrr

(d) vlrr (e) 
3

k
4

=

2 (a) lrr (b) lrr (c) lrr

(d) vlrr (e) vlrr

3 (a) vlrr (b) lrr (c) 
5

3

4 (b) lrr (c) k = 2

(d) vlrr

5. (a) vlrr (b) vlrr

6 (a) lrr (b) vlrr

(c) vlrr (d) lrr

7. (a)  1 rFkk 4 dks NksMdj lHkh okLrfod la[;k,¡

(b)  −2 rFkk 3 dks NksMdj lHkh okLrfod la[;k,¡

(c)  −6 rFkk 1 dks NksMdj lHkh okLrfod la[;k,¡

(d)  4 dks NksMdj lHkh okLrfod la[;k,¡

vkb;s vH;kl djsa

1. 5 2.  2 3.  4 4. 
1

3
−

5.
22x 6.  1 7. 

1

2
− 8. 

1

10
−

9. 8− 10.
1

2

11. 1 12.
a 1

2a

−

13. 1, 2− 14. 2,2−

15. 1− 16. 1

17. 1− 19. k 8=

20.
7

2
21. 1
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22.
9

2
23. 1

24.
2

π
25.

5

8

26. vlrr

27. vlrr

28. k 8=

29. (a) ugha (b) x 1=

(c) x 1= , x 2= (d) x 2=

31. 10


