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5

f=kHkqt dh Hkqtkvksa ,oa dks.kksa esa laca/

fiNys ikB esa geus okLrfod la[;kvksa osQ f=kdks.kferh; iQyu vkSj muds lEcU/ksa osQ fo"k; esa
lh[kk gSA geus f=kdks.kferh; iQyuksa dk xzkiQ [khapuk vkSj muosQ vkys[kksa ls muosQ xq.kksa dk vè;;u
djuk Hkh lh[kk gSA geus f=kdks.kferh; iQyuksa osQ ;ksx o vUrj rFkk okLrfod la[;kvksa osQ xq.ktksa
rFkk viorZdksa ds f=kdks.kferh; iQyuksa dk Hkh vè;;u fd;k gSA

bl vè;k; esa ge oqQN ifj.kkeksa dks LFkkfir djus dk iz;kl djsaxs tks ,d f=kHkqt dh Hkqtkvksa rFkk
dks.kksa osQ chp lEcU/ksa dks crk;saxs tks f=kHkqtkssa osQ vKkr Hkkxksa dks Kkr djus esa lgk;rk djsaxsA

     mís';
bl ikB ds vè;;u osQ ckn vki fuEufyf[kr esa leFkZ gks tk;saxs %

� lkbu&lw=k] dkslkbu&lw=k rFkk iz{ksi&lw=k dk O;qRiUu djuk

� bu lw=kksa dks iz'uksa dks gy djus esa mi;ksx djuk

iwoZ Kku

� f=kdks.kferh; iQyu dh tkudkjh

� f=kdks.kferh; iQyuksa osQ ;ksx o vUrj osQ lw=k

� okLrfod la[;kvksa osQ xq.kt o viorZd ds f=kdks.kferh; iQyu

5.1 T;k lw=k

ABC∆  esa] 'kh"kZ A, B vkSj C osQ laxr dks.kksa dks A, B rFkk C ls iznf'kZr fd;k tkrk gS vkSj blds 'kh"kks±
dh lEeq[k Hkqtkvksa dks Øe'k% a, b rFkk c ls iznf'kZr djrs gSaA

;g dks.k rFkk Hkqtk,¡ feydj f=kHkqt osQ N% vo;o dgykrs gSaA

fl¼ dhft, fd fdlh f=kHkqt esa] Hkqtkvksa dh yEckbZ;ka lEeq[k Hkqtkvksa osQ dks.kksa osQ lkbu osQ vuqikr
esa gksrh gS

vFkkZr~
a b c

sin A sin B sin C
= =

miifÙk% ABC∆  esa] fp=k 5.1 [ (i), (ii) vkSj (iii)] esa BC a, CA b= = vkSj AB c=  vkSj C∠  fp=k
(i) esa ,d U;wudks.k] (ii) esa ledks.k rFkk (iii) esa vf/d dks.k gSA
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a

bc

A

CB
D

     

A

CB

b
c

a

     

A

D
C

B

c
b

a

1
8
0
°C

 (i)    (ii) (iii)

fp=k 5.1

AD, BC ij yEc [khafp, (vFkok BC dks] vko';drk gksus ij] c<+kb,)

fp=k 5-1 (i) esa ABC∆  esa] 
AD

sin B
AB

=     ;k  
AD

sin B
c

=  ⇒  AD = c sin B            .....(i)

∆ADC, 
AD

sin C
AC

=  [fp=k 5.1 (i)]   ;k  AD
sin C

b
=  ⇒  AD = b sin C ....(ii)

vkSj fp=k 5.1 (ii) esa]  
AD

1 sin sin C
AC 2

π
= = =  vkSj sin=

AD
B

AB

       AD = b sin C vkSj AD = c sin B

vkSj fp=k 5.1 (iii) esa] ( )
AD

sin C sin C
AC

= π − =  vkSj sin=
AD

B
AB

;k        
AD

sin C
b

= ;k    AD = b sin C vkSj sin=AD C B

vr% bu rhuksa fp=kksa esa]  AD = b sin C vkSj AD = c sin B                        ....(iii)

vr% (iii) ls gesa izkIr gqvk

c sin B = b sin C   ⇒  
b c

sin B sin C
=            ....(iv)

blh izdkj] c ls AB ij yEc [khap dj ge fl¼ dj ldrs gaS fd
a b

sin A sin B
= .....(v)

(iv) vkSj (v) ls gesa izkIr gqvk
a b c

sin A sin B sin C
= = .....(A)

(A) T;k&lw=k dgykrk gSA

fVIi.kh%  (A) dks izk;% bl izdkj Hkh fy[kk tkrk gS %
sin A sin B sin C

a b c
= = ....(A')

(A) rFkk (A') osQ laca/ vKkr dks.kksa vkSj Hkqtkvksa dks Kkr djus esa gekjh lgk;rk djrs gaS tc oqQN
nwljs dks.k ;k Hkqtk,a nh gqbZ gksaA

vkb, oqQN mnkgj.k ysaA
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mnkgj.k 5.1.  T;k&lw=k dk mi;ksx djosQ fl¼ dhft, fd ( )
B C A

a cos b c sin
2 2

−
= +

gy % ge tkurs gSa fd 
a b c

k
sin A sin B sin C

= = =  (ekuk)

⇒   a = k sin A, b = k sin B, c = k sin C

∴ nk;k¡ i{k ( )
A

k sin B sin C sin
2

= + ⋅
B C B C A

k 2 sin cos sin
2 2 2

+ −
= ⋅ ⋅ ⋅

vc
B C A

2 2 2

+ π
= − ( )A B C+ + = π∵

∴    
B C A

sin cos
2 2

+
=

∴ nk;k¡ i{k 
A B C A

2 k cos cos sin
2 2 2

−
= ⋅ ⋅

B C
k sin A cos

2

−
= ⋅ ⋅ = 

B C
a cos

2

−
⋅ =  ck;k¡ i{k

mnkgj.k 5.2.   T;k&lw=k dk iz;ksx djosQ fl¼ dhft, fd ( ) ( )
2 A

a cos C cos B 2 b c cos
2

− = −

gy % ge tkurs gaS fd 
a b c

k
sin A sin B sin C

= = = (ekuk)

⇒ a = k sin A, b = k sin B, c = k sin C

∴ nk;k¡ i{k  ( )
2 A

2k sin B sin C cos
2

= − ⋅
2B C B C A

2k 2 cos sin cos
2 2 2

+ −
= ⋅ ⋅ ⋅

   
2A B C A B C A

4k sin sin cos 2a sin cos
2 2 2 2 2

− −
= ⋅ ⋅ = ⋅

    
B C B C

2a sin sin
2 2

+ −
= ⋅ ( )a cosC cos B= − = ck;k¡ i{k

mnkgj.k 5.3.  ABC∆  esa] fl¼ dhft, fd ( )a sin A bsin B csin A B− = −

gy % ge tkurs gaS fd 
a b c

k
sin A sin B sin C

= = =  (ekuk)

ck;k¡ i{k = ksin A sin A ksin B sin B⋅ − ⋅  
2 2

k sin A sin B = −
 

  ( ) ( )k sin A B sin A B= + ⋅ −

A B C+ = π − ⇒  ( )sin A B sin C+ =

∴ ck;k¡ i{k ( )k sin C sin A B= ⋅ − ( )c sin A B= − =  nk;k¡ i{k

mnkgj.k 5.4.  fdlh f=kHkqt esa] fl¼ dhft, fd ( )
2 2

a b cos C c cos B b c− = −

gy% ge tkurs gSa fd 
a b c

k
sin A sin B sin C

= = =  (ekuk)

     ck;k¡ i{k = ( )k sin A k sin B cos C k sin C cos B−  ( )
2

k sin A sin B C= ⋅ −  
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( ) ( )
2

k sin B C sin B C= ⋅ + ⋅ −  ( )sin A sin B C= +  ∵

( )2 2 2
k sin B sin C= −

2 2 2 2
k sin B k sin C= −

2 2
b c= − =  nk;k¡ i{k

    ns[ksa vkius fdruk lh[kk 5.1

1. lkbu&lw=k dk mi;ksx djosQ fl¼ dhft, fd %

(i)

A B
tan

a b2
A B a b

tan
2

−

−
=

+ +

(ii) ( )b cos B c cos C a cos B C+ = −

(iii) ( )
B C A

a sin cosb c
2 2

−
= − (iv)

b c B C B C
tan cot

b c 2 2

+ + −
= ⋅

−

(v) a cos A b cos B c cos C 2a sin B sin C+ + =

2. fdlh f=kHkqt esa] ;fn 
a b

cos A cosB
=  gks rks fl¼ dhft, fd f=kHkqt lef¼ckgq f=kHkqt gSA

5.2  dksT;k&lw=k
fdlh f=kHkqt esa fl¼ dhft, fd

(i)

2 2 2
b c a

cos A
2bc

+ −
=  (ii)  

2 2 2
c a b

cos B
2ac

+ −
=   (iii)

2 2 2
a b c

cosC
2ab

+ −
=

miifÙk%

a

bc

A

CB
D

  

A

(C, D)B

b
c

a

  

A

D
C

B

c
b

a

1
8
0
°C

(i) (ii) (iii)

fp=k 5.2

rhu fLFkfr;ka mRiUu gksrh gSa tc

(i) C∠  U;wu dks.k gS   (ii) C∠  ,d ledks.k gS  (iii) C∠ ,d vf/d dks.k gSA

vkb, izR;sd fLFkfr ij fopkj djsaA
fLFkfr (i) tc C∠  ,d U;wu dks.k gS

AD
sin C

AC
= ⇒ AD b sin C=

vkSj BD BC DC a bcosC= − = −

DC
cos C

b

 
=  

∵
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fp=k 5.2 (i) ls] ( ) ( )
2 2 2c bsin C a bcos C= + −

   2 2 2 2 2
b sin C a b cos C 2ab cos C= + + −

2 2
a b 2 ab cosC= + −

⇒     

2 2 2
a b c

cos C
2 ab

+ −
=

fLFkfr (ii) tc C
2

π
∠ = , 2 2 2 2 2

c AD BD b a= + = +

D;ksafd     C = 
2

π

 ⇒  cos C = 0

∴    2 2 2
c b a 2ab cos C= + − ⋅  ⇒  

2 2 2
b a c

cosC
2ab

+ −
=

fLFkfr (iii) tc C∠  ,d vf/d dks.k gS

    ( )
AD

sin sin CC
AC

= =π −      ∴  AD bsin C=

vkSj      ( )BD BC CD a b cos 180 C= + = + ° −  a b cos C= −

∴         ( ) ( )
2 22

c b sin C a b cos C= + −  2 2
a b 2ab cos C= + −

⇒      

2 2 2
a b c

cosC
2ab

+ −
=

∴ lHkh rhuksa fLFkfr;ksa esa]
2 2 2

a b c
cosC

2ab

+ −
=

blh izdkj] ;g Hkh fl¼ fd;k tk ldrk gS fd 
2 2 2

c a b
cos B

2ac

+ −
=  vkSj 

2 2 2
b c a

cos A
2bc

+ −
=

vkb, oqQN mnkgj.k ysa vkSj budh mi;ksfxrk dks ns[ksaA

mnkgj.k 5.5.  f=kHkqt ABC esa] fl¼ dhft, fd 
2 2 2

cos A cos B cosC a b c

a b c 2abc

+ +
+ + =

gy % ge tkurs gaS fd 
2 2 2

b c a
cos A

2bc

+ −
= , 

2 2 2
c a b

cos B
2ac

+ −
= , 

2 2 2
a b c

cosC
2ab

+ −
=

∴    ck;k¡ i{k 
2 2 2 2 2 2 2 2 2

b c a c a b a b c

2 abc 2 abc 2 abc

+ − + − + −
= + +

      [ ]2 2 2 2 2 2 2 2 2
1

b c a c a b a b c
2 abc

=
+ − + + − + + −  

2 2 2
a b c

2 abc

+ +
= =  nk;k¡ i{k

mnkgj.k 5.6.  ;fn A ,
3

π
∠ =  fl¼ dhft, fd ABC∆  esa (a b c) (b c a) 3bc+ + + − =

gy % 
2 2 2

b c a
cos A

2bc

+ −
= .....(i)
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A
3

π
= ⇒  

1
cos A cos

3 2

π
= =

(i) dks ge fy[k ldrs gSa % 
2 2 2

1 b c a

2 2bc

+ −
=  ⇒  2 2 2

b c a bc+ − =

;k 2 2 2
b c 2bc a 3bc+ + − =  ;k ( )

22 a 3bcb c − =+

;k ( ) ( ) 3bcb c a b c a =+ + + − .

mnkgj.k 5.7. ;fn ,d f=kHkqt dh Hkqtk,¡ 3 lseh] 5 lseh vkSj 7 lseh gksa] rks f=kHkqt dk lcls

cM+k dks.k Kkr dhft,A

gy % ;gk¡ ij] a = 3 lseh] b = 5 lseh] c = 7 lseh

ge tkurs gSa fd ,d f=kHkqt esa lcls cM+h Hkqtk dk lEeq[k dks.k lcls cM+k gksrk gSA

∴ C∠  lcls cM+k dks.k gS

∴  

2 2 2
a b c

cosC
2ab

+ −
=  

9 25 49 15 1

30 30 2

+ − − −
= = =

∴   
1

cos C
2

−
= ⇒   

2
C

3

π
=

∴ f=kHkqt dk lcls cM+k dks.k 
2

3

π

 vFkok 120° gSA

mnkgj.k 5.8.  ABC∆ esa] ;fn A
3

π
∠ =  rks fl¼ dhft, fd  

b c
1

c a a b
+ =

+ +

.

gy% 
2 2 2

b c a
cos A

2bc

+ −
=  ;k 

2 2 2
1 b c a

cos
3 2 2bc

π + −
= =

∴
2 2 2

b c a bc+ − =

;k         2 2 2
b c a bc+ = + .....(i)

          ck;k¡ i{k 
( ) ( )

2 2
b c ab b c ac

c a a b c a a b

+ + +
= + =

+ + + + ( ) ( )

2
ab a bc ac

c a a b

+ + +
=

+ +

     [(i) osQ mi;ksx ls]
2

( ) ( )

+ + +
=

+ +

ab a ac bc

c a a b

( ) ( )

( ) ( )

a ca b a b

a c a b

++ +
=

+ +

( )( )

( ) ( )

a c a b
1

a c a b

+ +
= =

+ +

 = nk;k¡ i{k

  ns[ksa vkius fdruk lh[kk 5.2

1. ABC∆ esa fl¼ dhft, fd

(i) 
2 2 2 2 2 2

2 2 2

b c c a a b
sin 2A sin 2 B sin 2C 0

a b c

− − −
+ + =

(ii) ( ) ( ) ( )2 2 2 2 2 2 2 2 2tan B tan C tan Aa b c b c a c a b= =
− + − + − +
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(iii) ( )

2 2 2
k a b c

sin 2A sin 2B sin 2C
2 2abc

+ +
=+ +  tgk¡ 

a b c
k

sin A sin B sin C
= = =

(iv) ( ) ( ) ( )2 2 2 2 2 2cot A cot B cot C 0b c c a a b+ + =
− − −

 2. ,d f=kHkqt dh Hkqtk,a Øe'k% a = 9 lseh] b = 8 lseh c = 4lseh gSA fl¼ dhft, fd

6cosC 4 3cos B= +

5.3 iz{ksi lw=k
ABC∆  esa] ;fn BC a, CA b= =  vkSj AB c=  gks] rks fl¼ dhft, fd

(i) a b cos C c cos B= + (ii) b c cos A a cos C= + (iii) c a cos B b cos A= +

miifÙk%

a

bc

A

CB
D

           

A

(C, D)B

b
c

a

          

A

D
C

B

c
b

a

π–C

(i) (ii) (iii)

fp=k 5.3

fiNys ifj.kke dh rjg] ;gka ij Hkh rhu fLFkfr;ka mRiUu gksrh gaSA ge ,d&,d djosQ izR;sd fLFkfr
dk o.kZu djsaxsA

fLFkfr (i) tc C∠  U;wu dks.k gS%

ADB∆  esa, 
BD

cos B
c

= ⇒ BD c cos B=

ADC∆ esa, 
DC

cos C
b

= ⇒ DC = b cos C

a = BD + DC = c cos B + b cos C

∴ a = c cos B + b cos c

fLFkfr (ii) tc C
2

π
∠ =

            
BC

a BC AB cos B c
AB

= = ⋅ = ⋅

c cos B 0= +  c cos B b cos
2

π
= +        cos 0

2

π 
= 

 
∵

c cos B b cos C= +

fLFkfr (iii) tc C∠  vf/d dks.k gS%

ADB∆ esa,        
BD

cos B
c

=  ⇒  BD = c cos B
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ADC∆  esa,       ( )
CD

cos cos CC
b

= = −π −  ⇒  CD b cos C= −

fp=k 5.3 (iii) esa] BC BD CD= −

  ( )a c cos B b cos C= − −  c cos B b cos C= +

vr% lHkh fLFkfr;ksa esa] a bcosC ccos B= +

blh izdkj] ge fl¼ dj ldrs gaS fd

 b c cos A a cos C= +   vkSj c a cos B b cos A= +

vkb, oqQN mnkgj.k ysdj bu ifj.kkeksa dk mi;ksx fn[kk,¡A

mnkgj.k 5.9.  fdlh f=kHkqt ABC esa] fl¼ dhft, fd

( ) ( ) ( )cos A cos B cos C a b cb c c a a b+ + = + ++ + +

gy % ck;k¡ i{k b cos A c cos A c cos B a cos B a cos C b cos C= + + + + +

( )b cos A a cos B= + ( )c cos A a cos C+ + ( )c cos B b cos C+ +

c b a= + +  a b c= + + =  nk;k¡ i{k

mnkgj.k 5.10.  fdlh ABC∆  esa] fl¼ dhft, fd 
2 2 2 2

cos 2A cos 2B 1 1

a b a b
− = −

gy % ck;k¡ i{k  

2 2

2 2

1 2 sin A 1 2 sin B

a b

− −
= −  

2 2

2 2 2 2

1 2 sin A 1 2 sin B

a a b b
= − − +

   
2 2

2 2

1 1
2k 2k

a b
= − − +

sin A sin B
k

a b

 
∴ = = 
 

   2 2

1 1

a b
= −  = nk;k¡ i{k

mnkgj.k 5.11.  ABC∆ esa] ;fn a cos A bcos B=  tgka a b≠ gks] rks fl¼ dhft, fd ABC∆

,d ledks.k f=kHkqt gSA

gy % fn;k gS % a cos A b cos B=

∴

2 2 2 2 2 2
b c a a c ba b

2bc 2ac

   + − + −
=   

   

;k ( ) ( )
2 22 2 2 2 2 2a bb c a a c b=

+ − + −  ;k  2 2 2 2 4 2 2 2 2 4
a b a c a a b b c b+ − = + −

;k ( ) ( )( )2 2 2 2 2 2 2
c a b a b a b− = − +  ⇒  2 2 2

c a b= +

∴ ABC∆  ,d ledks.k f=kHkqt gSA

mnkgj.k 5.12.  ;fn a 2, b 3, c 4= = =  gks] rks cosA, cosB  vkSj cosC  dk eku Kkr dhft,A

gy %   

2 2 2
b c a

cos A
2bc

+ −
=  

9 16 4 21 7

2 3 4 24 8

+ −
= = =

× ×

2 2 2
c a b 16 4 9 11

cos B
2ac 2 4 2 16

+ − + −
= = =

× ×

 vkSj 
2 2 2

a b c 4 9 16 3 1
cos C

2ab 2 2 3 12 4

+ − + − − −
= = = =

× ×
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vkb, vH;kl djsa

    ns[ksa vkius fdruk lh[kk 5.3

1. ;fn a 3, b 4= =  vkSj c 5=  gks] rks cosA, cosB  rFkk cosC  dk eku Kkr dhft,A

2. ,d f=kHkqt dh Hkqtk,¡ Øe'k% 7 lseh] 4 3  lseh] rFkk 13 lseh gSA f=kHkqt osQ lcls NksVs

dks.k dk eki Kkr dhft,A

3. ;fn a : b : c = 7 : 8 : 9, rks fl¼ dhft, fd cos A : cos B : cosC 14 :11: 6=

4. ;fn ,d f=kHkqt dh Hkqtk,¡ Øe'k% 2
x x 1+ + , 2x 1+  vkSj 2

x 1−  gSa] rks fl¼ dhft, fd

f=kHkqt dk lcls cM+k dks.k 
2

3

π

 gSA

5. ,d f=kHkqt esa] bcosA a cosB,=  fl¼ dhft, fd f=kHkqt lef¼ckgq f=kHkqt gSA

6. iz{ksi&lw=k ls lkbu&lw=k dks O;qRiUu (deduce) dhft,A

fuEu lw=kksa dh lgk;rk ls ,d f=kHkqt osQ vKkr vo;oksa dks Kku dj ikuk lEHko gS ;fn f=kHkqt osQ
vuq:i vo;o fn, gq, gksaA

T;k lw=k

(i)
a b c

sin A sin B sin C
= =

dksT;k lw=k

(ii)

2 2 2
b c a

cos A
2bc

+ −
= , 

2 2 2
c a b

cos B
2ac

+ −
= , 

2 2 2
a b c

cosC
2ab

+ −
=

iz{ksi lw=k
a b cos C c cos B= + , b ccos A a cos C= + , c a cos B b cos A= +

� www.mathopenref.com/trianglesideangle.html

� http://en.wikipedia.org/wiki/Solution_of_triangles

� www.themathpage.com/abookI/propI-18-19.htm

,d f=kHkqt ABC esa] fuEufyf[kr dks fl¼ dhft, (1-10)

1. ( ) ( ) ( )a sin B C b sin C A c sin A B 0− + − + − =

C

A1

% + vkb;s nksgjk,¡

lgk;d osclkbV
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  f=kHkqt dh Hkqtkvksa ,oa dks.kksa esa laca/

xf.kr

ekWM~;wy - I

leqPp;]
laca/ ,oa
iQyu

fVIi.kh

2. a cos A b cos B c cos C 2a sin Bsin C+ + =

3.

2 2 2 2 2 2

2 2 2

b c c a a b
sin 2A sin 2B sin 2C 0

a b c

− − −
⋅ + ⋅ + ⋅ =

4.
( )

( )

2 2

2 2

c a 1 cos B cos C A

1 cos A cos B Cb c

+ + −
=

+ −+

5.
c b cos A cos B

b c cos A cos C

−
=

−

6.
a b cos C sin C

c b cos A sin A

−
=

−

7. ( )
A B C

a b c tan tan 2c cot
2 2 2

 
+ + + =  

8.
A B a b C

sin cos
2 c 2

− −
=

9. (i) ( )b cos B ccos C a cos B C+ = −

(ii) ( )a cos A b cos B c cos A B+ = −

10. ( ) ( )
2 22 2 2B B

b c a cos c a sin
2 2

= − + +

11. ,d f=kHkqt esa ;fn 
A 1

b 5, c 6, tan
2 2

= = =  gks] rks fl¼ dhft, fd a 41= .

12. ABC∆  esa fl¼ dhft, fd 
cos A b a cos C

cos B a b cos C

−
=

−

ns[ksa vkius fdruk lh[kk 5.3

1.
4

cos A
5

= , 
3

cos B
5

= , cosC ='kwU;

2. f=kHkqt dk lcls NksVk dks.k 
6

π

 gSA

mÙkjekyk


