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27

f=kdks.kferh; iQyuksa dk vodyt

f=kdks.kfefr xf.kr dh og 'kk[kk gS] tks mPpÙkj xf.kr dh vU; 'kk[kkvksa tSls dSydqyl (dyu)
lfn'k] f=kfoe T;kfefr] iQyu& izlaoknh (Harmonic) vFkok ljy iQyuksa ds vè;;u ds fy,
vfuok;Z gSA f=kdks.kferh; iQyu ds mi;ksx ds fcuk mu ij fØ;k,¡ djuk vlaHko izrhr gksrk gSA

dqN fo'ks"k lhekvksa  rd f=kdks.kferh; iQyu gesa izfrykse Hkh nsrs gSaA

vc iz'u ;g gS fd D;k vodyt Kkr djus ds os lHkh fu;e tks geus vHkh rd i<+s gSa
f=kdks.kferh; iQyuksa ds fy, Hkh ykxw gSa\

bl ikB esa ge blh iz'u dk gy <w<+saxs rFkk bl fØ;k esa ge f=kdks.kferh; iQyuksa rFkk muds
izfrykseksa ds vodytksa dks Kkr djus ds lw=k ;k ifj.kke Kkr djsaxsA tc rd vU;Fkk u dgk tk,]
ge f=kdks.kfefr; iQyuksa vkSj muds izfrykseksa dh lEiw.kZ ppkZ esa] jsfM;u eki dk iz;ksx djsaxsA

      mís';
bl ikB ds vè;;u ds ckn] vki fuEufyf[kr esa leFkZ gks tk;saxs %

• f=kdks.kferh; iQyuksa ds vodyt izFke fl¼kUr ls Kkr djukA

• izfrykse f=kdks.kferh; iQyuksa ds vodyt izFke fl¼kUr ls Kkr djukA

• f=kdks.kferh; rFkk izfrykse f=kdks.kferh; iQyuksa ds vodyt xq.ku fu;e (Product rule),

Hkkx fu;e (quotient rule) rFkk Ja[kyk fu;e (chain rule) dk iz;ksx djds Kkr djukA

• ,d iQyu ds f}rh; dksfV (second order)  dk vodyt Kkr djukA

iwoZ Kku
• dks.kksa ds iQyuksa ds :i esa f=kdks.kferh; vuqikrksa dk KkuA

• f=kdks.kferh; iQyuksa dh dqzN ekud lhekvksa dk Kku]

• vodyt dh ifjHkk"kk rFkk iQyuksa ds vodyt Kkr djus ds fofHkUu fu;eksa dk KkuA
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27.1 izFke fl¼kUr }kjk dqN f=kdks.kferh; iQyuksa dk vodyt
(i) ekuk y = sin x gSA

ekuk fd x ds eku esa ux.; (lw{e) o`f¼ xδ ds fy,] y ds eku esa laxr o`f¼ yδ gSA

∴ y y sin(x x)+ δ = + δ

rFkk      y sin(x x) sin xδ = + δ −

x x
2cos x sin

2 2

δ δ 
= + 

 

C D C D
sin C sin D 2cos sin

2 2

+ − 
− = 

 

∴         

x
sin

y x 22cos x
x 2 x

δ
δ δ 

= + δ δ 

 ∴            
x 0 x 0 x 0

x
sin

y x 2lim lim cos x lim
xx 2

2

δ → δ → δ →

δ
δ δ 

= + ⋅  δδ  
cos x.1=    

x 0

sin x

2lim 1
x

2

δ →

δ 
 

= δ
 
  

Q

vr%]
dy

cos x
dx

=

vFkkZr~]
d

(sin x) cos x
dx

=

(ii) ekuk  y = cos x gSA

ekuk fd x ds eku esa ux.; o`f¼ xδ ds fy,] y ds eku esa laxr o`f¼ yδ  gSA

∴       y y cos(x x)+ δ = + δ

rFkk y cos(x x) cos xδ = + δ −

     
x x

2sin x sin
2 2

δ δ 
= − + 

 

∴             

x x
2sin x sin

y 2 2

x x

δ δ − + ⋅ δ  =
δ δ

∴    x 0 x 0 x 0

x
sin

y x 2lim lim sin x lim
xx 2

2

δ → δ → δ →

δ
δ δ 

= − + ⋅  δδ  

    sin x 1= − ⋅
x 0

x / 2
lim sin 1

x / 2δ →

δ 
= δ 

Q

vr%]
dy

sin x
dx

= −

vFkkZr~]  ( )d
cos x sin x

dx
= −
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(iii) ekuk  y  =  tan x gSA

ekuk fd x ds eku esa ux.; o`f¼ xδ ds fy,] y ds eku esa laxr o`f¼ yδ gSA

∴              y y tan(x x)+ δ = + δ

rFkk        y tan (x x) tan xδ = + δ −

sin(x x) sin x

cos(x x) cos x

+ δ
= −

+ δ

sin(x x) cos x sin x.cos(x x)

cos(x x)cos x

+ δ ⋅ − + δ
=

+ δ

sin[(x x) x]

cos(x x)cos x

+ δ −
=

+ δ

sin x

cos(x x) cos x

δ
=

+ δ ⋅

∴         
y sin x 1

x x cos(x x)cos x

δ δ
= ⋅

δ δ + δ

∴            
x 0 x 0 x 0

y sin x 1
lim lim lim

x x cos(x x)cos xδ → δ → δ →

δ δ
= ⋅

δ δ + δ

2

1
1

cos x
= ⋅ 2sec x= x 0

sin x
lim 1

xδ →

δ = δ 
Q

vr%]     
2dy

sec x
dx

=

vFkkZr~] 2d
(tan x) sec x

dx
=

(iv) ekuk     y = sec x  gSA

ekuk fd x ds eku esa ux.; o`f¼ xδ ds fy,] y ds eku esa laxr o`f¼ yδ gSA

∴  y y sec(x x)+ δ = + δ

rFkk        y sec(x x) sec xδ = + δ − =
1 1

cos(x x) cos x
−

+ δ

cos x cos(x x)

cos(x x)cos x

− + δ
=

+ δ

x x
2sin x sin

2 2

cos(x x)cos x

δ δ +  =
+ δ

∴        

x xsin x sin
y 2 2

xx cos(x x)cos x

2

δ  δ+ δ  =
δδ + δ

∴ x 0 x 0 x 0

x xsin x sin
y 2 2lim lim lim

xx cos(x x)cos x

2

δ → δ → δ →

δ  δ+ δ  =
δδ + δ

  2

sin x
1

cos x
= ⋅ sin x 1

tan x.sec x
cos x cos x

= ⋅ =

vr%]            
dy

sec x.tan x
dx

=
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vFkkZr~]               
d

(sec x) sec x tan x
dx

= ⋅

blh izdkj] ge fl¼ dj ldrs gSa fd

    
2d

(cot x) cosec x
dx

= −

            
d

(cosec x) cosec x cot x
dx

= − ⋅

mnkgj.k 27.1.  izFke fl¼kUr }kjk 2cot x  dk vodyt Kkr dhft,A

gy % 2y cot x=

ekuk x ds eku esa ux.; o`f¼ xδ  ds fy,] y ds eku esa laxr o`f¼ yδ  gSA

∴  2y y cot(x x)+ δ = + δ

rFkk        2 2y cot(x x) cot xδ = + δ −

2 2

2 2

cos(x x) cos x

sin(x x) sin x

+ δ
= −

+ δ

2 2 2 2

2 2

cos(x x) sin x cos x sin(x x)

sin(x x) sin x

+ δ − + δ
=

+ δ

2 2

2 2

sin[x (x x) ]

sin(x x) sin x

− + δ
=

+ δ

2

2 2

sin[ 2x x ( x) ]

sin(x x) sin x

− δ − δ
=

+ δ

2 2

sin[(2x x) x]

sin(x x) sin x

− + δ δ
=

+ δ

∴       2 2

y sin[(2x x) x]

x xsin(x x) sin x

δ − + δ δ
=

δ δ + δ

∴            2 2x 0 x 0 x 0

y sin[(2x x) x] 2x x
lim lim lim

x x(2x x) sin(x x) sin xδ → δ → δ →

δ + δ δ + δ
= −

δ δ + δ + δ

vFkkZr~]        
dy

1
dx

= −
2 2

2x

sin x .sin x
⋅

x 0

sin[(2x x) x]
lim 1

x(2x x)δ →

 + δ δ
= δ + δ 

Q

2 2 2 2

2x 2x

(sin x ) sin x

− −
= = 2 22x.cosec x= −

vr%]           
2 2 2d

(cot x ) 2x cosec x
dx

= − ⋅

mnkgj.k 27.2.  izFke fl¼kUr }kjk cosec x  dk vodyt Kkr dhft,A

gy % ekuk          y cosec x=  gSA

rc]   y y cosec(x x)+ δ = + δ
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∴        
cosec(x x) cosec x cosec (x x) cosec x

y
cosec (x x) cosec x

   + δ − + δ +   δ =
+ δ +

cosec (x x) cosec x

cosec (x x) cosec x

+ δ −
=

+ δ +

1 1

sin (x x) sin x

cosec (x x) cosec x

−
+ δ

=
+ δ +

( )[ ]
sin x sin (x x)

cosec (x x) cosec x sin x x sin x

− + δ
=
 + δ + + δ 

( ) ( )[ ]

x x
2cos x sin

2 2

cosec (x x) cosec x sin x x sin x

δ δ + 
 = −

+ δ + + δ

∴           
x 0 x 0

x
cos x

y 2
lim lim

x cosec(x x) cosec x]δ → δ →

δ + δ  = −
δ + δ +

sin x / 2

x / 2

[sin(x x).sin x]

δ
δ×
+ δ

vFkkZr~]       2

dy cos x

dx (2 (cosec x)(sin x)

−
=

   

1

2
1

(cosec x) (cosec x cot x)
2

−
= −

vr%] ( ) ( ) ( )
1

2
d 1

cosec x cosec x cosec x cot x
dx 2

−= −

 mnkgj.k 27.3.   izFke fl¼kUr }kjk 2sec x  dk vodyt Kkr dhft,A

gy % ekuk   2y sec x=  gSA

rFkk        2y y sec (x x)+ δ = + δ gSA

rc] 2 2y sec (x x) sec xδ = + δ −

     

2 2

2 2

cos x cos (x x)

cos (x x)cos x

− + δ
=

+ δ

     2 2

sin[(x x x]sin[(x x x)]

cos (x x)cos x

+ δ + + δ −
=

+ δ

     2 2

sin(2x x)sin x

cos (x x)cos x

+ δ δ
=

+ δ

∴ 2 2

y sin(2x x)sin x

x cos (x x)cos x. x

δ + δ δ
=

δ + δ δ

vc]     2 2x 0 x 0

y sin(2x x)sin x
lim lim

x cos (x x)cos x. xδ → δ →

δ + δ δ
=

δ + δ δ
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∴ 2 2

dy sin 2x

dx cos x cos x
=

     
2

2 2

2sin x cos x
2 tan x.sec x

cos x cos x
= =

     2sec x(sec x.tan x)=

     = 2sec x  (sec x tan x)

      ns[ksa vkius fdruk lh[kk 27.1

1. fuEufyf[kr iQyuksa ds izFke fl¼kUr }kjk x ds lkis{k vodyt Kkr dhft, %

(a) cosec x (b) cot x (c) cos 2 x

(d) cot 2 x (e) 2cosec x (f) sin x

2. fuEufyf[kr iQyuksa esa ls izR;sd dk vodyt Kkr dhft, %

(a) 22sin x (b) 2cosec x (c) 2tan x

27.2 f=kdks.kferh; iQyuksa ds vodyt
vHkh vkius izFke fl¼kUr }kjk f=kdks.kferh; iQyuksa ds vodyt Kkr djuk lh[kk gS vkSj iQyu
ds iQyu dk vodyt Kkr djuk Hkh lh[kkA vc] ge bu vodytksa ds dqN vkSj mnkgj.kksa ij
fopkj djsaxsA

 mnkgj.k 27.4.   fuEufyf[kr iQyuksa ds vodyt Kkr dhft, %

(i)sin 2x (ii) tan x (iii) ( )3cosec 5x

gy % (i)  ekuk   y = sin 2 x,

     = sin t,    tgk¡  t = 2 x

∴
dy

cos t
dt

= vkSj  
dt

2
dx

=

Ja[kyk fu;e ls  
dy dy dt

dx dt dx
= ⋅  ls] gesa izkIr gksrk gS %

dy

dx
= cos t (2) = 2. cos t  =  2 cos 2 x

vr%]   
d

(sin 2x) 2cos2x
dx

=

(ii)  ekuk      y tan x=

        = tan t, tgk¡ t x=

∴     
2dy

sec t
dt

= vkSj
dt 1

dx 2 x
=
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Ja[kyk fu;e ls 
dy dy dt

dx dt dx
= ⋅  ls] gesa feyrk gS %

   
dy

dx

2 1
sec t

2 x
= ⋅

2sec x

2 x
=

vr%, ( )
2d sec x

tan x
dx 2 x

=

oSdfYid fof/ : ekuk y tan x=  gSA

∴    
2dy d

sec x x
dx dx

=
2sec x

2 x
=

(iii) ekuk   3y cosec(5x )=  gSA

∴      
3 3 3dy d

cosec(5x )cot(5x ) [5x ]
dx dx

= − ⋅

         2 3 315x cosec(5x )cot(5x )= −

vFkok 3t 5x=  izfrLFkkfir djds] vki bl iz'u dks gy dj ldrs gSaA

mnkgj.k 27.5.   fuEufyf[kr iQyuksa ds vodyt Kkr dhft, %

(i) 4y x sin 2x= (ii) 
sin x

y
1 cos x

=
+

gy % (i)   4y x sin 2x=

 ∴             
4 4dy d d

x (sin 2x) sin 2x (x )
dx dx dx

= + (xq.ku fu;e dk iz;ksx djds)

4 3x (2cos 2x) sin 2x(4x )= +

4 32x cos2x 4x sin 2x= +

32x [x cos 2x 2sin 2x]= +

(ii)     ekuk  
sin x

y
1 cos x

=
+

 gSA

∴     
( )

2

d d
(1 cos x) (sin x) sin x 1 cos x

dy dx dx

dx (1 cos x)

+ − +
=

+

( )
2

(1 cos x)(cos x) sin x sin x

(1 cos x)

+ − −
=

+

=

2 2

2

cos x cos x sin x

(1 cos x)

+ +

+
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2

cos x 1

(1 cos x)

+
=

+

1

(1 cos x)
=

+

2

1

x
2cos

2

= 21 x
sec

2 2
=

 mnkgj.k 27.6.  fuEu esa ls izR;sd iQyu dk x ds lkis{k vodyt Kkr dhft, %

(i) 2cos x (ii) 3sin x

gy % (i) ekuk      2y cos x=

        2t= , tgk¡  t = cos x

∴     
dy

2t
dt

= vkSj          
dt

sin x
dx

= −

Ja[kyk fu;e 
dy dy dt

dx dt dx
= ⋅  dk iz;ksx djds] gesa feyrk gS %

      
dy

dx
= 2 cos x. ( sin x)−

           2cos x sin x= − sin 2x= −

(ii)  ekuk         3y sin x=  gSA

∴       
3 1/ 2 3dy 1 d

(sin x) (sin x)
dx 2 dx

−= ⋅

2

3

1
3sin x cos x

2 sin x

= ⋅ ⋅

3
sin x cos x

2
=

vr%,     
3d 3

sin x sin x cos x
dx 2

  = 
 

 mnkgj.k 27.7.   
dy

dx
 Kkr dhft,] ;fn %

(i)
1 sin x

y
1 sin x

−
=

+
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gy %    (i)
1 sin x

y
1 sin x

−
=

+

∴         

1

2dy 1 1 sin x d 1 sin x

dx 2 1 sin x dx 1 sin x

−
 − − 

= ⋅   + +  

2

1 1 sin x ( cos x)(1 sin x) (1 sin x)(cos x)

2 1 sin x (1 sin x)

+ − + − −
= ⋅

− +

2

1 1 sin x 2cos x

2 1 sin x (1 sin x)

 + −
= ⋅  − + 

2

2

1 sin x 1 sin x

1 sin x (1 sin x)

+ −
= − ⋅

− +

2

1 sin x 1 sin x 1

1 sin x(1 sin x)

+ + −
= − =

++

vr%]     
dy 1

dx 1 sin x
= −

+

 mnkgj.k 27.8.   fuEufyf[kr iQyuksa ds vafdr fcUnqvksa ij vodyt Kkr dhft, %

(i) 2y sin 2x (2x 5)= + − , x
2

π
= ij

(ii) 2y cot x sec x 5= + + , x / 6= π  ij

gy % (i)    2y sin 2x (2x 5)= + −

∴             
dy d d

cos 2x (2x) 2(2x 5) (2x 5)
dx dx dx

= + − −

      2cos 2x 4(2x 5)= + −

x
2

π
= ij       

dy
2cos 4( 5)

dx
= π + π −

     2 4 20= − + π −
     4 22= π −

(ii)   2y cot x sec x 5= + +

∴             
2dy

cos ec x 2sec x(sec x tan x)
dx

= − +

     2 2cosec x 2sec x tan x= − +

x
6

π
= ij 2 2dy

cos ec 2sec tan
dx 6 6 6

π π π
= − +

     
4 1

4 2
3 3

= − + ⋅
8

4
3 3

= − +
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 mnkgj.k 27.9.   ;fn sin y = x sin (a+y) gS] rks fl¼ dhft, %

( )2sin a ydy

dx sin a

+
=

gy % ;g fn;k gS fd sin y = x sin (a+y)

vFkkZr~]    
sin y

x
sin(a y)

=
+ .....(1)

(1) ds nksuksa i{kksa dks x ds lkis{k vodfyr djus ij] gesa izkIr gksrk gS %

 2

sin(a y)cos y sin y cos(a y) dy
1

dxsin (a y)

 + − +
=  

+  

vFkok 2

sin(a y y) dy
1

dxsin (a y)

 + −
=  

+  

vFkok
( )2sin a ydy

dx sin a

+
=

mnkgj.k 27.10  ;fn y sin x sin x ....= + + vura  rd  gS]

rks fl¼ dhft, fd 
dy cos x

dx 2y 1
=

− gksxkA

gy % gesa fn;k gS y sin x sin x ...= + + vura  rd

vFkok  y sin x y= + vFkok 2y sin x y= +

x ds lkis{k vodfyr djus ij] gesa izkIr gksrk gS %

  
dy dy

2y cos x
dx dx

= + vFkok
dy

(2y 1) cos x
dx

− =

vr%,         
dy cos x

dx 2y 1
=

−

     ns[ksa vkius fdruk lh[kk 27.2

1. fuEufyf[kr iQyuksa esa ls izR;sd dk x ds lkis{k vodyt Kkr dhft, %

(a) y 3sin 4x= (b) y cos5x= (c)  y tan x=

(d) y sin x= (e) 2y sin x= (f) y 2 tan 2x=

(g) y cot 3x= π (h) y sec10 x= (i)  y cosec 2 x=

2. fuEufyf[kr iQyuksa esa ls izR;sd dk vodyt Kkr dhft, %

(a) 
sec x 1

f (x)
sec x 1

−
=

+
(b) 

sin x cos x
f (x)

sin x cos x

+
=

−
(c) f (x) x sin x=
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(d) ( )2f (x) 1 x cos x= +    (e) f (x) x cosec x= (f) f (x) sin 2 x cos3x=

(g) f (x) sin 3x=

3. fuEufyf[kr iQyuksa esa ls izR;sd dk x ds lkis{k vodyt Kkr dhft, %

(a) 3y sin x= (b) 2y cos x= (c) 4y tan x=

(d) 4y cot x= (e) 5y sec x= (f) 3y cos ec x=

(g) y sec x= (h)
sec x tan x

y
sec x tan x

+
=

−

4. fuEufyf[kr iQyuksa esa ls izR;sd dk vafdr fcUnq ij vodyt Kkr dhft, %

(a) y cos(2x / 2), x
3

π
= + π = (b)

1 sin x
y , x

cos x 4

+ π
= =

5. ;fn y tan x tan x tan x ...,= + + + vura  rd  gks] rks

n'kkZb;s fd 2dy
(2y 1) sec x

dx
− =  gSA

6. ;fn cos y x cos(a y)= +  gks] rks fl¼ dhft, fd 
2dy cos (a y)

dx sin a

+
= gSA

27.3 izfrykse f=kdks.kferh; iQyuksa dk izFke fl¼kUr ls vodyu

vc ge ekud izfrykse f=kdks.kferh; iQyuksa 1sin x,−  
1cos x,− 1tan x−  ds izFke fl¼kUr }kjk

vodyt Kkr djsaxsA

(i) izFke fl¼kUr }kjk] ge 1sin x−  dk x ds lkis{k vodyt Kkr djsaxs] tks fuEu }kjk iznf'kZr fd;k tkrk
gS %

(((( ))))
1

2

d 1
(sin x)

dx
1 x

−−−− ====
−−−−

ekuk 1y sin x−= gS] rks x = sin y gksxkA blfy, x x sin(y y)+ δ = + δ

tc x 0,δ →  rks y 0δ →

vc] x sin(y y) sin yδ = + δ −

∴    
sin(y y) sin y

1
x

+ δ −
=

δ
 (nksuksa i{kksa dks xδ  ls Hkkx nsus ij)

vFkok   
sin(y y) sin y y

1
y x

+ δ − δ
= ⋅

δ δ
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∴   
y 0 x 0

sin(y y) sin y y
1 lim lim

y xδ → δ →

+ δ − δ
= ⋅

δ δ [ y 0 x 0]δ → δ →Q tc

     
y 0

1 1
2 cos y y sin y

dy2 2
lim

y dxδ →

    + δ δ    
    = ⋅

δ  

( ) dy
cos y

dx
= ⋅

;k             ( ) ( )2 2

dy 1 1 1

dx cos y
1 sin y 1 x

= = =
− −

∴    
( )

( )
1

2

d 1
sin x

dx 1 x

− =
−

(ii) (((( ))))
(((( ))))

1

2

d 1
cos x

dx
1 x

−−−− = − ⋅= − ⋅= − ⋅= − ⋅
−−−−

bldh miifÙk ds fy,] mlh rjg vkxs cf<+, tSls 1sin x−  ds fy, fd;k FkkA

(iii) vc ge fn[kkrs gSa fd

(((( ))))1

2

d 1
tan x

dx 1 x

−−−− ====
++++

ekuk 1y tan x−=  gSA rc] x tan y=  gSA vr%] x x tan(y y)+ δ = + δ

tc x 0,δ →  rks  y 0δ →

vc,           x tan(y y) tan yδ = + δ −

∴
tan(y y) tan y y

1
y x

+ δ − δ
= ⋅ ⋅

δ δ

∴
y 0 x 0

tan(y y) tan y y
1 lim lim

y xδ → δ →

+ δ − δ
= ⋅

δ δ     [ y 0, x 0]δ → δ →Q tc

   
y 0

dysin(y y) sin y
lim y

cos(y y) cos y dxδ →

  + δ
= − δ ⋅  + δ  

  
( )

y 0

sin(y y)cos y cos y y sin ydy
lim

dx y cos(y y)cos yδ →

+ δ − + δ
= ⋅

δ ⋅ + δ

  
y 0

dy sin(y y y)
lim

dx y.cos(y y) cos yδ →

+ δ − 
= ⋅  δ + δ ⋅ 

 
y 0

dy sin y 1
lim

dx y cos(y y)cos yδ →

 δ
= ⋅ ⋅ δ + δ 

2

2

dy 1 dy
sec y

dx dxcos y
= ⋅ = ⋅

⇒ 2 2 2

dy 1 1 1

dx sec y 1 tan y 1 x
= = =

+ +

∴
( )1

2

d 1
tan x

dx 1 x

− =
+
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(iv) (((( ))))1

2

d 1
cot x

dx 1 x

−−−− = −= −= −= −
++++

bldh miifÙk ds fy,] mlh izdkj vkxs cf<+, tSls 1tan x−  ds fy, fd;k FkkA

(v) vc ge izFke fl¼kUr ls fl¼ djsaxs fd 
(((( ))))

1

2

d 1
(sec x)

dx
x x 1

−−−− ====
−−−−

 gSA

ekuk 1y sec x−=  gS rc]  x = sec y gS rFkk x x sec(y y)+ δ = + δ gSA

tc x 0,δ →  rks  y 0δ →

vc] ( )x sec y y sec yδ = + δ −

∴  
sec(y y) sec y y

1
y x

+ δ − δ
= ⋅

δ δ

∴             
y 0 x 0

sec(y y) sec y y
1 lim lim

y xδ → δ →

+ δ − δ
= ⋅

δ δ [ y 0, x 0]δ → δ →Q tc

  
( )y 0

1 y
2sin y y sin

dy 2 2
lim

dx y.cos ycos y yδ →

δ   + δ   
   = ⋅

δ + δ

 ( )y 0

1 ysin y y sin
dy 2 2lim

ydx cos y cos y y

2

δ →

   δ+ δ  
  = ⋅ ⋅

δ+ δ 
  

2

dy sin y dy
sec y tan y

dx dxcos y
= ⋅ = ⋅

∴          

( ) ( )2 2

dy 1 1 1

dx sec y tan y
sec y sec y 1 x x 1

= = =
− −

vr%]          
( )1

2

d 1
sec x

dx x x 1

−= =
−

(vi) (((( ))))
(((( ))))

1

2

d 1
cosec x

dx
x x 1

−−−− ====
−−−−

bldh miifÙk ds fy,] vki mlh rjg vkxs cf<+, tSls fd 1sec−
x ds fy, fd;k FkkA

 mnkgj.k 27.11.  ( )1 2sin x−
 dk izFke fl¼kUr ls vodyt Kkr dhft,A

gy % ekuk 1 2y sin x−= gSA

∴ 2x sin y=

vc, ( )2
x x sin(y y)+ δ = + δ

∴     
( ) ( )2 2x x x sin y y sin y

x x

+ δ − + δ −
=

δ δ



206

f=kdks.kferh; iQyuksa dk vodyt

xf.kr

ekWM~;wy - VIII

dyu

fVIi.kh

tc x 0,δ →  rks  y 0δ →

∴     
( )

( )

2 2

x 0 y 0 x 0

y y2cos y sinx x x y2 2lim lim lim
yx x x 2 x

2

δ → δ → δ →

δ  δ+ + δ − δ = ⋅ ⋅
δ+ δ − δ

∴
dy

2x cos y
dx

= ⋅

⇒
2 4

dy 2x 2x 2x

dx cos y 1 sin y 1 x

= = =
− −

 mnkgj.k 27.12.    x ds lkis{k 1sin x−  dk MSYVk fof/ (izFke fl¼kUr) ls vodyt Kkr

dhft,A

gy % ekuk 1y sin x−=  gSA

⇒         sin y x= ..(1)

lkFk gh]            sin(y y) x x+ δ = + δ ..(2)

(1) rFkk (2) ls] gesa feyrk gS %

 sin(y y) sin y x x x+ δ − = + δ −

vFkok
( )( )x x x x x xy y

2cos y sin
2 2 x x x

+ δ − + δ +δ δ   
+ =   

+ δ +   

          
x

x x x

δ
=

+ δ +

∴      

y y
2 cos y sin

12 2

x x x x

δ δ   +   
    =

δ + δ +

vFkok

y
sin

y y 12
cos y

yx 2 x x x

2

δ 
 δ δ   ⋅ + ⋅ =  δδ + δ + 

∴ x 0 y 0 y 0

y
sin

y y 2
lim lim cos y lim

yx 2

2

δ → δ → δ →

δ 
 δ δ   ⋅ + ⋅  δδ  

x 0

1
lim

x x xδ →
=

+ δ + ( )y 0, x 0δ → δ →Q tc

vFkok         
dy 1

cos y
dx 2 x

=  ;k       
2

dy 1 1 1

dx 2 x cos y 2 x 1 x2 x 1 sin y

= = =
−−

∴    
dy 1

dx 2 x 1 x
=

−
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      ns[ksa vkius fdruk lh[kk 27.3

1. izFke fl¼kUr ls fuEu esa ls izR;sd dk vodyt Kkr dhft, %

(i) 1 2cos x− (ii)
1cos x

x

−

(iii) 1cos x−

(iv) 1 2tan x− (v)
1tan x

x

−

(vi) 1tan x−

27.4 izfrykse f=kdks.kferh; iQyuksa ds vodyt
fiNys vuqPNsn esa] geus izFke fl¼kUr }kjk izfrykse f=kdks.kferh; iQyuksa ds vodyt Kkr djuk
lh[kk FkkA vc ge mUgha izfrykse f=kdks.kferh; iQyuksa ds vodyt dk iz;ksx dj iQyuksa ds
vodyt Kkr djsaxsA

mnkgj.k 27.13.   fuEufyf[kr esa ls izR;sd dk vodyt Kkr dhft, %

(i) 1sin x− (ii)
1 2cos x−

(iii) 1 2(cosec x)−

gy % (i) ekuk       1y sin x−= gSA

∴       

( )
( )

2

dy 1 d
x

dx dx
1 x

=

−
(Ja[kyk fu;e }kjk)

1/ 21 1
x

21 x

−= ⋅
−

1

2 x 1 x
=

−

(ii)  ekuk  1 2y cos x−=  gSA

∴      
2

2 2

dy 1 d
(x )

dx dx1 (x )

−
= ⋅

− 4

1
(2x)

1 x

−
= ⋅

−

vr% ( )1 2

4

d 2x
cos x

dx 1 x

− −
=

−

(iii) ekuk  1 2y (cosec x)−=  gSA

∴      ( )1 1dy d
2(cosec x) cosec x

dx dx

− −= ⋅

1

2

1
2(cosec x)

| x | x 1

− −
= ⋅

−

1

2

2cosec x

| x | x 1

−−
=

−

∴    
( )

12
1

2

d 2 cosec x
cos x

dx | x | x 1

−
− −

=
−

mnkgj.k 27.14.  fuEufyf[kr ds vodyt Kkr dhft, %

(i)
1 cos x

tan
1 sin x

−

+
(ii) 1sin(2sin x)−
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gy % (i)        
1 cos x

y tan
1 sin x

−=
+

1
sin x

2
tan

1 cos x
2

−

π − 
 =

π + − 
 

1

2

x x
2sin cos

4 2 4 2
tan

x
2cos

4 2

−

π π   − −   
   =

π − 
 

1 x
tan tan

4 2

−  π 
= −      

x

4 2

π
= −

∴         
dy

1/ 2
dx

= −

(ii)  ekuk            1y sin(2sin x)−=   gSA

∴           
1 1dy d

cos(2sin x) (2sin x)
dx dx

− −= ⋅
1

2

2
cos (2sin x)

1 x

−= ⋅
−

∴           
1

2

dy 2
cos(2sin x)

dx 1 x

−= ⋅
−

 =  

1

2

2cos(2sin x)

1 x

−

−

mnkgj.k 27.15.   n'kkZb, fd 
1

2

2x
tan

1 x

−

−
 dk 

1

2

2x
sin

1 x

−

+
 ds lkis{k vodyt 1 gSA

gy % ekuk 
1

2

2x
y tan

1 x

−=
−

 rFkk 
1

2

2x
z sin

1 x

−=
+

 gSA

x tan= θ  ysus ij]

∴
1

2

2 tan
y tan

1 tan

− θ
=

− θ
rFkk  

1

2

2 tan
z sin

1 tan

− θ
=

+ θ

   1tan (tan 2 )−= θ rFkk 1z sin (sin 2 )−= θ

    = 2θ rFkk z = 2θ

∴
dy

2
d

=
θ

rFkk   
dz

2
d

=
θ

∴
dy dy d

dx d dz

θ
= ⋅

θ

1
2 1

2
= ⋅ = (Ja[kyk fu;e }kjk)

      ns[ksa vkius fdruk lh[kk 27.4

 fuEu esa ls izR;sd iQyu dk x ds lkis{k vodyt Kkr dhft, rFkk ifj.kke ( )1 3− dks ljyre
:i esas O;Dr dhft, %

1. (a) 1 2sin x− (b)
1 x

cos
2

−
(c)

1 1
cos

x

−

2. (a) 1tan (cosecx cot x)− − (b) 1cot (sec x tan x)− + (c)
1 cos x sin x

tan
cos x sin x

− −

+
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3. (a) 1sin(cos x)− (b) 1sec(tan x)− (c) 1 2sin (1 2x )− −

(d) 1 3cos (4x 3x)− − (e) 1 2cot 1 x x−  + + 
 

4.
1

1

tan x

1 tan x

−

−+
 dk  1tan x−  ds lkis{k vodyt Kkr dhft,A

 27.5 f}rh; dksfV (Second order) ds vodyt
ge tkurs gSa fd fdlh iQyu dk f}rh; dksfV dk vodyt mlds izFke vodyt dk vodyt
gksrk gSA bl vuqPNsn esa] ge f=kdks.kferh; rFkk izfrykse f=kdks.kferh; iQyuksa ds f}rh; dksfV ds
vodyt Kkr djsaxsA blds vUrxZr ge xq.ku] Hkkx rFkk Ja[kyk fu;e dk iz;ksx djsaxsA

vkb, dqN mnkgj.k ysa %

 mnkgj.k 27.16.   fuEu esa ls izR;sd dk f}rh; dksfV dk vodyt Kkr dhft, %

(i)sin x (ii) x cos x (iii) 1cos x−

gy% (i) ekuk y = sin x gSA

nksuksa i{kksa dks x ds lkis{k vodfyr djus ij] gesa feyrk gS% 
dy

cos x
dx

=

nksuksa i{kksa dks x ds lkis{k fiQj vodfyr djus ij] gesa feyrk gS %
2

2

d y d
(cos x) sin x

dxdx
= = −

∴
2

2

d y
sin x

dx
= −

(ii) ekuk y = x cos x gSA
nksuksa i{kksa dks x ds lkis{k vodfyr djus ij] gesa feyrk gS %

dy
x( sin x) cos x.1

dx
= − +

dy
xsin x cos x

dx
= − +

nksuksa i{kksa dks x ds lkis{k fiQj vodfyr djus ij] gesa feyrk gS %

( )
2

2

d y d
x sin x cos x

dxdx
= − + ( )x.cos x sin x sin x= − + −

       x.cos x 2sin x= − −

∴ ( )
2

2

d y
x.cos x 2sin x

dx
= − +

(iii) ekuk 1y cos x−= gSA

nksuksa i{kksa dks x ds lkis{k vodfyr djus ij] gesa feyrk gS %

( )
( )

1
2 2

1/ 22 2

dy 1 1
1 x

dx 1 x 1 x

−− −
= = = − −

− −
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nksuksa i{kksa dks x ds lkis{k fiQj vodfyr djus ij] gesa feyrk gS %

( ) ( )
2 3/ 2

2

2

d y 1
1 x 2x

2dx

−− 
= − ⋅ − ⋅ − 

  ( )3/ 2
2

x

1 x

= −
−

vr%]

( )
2

2 3/ 2
2

d y x

dx 1 x

−
=

−

mnkgj.k 27.17.   ;fn 1y sin x−=  gks] rks n'kkZb, fd ( )2
2 11 x y xy 0− − =  gS] tgk¡ 2y  rFkk 1y

Øe'k% x ds lkis{k f}rh; dksfV rFkk izFke dksfV] vodyt gSaA

gy % gesa fn;k gS % 1y sin x−=

nksuksa i{kksa dks x ds lkis{k vodfyr djus ij] gesa feyrk gS %

2

dy 1

dx 1 x

=
−

vFkok       

2

2

dy 1

dx 1 x

 
= 

  −
(nksuksa i{kksa dk oxZ djus ij)

vFkok            ( )2 2
11 x y 1− =

nksuksa i{kksa dks x ds lkis{k fiQj vodfyr djus ij] gesa feyrk gS %

( ) ( ) ( )2 2
1 1 1

d
1 x 2y y 2x y 0

dx
− ⋅ + − ⋅ =

vFkok   ( )2 2
1 2 11 x 2y y 2x y 0− ⋅ − =

vFkok             ( )2
2 11 x y x y 0− − =

      ns[ksa vkius fdruk lh[kk 27.5

1. fuEu esa ls izR;sd dk f}rh; dksfV dk vodyt Kkr dhft, %

(a) sin(cos x) (b) 2 1x tan x−

2. ;fn ( )2
11

y sin x
2

−=  gks] rks n'kkZb, fd ( )2
2 11 x y xy 1− − = gksxkA

3. ;fn  y sin(sin x)=  gks] rks fl¼ dhft, fd 
2

2

2

d y dy
tan x ycos x 0

dxdx
+ + =  gksxkA

4. ;fn  y x tan x,= +  gks] rks fl¼ dhft, fd 
2

2

2

d y
cos x 2y 2x 0

dx
− + = gksxkA
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C

A1

% + vkb;s nksgjk,¡

• (i)
d

(sin x) cos x
dx

= (ii)
d

(cos x) sin x
dx

= −

(iii)
2d

(tan x) sec x
dx

= (iv)
2d

(cot x) cosec x
dx

= −

(v)
d

(sec x) sec x tan x
dx

= (vi)
d

(cosecx) cosecx cot x
dx

= −

• ;fn u, x dk ,d vodyuh; iQyu gS] rc %

(i)
d du

(sin u) cosu
dx dx

= (ii)
d du

(cosu) sin u
dx dx

= −

(iii)
2d du

(tan u) sec u
dx dx

= (iv)
2d du

(cot u) cosec u
dx dx

= −

(v)
d du

(secu) secu tan u
dx dx

= (vi)
d du

(cosec u) cosec u cot u
dx dx

= −

• (i)
1

2

d 1
(sin x)

dx 1 x

− =
−

(ii)
1

2

d 1
(cos x)

dx 1 x

− −
=

−

(iii)
1

2

d 1
(tan x)

dx 1 x

− =
+

(iv)
1

2

d 1
(cot x)

dx 1 x

− −
=

+

(v)
1

2

d 1
(sec x)

dx | x | x 1

− =
−

(vi)
1

2

d 1
(cosec x)

dx | x | x 1

− −
=

−

• ;fn u, x dk ,d vodyuh; iQyu gS] rc %

(i)
1

2

d 1 du
(sin u)

dx dx1 u

− = ⋅
−

(ii)
1

2

d 1 du
(cos u)

dx dx1 u

− −
= ⋅

−

(iii)
1

2

d 1 du
(tan u)

dx dx1 u

− = ⋅
+

(iv)
1

2

d 1 du
(cot u)

dx dx1 u

− −
= ⋅

+

(v)
1

2

d 1 du
(sec u)

dx dx| u | u 1

− = ⋅
−

(vi)
1

2

d 1 du
(cosec u)

dx dx| u | u 1

− −
= ⋅

−

• ,d f=kdks.kferh; iQyu dk f}rh; dksfV dk vodyt mlds igyh dksfV ds vodyt dk
vodyt gksrk gSA

• http://people.hofstra.edu/stefan_waner/trig/trig3.html

• http://www.math.com/tables/derivatives/more/trig.htm

• https://www.freemathhelp.com/trig-derivatives.html

lgk;d osclkbV
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1. ;fn 3 2 x
y x tan

2
=  gS] rks 

dy

dx
 Kkr dhft,A

2. eku Kkr dhft, % 4 4d
sin x cos x

dx
+ ] x

2

π
=  rFkk 0 ijA

3. ;fn 2

23

5x
y cos (2x 1)

(1 x)

= + +
−

 gS] rks 
dy

dx
 Kkr dhft,A

4. ;fn 1 1x 1 x 1
y sec sin

x 1 x 1

− −+ −
= +

− +
 gS] rks n'kkZb, fd 

dy

dx
 = 0 gSA

5. ;fn 3 3x a cos , y a sin= θ = θ  gS] rks 
2

dy
1

dx

 
+  
 

 dk eku Kkr dhft,A

6. ;fn y x x x ....= + + +  gS] rks 
dy

dx
 Kkr dhft,A

7.
1sin x−

 dk 1 2cos 1 x− −  ds lkis{k vodyt Kkr dhft,A

8. ;fn y cos(cos x)=  gS] rks fl¼ dhft, fd 
2

2

2

d y dy
cot x y.sin x 0

dxdx
− ⋅ + =  gSA

9. ;fn 1y tan x−=  gS] rks n'kkZb, fd 2
2 1(1 x) y 2xy 0+ + = gSA

10. ;fn 1 2y (cos x)−=  gS] rks n'kkZb, fd 2
2 1(1 x )y xy 2 0− − − = gSA

ns[ksa vkius fdruk lh[kk 27.1

1. (a) cosec xcot x− (b) 2cosec x− (c) 2sin 2x−

(d) 22cosec 2x− (e) 2 22x cosec x cot x−  (f)
cos x

2 sin x

2. (a) 2sin 2x (b) 22cosec x cot x− (c) 22 tan x sec x

ns[ksa vkius fdruk lh[kk 27.2

1. (a)12cos4x (b) 5sin 5x− (c)
2sec x

2 x
(d)  

cos x

2 x

(e) 22x cos x (f) 22 2 sec 2x (g) 23 cosec 3x− π

(h)10sec10x tan10x (i) 2cosec2x cot 2x−

vkb, vH;kl djsa

mÙkjekyk
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2. (a) 2

2sec x tan x

(sec x 1)+
(b) 2

2

(sin x cos x)

−

−
(c) x cos x sin x+

(d) 22 x cos x (1 x )sin x− +

(e) cosec x (1 x cot x)− (f) 2cos2 x cos3 x 3 sin 2 x sin3 x− (g)
3cos3x

2 sin 3x

3. (a) 23sin x cos x (b) sin 2x−     (c) 3 24tan xsec x (d) 3 24cot x cosec x−

(e) 55sec x tan x (f) 33 cosec x cot x− (g) sec x tan x

2 x

(h) ( )sec x sec x tan x+

4. (a) 1 (b) 2 2+

ns[ksa vkius fdruk lh[kk 27.3

1. (i) 
4

2x

1 x

−

−
(ii)

1

22

1 cos x

xx 1 x

−− −
−

−
(iii)

1

2

1

2x (1 x)

−

−

(iv) 4

2x

1 x+
(v)

1

2 2

1 tan x

x(1 x ) x

−
−

+
(vi)  

( )
1

2

1

2x 1 x+

ns[ksa vkius fdruk lh[kk 27.4

1. (a) 4

2x

1 x−
(b) 2

1

4 x

−

−
(c) 2

1

x x 1−

2. (a) 
1

2
(b)

1

2
− (c) 1−

3. (a) 
( )1

2

cos cos x

1 x

−
−

−
(b) ( )1

2

x
sec tan x

1 x

−⋅
+

(c) 2

2

1 x

−

−
(d) 2

3

1 x

−

−
(e) 2

1

2(1 x )

−

+

4. ( )2
1

1

1 tan x−+

ns[ksa vkius fdruk lh[kk 27.5

1. (a) 2cos x cos(cos x) sin x sin(cos x)− − (b)
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