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33

f=kfoeh; T;kfefr dk ifjp;

fiNys ikBksa esa vkius i<+k gS fd ;fn lery esa ,d fcUnq fn;k x;k gks] rks nks la[;kvksa] tks fcUnq dh
fLFkfr n'kkZrs gSa] dks <wa<uk lEHko gS ftUgsa lery esa fcUnq ds funsZ'kkad dgrs gSaA foykser% ;fn ,d
Øfer ;qXe (x, y) fn;k x;k gS] rks blds laxr lery esa ,d fcUnq gksxk ftl ds funsZ'kkad (x,y) gSaA

vkb;s ,d dejs esa ,d jcj dh xsan dks mèokZ/kj fLFkfr esa fxjk,aA iQ'kZ ds ml fcUnq x,y ftl ij
xasn Vdjkrh gS] dks dejs dh yEckbZ vkSj pkSM+kbZ ds vuqfn'k v{kksa ds lanHkZ eas vf}rh; :i esa Kkr
fd;k tk ldrk gSA ijUrq ;fn xsan mèokZ/kj :i esa okfil mNy dj mij tk,] rks fdlh {k.k ij
vkdk'k esa ml dh fLFkfr dks nks v{kksa ds lanHkZ esa ugha tkuk tk ldrk gSA fdlh {k.k ij xsan dh
fLFkfr dks rHkh tkuk tk ldrk gS ;fn nks v{kksa ds lkFk&lkFk ge iQ'kZ ls xsan dh mQ¡pkbZ Hkh tkurs
gksaA

;fn iQ'kZ ls xsan dh mQ¡pkbZ 2.5 lseh gks rFkk Hkwfe ij Vdjkus ds LFkku okyss fcUnq ds funsZ'kkad (5]4)
gksa] rks vkdk'k esa xsan dh fLFkfr dks fu/kZfjr djus dh ,d fof/] rhu la[;kvksa (5] 4] 2-5) dh
lgk;rk ls ml fcUnq dks fu:fir djuk gSA

vr% vkdk'k esa ,d fcUnq dh fLFkfr dks rhu la[;kvksa
dh lgk;rk ls vf}rh; :i ls fu/kZfjr fd;k tk
ldrk gSA bl ikB esa ge funsZ'kkad fudk; rFkk vkdk'k
esa ,d fcUnq ds funsZ'kkadksa] vkdk'k esa nks fcUnqvksa ds
chp dh nwjh] nks fcUnqvksa dks feykus okys js[kk [k.M
esa fn;s x, vkUrfjd@cká vuqikr esa foHkktu djus
okys fcUnq dh fLFkfr rFkk ,d fcUnq@js[kk vkdk'k esa
iz{ksi ds ckjs esa foLrkj iwoZd vè;;u djsaxsA

   mís';
� bl ikB ds vè;;u ds ckn vki fuEufyf[kr esa leFkZ gks tk,axs %

� vkdk'k esa ,d fcUnq ds funsZ'kkad Kkr djuk

� vkdk'k esas nks fcUnqvksa ds chp dh nwjh Kkr djuk

� nks fcUnqvksa dks feykus okys j[kk[k.M dks fn;s x, vuqikr esa vkUrfjd foHkktu] cká
foHkktu djus okys fcUnq ds funsZ'kkad Kkr djuk

� vkdk'k esa fdlh js[kk ds fnd dkslkbu@vuqikr dks ifjHkkf"kr djuk

� vkdk'k esa ,d js[kk ds fnd dkslkbu@vuqikr  Kkr djus esa vkdk'k esa ,d js[kk[k.M dk
nwljh js[kk ij iz{ksi Kkr djukA
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iwoZ Kku
� f}foe funsZ'kkad T;kfefr

� f=kdks.kfefr ds ewy fl¼kUr

33.1 funsZ'kkad fudk; vkSj vkdk'k esa ,d fcUnq ds funsZ'kkad

mNyrh gqbZ xsan dk mnkgj.k ;kn dhft, ftl
esa dejs dk ,d dksuk ewy fcUnq fy;k x;k FkkA

;g vko';d ugha fd ge dejs ds ,d fo'ks"k
dksus dks ewy fcUnq ysasA ge fdlh Hkh dksus dks
(;gk¡ rd fd dejs esa fdlh Hkh fcUnq dks)
lanHkZ ds fy, ewy fcUnq ys ldrs gSa rFkk bl
ds vuqlkj fcUnq ds funsZ'kkad cny tkrs gSaA
vr% dejs esa fdlh Hkh LoSfPNd fcUnq dks ge
ewy fcUnq ys ldrs gSaA

vkb, ge vkdk'k esa ,d fcUnq O ysa rFkk blesa
ls rhu ikjLifjd yEc js[kk,¡ X'OX,Y'OY

vkSj Z'OZ ysaA bUgsa ge Øe'k% X-v{k] Y-v{k
vkSj Z-v{k dgrs gSaA rhj }kjk v{kksa dh
èkukRed fn[kk,¡ fn[kkbZ xbZ gSaA X-v{k vkSj Y-

v{k  }kjk fu/kkZfjr lery XY lery (XOY

lery ) vkSj blh izdkj YZ lery (YOZ

lery) vkSj ZX lery (ZOX lery) dgs
tkrs gSaA bu rhu leryksa dks funsZ'kkad lery
dgrs gSaA rhu funsZ'kkad lery iwjs vkdk'k dks
vkB Hkkxksa esa foHkkftr djrs gSa ftUgsa v"Vka'kd
dgrs gSaA

eku yhft, fd vkdk'k esa dksbZ fcUnq P gSA P

ls XY lery ij PL yEc [khafp, tks ml
lery dks eku yhft,] L ij feyrk gSA fcUnq
L ls ,d js[kk LA v{k OY ds lekUrj [khafp,
tks OX dks A ij dkVrh gSA ;fn ge OA = x,

AL = y vkSj LP = z fy[ksa rks (x,y,z) fcUnq P ds
funsZ'kkad dgykrs gSaA

iqu% ;fn ge P esa ls ledks.k lekUrj
v"kV~iQyd dks iwjk djsa ftl ds fdukjs OA,OB

vkSj OC gSa tks ,d nwljs dks O ij feyrs gSa
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rFkk OP bldk eq[; fod.kZ gS rc yEckb;k¡
(OA, OB, OC) vFkkZr~ (x, y, z) fcUnq P ds funsZ'kkad
dgykrs gSaA

fVIi.kh% vki fp=k 33.4 esa voyksdj djsaA

P dk x-funsZ'kkad = OA = P ls YZ lery ij yEc dh yEckbZ

P dk y- funsZ'kkad = OB = P ls ZX lery ij yEc dh yEckbZ

P dk z- funsZ'kkad = OC = P ls XY lery ij yEc dh yEckbZ

vr% vkdk'k esa fdlh fcUnq P ds laxr ,d f=kd (x,y,z) gS tks vkdk'k esa fcUnq ds funsZ'kkad
dgykrs gSaA foykser% fdlh fn;s x, f=kd (x,y,z) ds laxr vkdk'k esa ,d fcUnq P gS ftl ds
funsZ'kkad (x,y,z) gSaA

fVIi.kh

1. tSls lery funsZ'kkad T;kfefr esa funsZ'kkad v{k lery dks pkj prqZFkk'kksa esa foHkkftr djrs
gSa] blh rjg f=kfoe T;kfefr esa] vkdk'k dks funsZ'kkad lery vkB v"Vka'kd esa foHkkftr
djrs gSa ftuds uke gSa

OXYZ, OX'YZ, OXY'Z, OXYZ',OXY'Z', OX'YZ',OX'Y'Z', vkSj  OX'Y'Z

2. ;fn dksbZ fcUnq P izFke v"Vka'kd esaa] rks nwljss izR;sd v"Vka'kd esa ,d ,slk fcUnq gksxk
ftldh funsZ'kkad lery ls nwfj;ka muds fcUnq P  dh nwjh ds cjkcj gksxhA ;fn fcUnq P

(a,b,c) gks rks nwljs fcUnq Øe'k% gkasxs (-a,b,c), (a,b,c), (a,b,-c), (a,-b-c),(-a,b,-c), (-a,-b,c)

vkSj (-a,-b,-c),mlh Øe esa tks Øe mQij (i) esa fn;k x;k gSA

3. ,d fcUnq] tks XY-lery] YZ-lery rFkk ZX-lery esa gS] ds funsZ'kkad Øe'k% (a, b,

o), (o, b, c) rFkk (a, o, c) gSaA

4. X v{k Y-v{k vkSj Z-v{k ij fdlh fcUnq ds funsZ'kkad Øe'k% (a,0,0), (0,b,0) vkSj (0,0,c)

gSA

5. vki ns[k ldrs gSa fd (x,y,z) fcUnq P ds fLFkfr lfn'k ds laxr gS tks lfn'k OP ewy fcUnq
O ds lanHkZ esa gSaA

mnkgj.k 33.1. fuEu fcUnq fdl fdl v"Vka'kd esa fLFkr gS\

(a) (2, 6, 8) (b) (−1, 2, 3) (c) (−2, −5, 1)

(d) (−3, 1, −2) (e) (−6, −1, −2)

gy%

(a) D;ksafd lHkh funsZ'kkad ?kukRed gS

∴  (2, 6, 8) v"Vka'kd OXYZ esa fLFkr gSA

(b) D;ksafd x ½.kkRed gS vkSj y vkSj z /ukRed gSa

∴  (−1, 2, 3)v"Vka'kd OX'YZ esa fLFkr gSA
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(c) D;ksafd x vkSj y ½.kkRed gSa vkSj z /ukRed gS]

∴ (−2, −5, 1) v"Vka'kd OX'Y'Z esa fLFkr gSA

(d) (−3, 1, −2) v"Vka'kd OX'YZ' esa fLFkr gSA

(e) D;ksafd x,y vkSj z lHkh ½.kkRed g

∴ (−6, −1, −2) v"Vka'kd OX'Y'Z' esa fLFkr gSA

  ns[ksa vkius fdruk lh[kk 33.1

1. mu v"Vka'kdksa ds uke fyf[k, ftu esa fuEu fcUnq fLFkr gS%

(a) (−4, 2, 5) (b) (4, 3, −6) (c) (−2, 1, −3)

(d) (1, −1, 1) (f) (8, 9, −10)

33.2 nks fcUnqvksa ds chp nwjh
eku yhft, fd dejs dh nhokj ij ,d fo|qr izsSl ,d est+
ij j[kh gSA fdrus U;wure rkj dh vko';drk gksxh ftlls
izSl Iyx ls tqM tk,\ bl mnkgj.k ls gesa vkdk'k esa nks
fcUnqvksa ds chp dh nwjh dks tkuus dh vko';drk gqbZA

eku yhft, fd fcUnqvksa P vkSj Q ds funsZ'kkad Øe'k

( )1 1 1x , y , z vkSj ( )2 2 2x , y , z  gSaA PQ dks fod.kZ ekudj

lekUrj v"ViQyd PMSNRLKQ iwjk dhft,A PK js[kk
KQ ij yEc gSA

∴ ledks.k PKQ∆  esa K 90∠ = °

∴ 2 2 2PQ PK KQ= +

∴ iqu% ledks.k PKL∆ esa L 90∠ = °

  ∴ 2 2 2 2 2PK KL PL MP PL= + = + ( )KL MP=∵

∴ 2 2 2 2PQ MP PL KQ= + + ...(i)

MP, PL vkSj KQ funsZ'kkad v{kksa ds lekUrj gSaA

∴ fcUnq P  dh lery YOZ ls nwjh 1x=

rFkk Q vkSj M dh lery YOZ ls nwjh 2x=  2 1MP x x= −

blh izdkj 2 1PL y y= −  vkSj 2 1KQ z z= −

∴ ( ) ( ) ( )2 2 22
2 1 2 1 2 1PQ x x y y z z= − + − + −      ....[ (i) ls]

;k (((( )))) (((( )))) (((( ))))2 2 2
2 1 2 1 2 1PQ x x y y z z= − + − + −= − + − + −= − + − + −= − + − + −

fp=k  33.5

fp=k  33.6
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miizes;% ,d fcUnq dh ewy fcUnw ls nwjh

;fn fcUnq ( )2 2 2Q x , y , z  ewy fcUnq  (0, 0, 0) ds laikrh gks] rks 2 2 2x y z 0= = =

∴ewy fcUnq ls P dh nwjh ( ) ( ) ( )2 2 2
1 1 1OP x 0 y 0 z 0= − + − + −

         2 2 2
1 1 1x y z= + +

lkekU;r% fcUnq ( )P x, y, z  dh ewy fcUnq 0 ls nwjh 2 2 2| OP | x y z= + +

mnkgj.k 33.2.  fcUnqvksa ( )2, 5, 4− vkSj ( )8, 2, 6− ds chp nwjh Kkr dhft, A

gy % ekuk ( )P 2, 5, 4−  vkSj ( )Q 8, 2, 6−  fn;s x, fcUnq gSa

∴    ( ) ( ) ( )2 2 2
PQ 8 2 2 5 6 4= − + − + − +

36 9 4= + +

49= 7=

fn;s gq, fcUnqvksa ds chp dh nwjh 7 bdkbZ gSA

mnkgj.k 33.3.   fl¼ dhft,  fd fcUnq ( )2, 4, 3− − , ( )4, 3, 2− −   vkSj ( )3, 2, 4− − ,d

leckgq f=kHkqt ds 'kh"kZ gSaA

gy % ekuk ( )A 2, 4, 3− − , ( )B 4, 3, 2− −  vkSj ( )C 3, 2, 4− −  fn;s x;s fcUnq gSaA

∴    ( ) ( ) ( )2 2 2
AB 4 2 3 4 2 3= + + − − + − +

36 49 1 86= + + =

    ( ) ( ) ( )2 2 2
BC 3 4 2 3 4 2 86= − − + − + + + =

    ( ) ( ) ( )2 2 2
CA 2 3 4 2 3 4 86= − + + + + − − =

∴    AB BC CA= =

ABC∆  ,d leckgq f=kHkqt gSA

mnkgj.k 33.4.  tkap dhft, fd uhps fn;s x, gSaA fcUnq ,d f=kHkqt cukrs gS ;k ugha %

(a) ( )A 1, 2, 3− ( )B 1, 4, 5 vkSj ( )C 5, 4, 0

(b) ( )2, 3, 3− , ( )1, 2, 4 vkSj ( )3, 8, 2−

gy % (a) ( ) ( ) ( )2 2 2
AB 1 1 4 2 5 3= + + − + −

              2 2 22 2 2 2 3= + + = = 3.464 yxHkx
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     ( ) ( ) ( )2 2 2
BC 5 1 4 4 0 5= − + − + −

     16 0 25 41= + + = = 6.4  yxHkx

vkSj      ( ) ( ) ( )2 2 2
AC 5 1 4 2 0 3= + + − + −

              36 4 9 7= + + =

∴ AB BC 3.464 6.4 9.864 AC ,+ = + = >

 blh izdkj AB AC BC+ >

rFkk BC AC AB+ > .

D;ksafd nks Hkqtkvksa dk ;ksx rhljh Hkqtk ls cM+k gS] vr% fcUnq A, B rFkk C ,d f=kHkqt cukrs gSaA

(b) ekuk fcUnq ( ) ( )2, 3, 3 , 1, 2, 4−  vkSj ( )3, 8, 2− Øe'k% P,Q vkSj R }kjk fu:fir gksrs gSaA

∴    ( ) ( ) ( )2 2 2
PQ 1 2 2 3 4 3= − + + + −

1 25 1 3 3= + + =

  ( ) ( ) ( )2 2 2
QR 3 1 8 2 2 4= − + − − + −

4 100 4 6 3= + + =

rFkk    ( ) ( ) ( )2 2 2
PR 3 2 8 3 2 3= − + − + + −

1 25 1= + +

3 3=

bl voLFkk esa PQ PR 3 3 3 3 6 3 QR+ = + = =

vr% fn;s x, fcUnq f=kHkqt ugha cukrsA okLro esa ;s fcUnq ,d js[kk ij fLFkr gSA

mnkgj.k 33.5.  fn[kkb;s fd fcUnq ( ) ( )A 1, 2, 2 , B 2, 3, 4− −  vkSj ( )C 3, 4, 3−  ,d

ledks.k f=kHkqt cukrs gSaA

gy % ( ) ( ) ( )2 2 22AB 2 1 3 2 4 2 1 1 4 6= − + − + − + = + + =

( ) ( ) ( )2 2 22BC 3 2 4 3 3 4 1 1 1 3= − + − + − + = + + =

vkSj ( ) ( ) ( )2 2 22AC 3 1 4 2 3 2 4 4 1 9= − + − + − + = + + =

;gk¡ ij 2 2 2AB BC 6 3 9 AC+ = + = =

fn;s x, fcUnq ledks.k f=kHkqt cukrs gSaA

mnkgj.k 33.6.      fn[kkb;s fd fcUnq ( )A 0, 4, 1 , ( )B 2, 3, 1− , ( )C 4, 5, 0  rFkk ( )D 2, 6, 2

,d oxZ ds 'kh"kZ gSaA

gy% ;gk¡ ( ) ( ) ( )2 2 2
AB 2 0 3 4 1 1= − + − + − − 4 1 4 3= + + =  bdkbZ
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      ( ) ( ) ( )2 2 2
BC 4 2 5 3 0 1= − + − + +

4 4 1 3= + + =  bdkbZ

     ( ) ( ) ( )2 2 2
CD 2 4 6 5 2 0= − + − + −

4 1 4 3= + + =  bdkbZ

rFkk      ( ) ( ) ( )2 2 2
DA 0 2 4 6 1 2= − + − + −

4 4 1 3= + + =  bdkbZ
∴      AB  =  BC  =  CD  =  DA

vc    ( ) ( ) ( )2 2 22AC 4 0 5 4 0 1= − + − + −

16 1 1 18= + + =  bdkbZ

∴            2 2 2 2 2AB BC 3 3 18 AC+ = + = =

∴     B 90∠ = °  prqHkZqt A B C D esa
    AB BC CD DA= = =  rFkk B 90∠ = °

∴ prqHkZqt A B C D ,d oxZ gSA

    ns[ksa vkius fdruk lh[kk 33.2

1. fuEufyf[kr fcUnqvksa ds chp nwjh Kkr dhft, %

(a) ( )4, 3, 6− vkSj ( )2, 1, 3− − (b) ( )3, 1, 2− −  vkSj ( )3, 1, 2− −

(c) ( )0, 0, 0  vkSj ( )1, 1, 1−

2. fn[kkb;s fd ;fn fcUnqvksa ( )5, 1, 7−  vkSj ( )a, 5, 1  ds chp dh nwjh 9 ,dd gks] rks "a"

dk eku 2 ;k 8 gksxkA

3. fn[kkb;s fd fcUnqvksa (a, b, c), (b, c, a) vkSj (c, a, b) }kjk cuk;k x;k f=kHkqt leckgq f=kHkqt gksxkA

4. fn[kkb;s fd fcUnq ( )1, 0, 4− − , ( )0, 1, 6−  vkSj ( )1, 2, 5− ,d ledks.k f=kHkqt cukrs
gSaA

5. fn[kkb;s fd fcUnq ( )0, 7, 10 , ( )1, 6, 6−  vkSj ( )4, 9, 6−  ,d ledks.k lef}ckgq f=kHkqt
cukrs gSaA

6. fn[kkb, fd fcUnq ( )3, 1, 2− , ( )5, 2, 3− − , ( )2, 4, 1−  rFkk ( )4, 5, 6−  ,d lekarj
prqHkqZt cukrs gSaA

7. fn[kkb, fd fcUnq ( )2, 2, 2 , ( )4, 8, 2− , ( )2, 10, 10−  rFkk ( )4, 4, 10  ,d oxZ cukrs
gSaA

8. fn[kkb;s fd izR;sd voLFkk esa rhuksa fn, fcUnq lajs[k gS %

(a) ( )3, 2, 4− , ( )1, 5, 9−  vkSj  ( )1, 8, 14
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(b) ( )5, 4, 2 , ( )6, 2, 1−  vkSj ( )8, 2, 7− −

(c) ( )2, 5, 4− , ( )1, 4, 3−  vkSj  ( )4, 7, 6−

33.3 ,d js[kk[k.M dks foHkkftr djus okys fcUnq ds funsZ'kkad
Z

P
R

Q

OA
C

B

X

M

N

L

 fp=k  33.7

ekuk fcUnq R (x, y, z) js[kk[k.M PQ dks  l : m ds vkUrfjd vuqikr esa foHkkftr djrk gSA

ekuk P ds funsZ'kkad ( )1 1 1x , y , z  gS rFkk Q ds funsZ'kkad ( )2 2 2x , y , z  gSaA

fcUnqvksa P,Q rFkk Q ls  PL, RN vkSj QM lery XY ij yEc [khafp,a

LA, NC vkSj MB v{k OX ij yEc [khfp,
vc 1AC OC OA x x= − = −
vkSj 2BC OB OC x x= − = −

vc
AC LN PR

BC NM RQ m
= = =

l

∴     
1

2

x x

x x m

−
=

−

l

vFkok 1 2mx mx x x− = −l l

vFkok ( ) 2 1m x x mx+ = +l l

vFkok 2 1x mx
x

m

−
=

+

l

l

blh  izdkj ;fn ge Øe'k% OY vkSj OZ ij yEc [khapsa] rks

2 1y my
y

m

+
=

+

l

l
vkSj 2 1z mz

z
m

+
=

+

l

l

R ,d fcUnq 2 1 2 1 2 1x mx y my z mz
, ,

m m m

+ + + 
 

+ + + 

l l l

l l l
 gSA
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;fn
m

λ =
l
 gks] rks : 1λ  ds vuqikr esa js[kk[k.M PQ dks foHkkftr djus okys fcUnq R ds funsZ'kkad

2 1 2 1 2 1x x y y z z
, , , 1 0

1 1 1

λ + λ + λ +  λ + ≠ 
λ + λ + λ + 

 gSA

;g Li"V gh gS fd λ  ds izR;sd eku ds fy,] js[kk PQ ij ,d laxr fcUnq gS rFkk PQ ij izR;sd
fcUnq R ds fy, λ  dk dqN eku gSA ;fn λ  ?kukRed gS rks R js[kk[k.M PQ ij fLFkr gksxk vkSj;fn
λ  dk eku ½.kkRed gS rks R js[kk [k.M PQ ij ugha gksxkA

nwljh voLFkk esa vki dg ldrs gSa fd R js[kk [k.M PQ dks : 1− λ  ds cká vuqikr esa foHkkftr
djrk gSA

miizes; 1 % PQ dks : ml  ds cká vuqikr esa foHkkftr djus okys fcUnq ds funsZ'kkad gSa

2 1 2 1 2 1x mx y my z mz
, ,

m m m

− − − 
 

− − − 

l l l

l l l

miizes; 2 % PQ ds eè; fcUnq ds funsZ'kkad gSa

1 2 1 2 1 2x x y y z z
, ,

2 2 2

+ + + 
 
 

mnkgj.k 33.7.   fcUnqvksa ( )2, 4, 3−  vkSj ( )4, 5, 6− −  dks feykus okys js[kk[k.M dks 2%1 ds
vkUrfjd vuqikr esa foHkktu djus okys fcUnq ds funsZ'kkad Kkr dhft,A

gy % ekuk ( )A 2, 4, 3− vkSj ( )B 4, 5, 6− −  nks fcUnq gSa

ekuk P ( x, y, z) js[kk[k.M AB dks 2%1 ds vkUrfjd vuqikr esa foHkkftr djrk gS

∴
( )2 4 1.2

x 2
2 1

− +
= = −

+
,    

( )2.5 1 4
y 2

2 1

+ −
= =

+

vkSj
( )2 6 1.3

z 3
2 1

− +
= = −

+

P ds funsZ'kkad ( )2, 2, 3− −  gSaA

mnkgj.k 33.8.   fcUnqvksa  ( )1, 3, 2− −  vkSj ( )1, 1, 2− dks feykus okys js[kk[k.M dks 2%3 ds

cká vuqikr esa foHkktu djus okyk fcUnq Kkr dhft,A

gy % ekuk ( )1, 3, 2− −  vkSj ( )1, 1, 2−  nks fcUnq gSa

ekuk R (x, y, z)  js[kk[k.M PQ dks 2:3 ds cká vuqikr esa foHkkft djrk gSA

vc
( ) ( )2 1 3 1

x 5
2 3

− −
= = −

−
,

( ) ( )2 1 3 3
y 7

2 3

− − −
= = −

−

vkSj
( ) ( )2 2 3 2

z 2
2 3

−
= =

−
∴  R ds funsZ'kkad gSa ( )5, 7, 2− − .
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C

A1

% + vkb;s nksgjk,¡

mnkgj.k 33.9.  og vuqikr Kkr dhft, ftl esa fcUnqvksa ( )2, 3, 5−  vkSj ( )7, 1, 3  dks

feykus okyk js[kk [k.M XY lery }kjk foHkkftr gksrk gSA

gy % ekuk vHkh"V vuqikr ftlesa js[kk[kaM foHkkftr gksrk gS = : ml

∴ fcUnq ds funsZ'kkad gSa
7 2m 3m 3 5m

, ,
m m m

+ − + 
 

+ + + 

l l l

l l l

D;ksafd ;g fcUnq XY lery esa gSA

∴ bldk Z- funsZ'kkad 'kwU; gS

vFkkZr 3 5m
0

m

+
=

+

l

l
 vkSj 

5

m 3
= −

l

vr% XY lery dks 5:3 ds cká vuqikr esa foHkkftr djrk gSA

  ns[ksa vkius fdruk lh[kk 33.3

1. ml fcUnq ds funsZ'kkad Kkr dhft, tks fcUnqvksa ( )2, 5, 3−  vkSj ( )3, 5, 2− −  dks feykus

okys js[kk[k.M dks 1:4 ds vkUrfjd vuqikr esa foHkkftr djrk gSA

2. og fcUnq Kkr dhft, tks fcUnqvksa ( )2, 3, 1−  vkSj ( )3, 4, 5−  dks 3:2 ds vkUrfjd rFkk

cká vuqikr esa foHkkftr djrs gSaA

3. og vuqikr Kkr dhft, ftlesa fcUnqvksa ( )2, 4, 5 vkSj ( )3, 5, 4−  dks feykus okyk

js[kk[k.M YZ lery }kjk foHkkftr gksrk gSA

4. fn[kkb;s fd YZ lery fcUnqvksa ( )3, 5, 7−  vkSj ( )2, 1, 8−  dks feykus okys js[kk[k.M

dks fcUnq 13
0, , 2

5

 
 
 

 ij 3:2 ds vuqikr esa foHkkftr djrk gSA

5. fn[kkb;s fd og vuqikr] ftlesa funsZ'kkad lery fcUnqvksa ( )2, 4, 7−  vkSj ( )3, 5, 8−
dks feykus okys js[kk[k.M dks Øe'k% 2 : 3, 4 : 5 esa vkUrfjd vkSj 7 : 8 esa cká vuqikr
foHkktr djrs gSaA

6. ,d fcUnq R ds funsZ'kkad Kkr dhft, tks fcUnqvksa ( )1 1 1P x , y , z  vkSj ( )2 2 2Q x , y , z dks
feykus okys js[kk[k.M dks 2%1 ds cká vuqikr esa foHkkftr djrk gSApkap dhft, fd Q

js[kk[k.M PR dk  eè; fcUnq gSA

� vkdk'k esa vk;rkdkj funsZ'kkad v{kksa ds lanHkZ esa] fn;s x;s fcUnq P(x, y, z) ls ;fn ge rhu
funsZ'kkad leryksa ds lekUrj lery [khaps tks v{kksa dks A, B vkSj C esa feysa (ekuk)] rc OA

= x,OB = y vkSj OC = z tcfd O ewy fcUnq gSA
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� foykser% ;fn rhu la[;k,¡ x, y vkSj z nh xbZ gksa] rks ge vkdk'k esa ,d vf}rh; fcUnq Kkr
dj ldrs gSa] ftl ds funsZ'kkad (x, y, z) gSaA

fcUnqvksa ( )1 1 1P x , y , z  vkSj ( )2 2 2Q x , y , z  ds chp dh nwjh

( ) ( ) ( )2 2 2
2 1 2 1 2 1PQ x x y y z z= − + − + −

fo'ks"kr;k] fcUnq P dh ewy fcUnq ls nwjh 2 2 2
1 1 1x y z+ + .

� fcUnqvksa ( )1 1 1P x , y , z  vkSj ( )2 2 2Q x , y , z  dks feykus okys js[kk[k.M dks  l : mds

vuqikr esa foHkkftr djus okys fcUnq ds funsZ'kkad gSA

(a) (vkUrfjd foHkktu) 2 1 2 1 2 1x mx y my z mz
, ,

+ + + 
 
 

l l l

l + m l + m l + m

(b) (cká foHkktu) 2 1 2 1 2 1x mx y my z mz
, ,

− − − 
 

− − − 

l l l

l m l m l m

fo'ks"k :i ls] PQ ds eè; fcUnq ds funsZ'kkad gS%

1 2 1 2 1 2x x y y z z
, ,

2 2 2

+ + + 
 
 

� http://www.mathguru.com/level3/introduction-to-three-dimensional-geometry-

� http://www.goiit.com/posts/show/0/content-3-d-geometry-804299.htm

� http://www.askiitians.com/iit-jee-3d-geometry

1. fn[kkb;s fd fcUnq (0,7,10), (–1,6,6) vkSj (–4,9,6) ,d lef}ckgq ledks.k f=kHkqt cukrs gSaA

2. fl¼ dhft, fd fcUnq P, Q vkSj R ftu ds funsZ'kkad Øe'k% (3,2,–4), (5,4,–6) vkSj (9,8,–10)

gSaA ljs[k gSa rFkk og vuqikr Hkh Kkr dhft, ftl esa Q js[kk[k.M PR dks foHkkftr djrk gSA

3. fn[kkb;s fd fcUnq (0,4,1), (2,3,–1), (4,5,0) vkSj (2,6,2) ,d oxZ ds 'kh"kZ gSaA

4. fn[kkb;s fd fcUnq (4,7,8),(2,3,4), (–1,–2,1) vkSj (1,2,5) ,d lekUrj prqHkqZt ds 'kh"kZ gSaA

5. ,d lekUrj prqHkqt ds rhu 'kh"kZ (3,–4,7) , B(5,3,–2) rFkk C(1,2,–3) gS] pkSFkk 'kh"kZ Kkr
dhft,A

lgk;d osclkbV

vkb, vH;kl djsa
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ns[ksa vkius fdruk lh[kk 33.1

1. (a) OX' YZ (b) OXYZ'

(c) OX' YZ' (d) OXY'Z

(e) OXYZ'

ns[ksa vkius fdruk lh[kk 33.2

1. (a) 7 (b) 2 5 (c) 3

ns[ksa vkius fdruk lh[kk 33.3

1. ( )1, 3, 2− 2. ( )
13 6 13

, , ; 5, 18, 17
5 5 5

 − − 
 

3. 2 : 3− 6. ( )2 1 2 1 2 12x x , 2y y , 2z z− − −

vkb, vH;kl djsa

5. (–1, –5, –6)

mÙkjekyk


