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i Chairman’s Message

Dear learner,

As the needs of the society in general, and some groups in particular, keep on
changing with time, the methods and techniques required for fulfilling those
aspirations also have to be modified accordingly. Education is an instrument of
change. The right type of education at right time can bring about positivity in the
outlook of society, attitudinal changes to face the new/fresh challenges and the
courage to face difficult situations.

This can be very effectively achieved by regular periodic curriculum renewal. A
static curriculum does not serve any purpose, as it does not cater to the current
needs and aspirations of the individual and society.

For this purpose only, educationists from all over the country come together at
regular intervals to deliberate on the issues of changes needed and required. As
an outcome of such deliberations, the National Curriculum Framework (NCF 2005)
came out, which spells out in detail the type of education desirable/needed at
various levels of education — primary, elementary, secondary or senior secondary?

Keeping this framework and other national and societal concerns in mind, we
have currently revised the curriculum of Mathematics course at senior secondary
level, as per the Common Core Curriculum provided by National Council of
Educational Research and Traning (NCERT) and the Council of Boards of School
Education in India (COBSE) making it current and need based. Textual material
productionisanintegral and essential part of all NIOSprogrammes offered through
open and distance learning system. Therefore, we have taken special care to make
the learning material user friendly, interesting and attractive for you.

| would like to thank all the eminent persons involved in making this material
Interesting and relevant to your needs. | hope you will find it appealing and
absorbing.

On behalf of National Institute of Open Schooling, | wish you all a bright and
Successful future.

(Dr. S. S. Jena)
Chairman, NIOS




i A Notefromthe Director

Dear Learner,

The Academic Department at the National Institute of Open Schooling triesto bring
you new programmes every now and then in accordance with your needs and
requirements.

The Mathematics course at Senior Secondary level has now been revised as per
the Common Core Curriculum devel oped by COBSE (Council of Boards of School
Education) and NCERT (National Council for Educational Research and Training)
making it current and need based.

The National Curriculum Framework developed by the National Council for
Educational Research and Training was kept as a reference point. Leading experts
in the subject of the country were involved and with their active involvement, study
materials based on the new curriculum have been updated.

Old, outdated information has been removed and new, relevant things have been
added.

| am happy to place this new revised study material in Senior Secondary
Mathematics in your hand. | hope you will find the new material that is now in
your hands interesting and exciting. Any suggestions for further improvement are
welcome.

Let me wish you all a happy and successful future.

(Dr. Kuldeep Agarwal)
Director (Academic), NIOS




| etter to Learner

Dear Learner,

| welcome all of you to the Senior Secondary course in Mathematics. It gives me a great
pleasure that you have opted for Mathematics as one of your subjects of study. Sudy of
Mathematics contributesto the devel opment of precision, rational and analytical thinking,
reasoning and scientific temper. These qualities, no doubt, are essential for successin life,
whatever career you choose. Mathematics is important fields in many professions like-
Engineering, Architecture, Satisticians, Commerce and Accountancy related profession,
Econometrics etc.

The present curriculumin Mathematics has been divided into two Parts.

Part-1 contains 19 Lessons under five modules. These modules are Sets, Relations and
Functions; Sequences and Series; Algebra-1; Co-ordinate Geometry; and Satistics &
Probability. Smilarly Part-2 contains 19 Lessons from five modules. These modules are
Algebra-I1; Relationsand Functions; Calculus; Vectorsand Three Dimensional Geometry;
and Linear Programming & Mathematical Reasoning.

All efforts have been made to give related illustrations and examples for your better
understanding. You should go through all solved examples and try to solve all problems
under “Check Your Progress” and “Terminal Exercise” independently given at the end
of each lesson.

If you face any difficulty, please do not hesitate to write to me. Your suggestions and
doubts are most welcome.

Wish you a bright future.

Yours,

Dr. Rajendra Kumar Nayak

Academic Officer (Mathematics), NIOS
aomaths@nios.ac.in




MATHEMATICSININDIA

Matheméticsisconsderedto beasystemof logic. Itisthesubject of systematic study of quantitetive
phenomenaaround us. Itisbased on certain logical connotation of numbersand integral part of
human civilisation. Mathematicsisacrestive activity and isone of themost useful, fascinating
and stimulating divisionsof human knowledge. It isaprocess of managing and communicating
information and hasthe power to predict and provide sol utionsto practica problemsaswell as
enabling theindividual to create new imaginativeworldsto explore. We use Mathematicsin
everyday life, inscience, inindustry, in businessand in our freetime. Mathematicseducationis
concerned with theacquisition, understanding and application of skills. Mathematical literacy is
of central importancein providing thelearner with the necessary skillstoliveafull lifeasachild
and later asan adult. Soci ety needs people who can think and communi cate quantitatively and
who can recogni ze Situationswhere M athemati cs can be applied to solve problems. It isnecessary
to make sense of data encountered in the media, to be competent in terms of vocational

mathematical literacy and to use appropriate technol ogy to support such applications.

Theearliest traces of Mathematical knowledgein the Indian subcontinent appear right fromthe

ancient period. Thethreemain contributionsinthefield of M athemati cswerethenotation system,
the decimal system and the use of zero. Aryabhata worked on the place value system using
|ettersto Sgnify numbers. The most significant contribution of Indian Mathematicianswerethe
introduction of zero (0) to the Mathematics, which is understood as “nothing”. The concept itself
wasoneof themost significant inventionsin the ascent of humansfor the growth of cultureand
cavilization. Brahmaguptaintroduced negativenumbersand operationson zerointo Mathematics.
Hewrote Brahm, Sputa Siddantikathrough which Arabs cameto know them the M athematical
system. Bhaskar achar ya otherwiseknown as Bhaskara-11 was one of the most powerful and
creative mathematicians of ancient India. He contributed theideaof infinity, negative numbers
and Zerorulesinthefield of Mathematics.

Baudhayan wasthefirst one ever to arrive at several conceptsin Mathematics, which were
|ater rediscovered by thewesternworld. Thevaueof Pi (p ) wasfirst calculated by him. Pythagoras

theorem is already found in Baudhayan’s Sulvasutra, which was written several years before the
age of Pythagoras. M ahavir aacharya another prominent M athematician in Indiacontributed
on trigonometric functions and cubic equations. He described Fraction, algebraic equations,
logarithmsand exponentsinavery interesting manner. Sridhar another highly esteemed Indian
M athemati cian who has contributed to the sol ution quadrati c equation.

Astronomy istheapplied Mathemati csthat used Mathematical equationsto describetheuniverse
or to predict various aspects of the universe. Mathematicsisand always has been of central
importance to astronomy. In ancient India, Nagarjuna a famous astronomer as well as
mathematician used different equations of M athematicsto describe motion of starsand planets.
Varahamihirawasan Indian astrologer whose main work was on mathematical astronomy. He
discovered a version of Pascal’s triangle and worked on magic square much before Pascal’s
period. Hewasa so aware of gravity over amillennium before Newton.




During modern period, Srinivasa Ramanujan was one of India’s greatest Mathematical geniuses.
Ramanujan’s contribution was mostly on Number theory and he had obtained over mastery the
number 1729. Ramanujan discovered that 1729isthesmallest number which could berepresented
in two different ways as a sum of two cubes. After that,1729 has been called “Ramanujan-Hardy
number”. Shakuntala Devi isaworld renowned Indian M athematician. She hasbeen nicknamed
‘Human Computer” because of her innate ability to solve complex mathematical problems without
usingany kind of aid.

The main goal of Mathematics education in schools is the Mathematisation of the child’s thinking.
Clarity of thought and pursuing assumptionstological conclusonsiscentra totheMathematica
enterprise. Therearemany ways of thinking, and thekind of thinking onelearnsin Mathematics
isan ability to handleabstractions, and an approach to problem solving. The procedurd knowledge
I.e. to solve problemsfor getting answersonly isnot enough. At the Senior Secondary stageone
needsto devel op both procedural aswell as conceptual knowledgefor better understanding of
Mathematics. Successin Mathematicsrequiresmorethan just computationd skills. It dsorequires
the ability to apply Mathematicsin solving problems, to moreinformation from avariety of
sources. Senior Secondary stageisthelaunching pad from which thelearner isguided towards
career choices, whether learnersaspirein university education or otherwise. By thistime, the
learners’ interests and aptitude have been largely determined, and Mathematics education in
thesetwo years can help in sharpening their abilities.

Many university degreesrequire Mathematics asapre requirement. Learnerswho choosenot to
take Mathematicsserioudly or to ignoreit in secondary and senior secondary level forfeit many
future career opportunitiesthat they could have. They essentially turn their backs on morethan
half the job market. The importance of mathematics for potential careers cannot be over
emphasized. To get degreesin thefollowing aressi.e. the Physical Sciences(Chemistry, Physics,
Enginearing), thelifeand heath sciences (Biol ogy, Psychol ogy, Pharmacy, Nursing, Optometry),
Social Sciences, including Anthropol ogy, Communications, Economics, Linguists, Education,
Geography the Tech Sciences, like Computer Science, Networking, Software devel opment,
Businessand Commerce Medicine, Actuaria science, used by insurance companies, one need
to have good knowledge of Mathematics and Statistics. Learning Mathematics at Senior
Secondary stage helpsto chooseacareer in several areas. The diagram bel ow depi cts some of
thesefidds.

Maths
Accountancy Teacher/
Lecturer

Statistician

Actuary /

Banking Insurance

M athematics

Careers :
: Operational
Computing 3 cher

Other Careers

Engineering E.g. Sales/HR/ Postgraduate
M athematics Administration Study




i Howto Usethe Study Materials

You should notethat taking admission inthe National Institute of Open Schooling (NIOS), you
have entered inasystem where studying isdifferent thaninaformal schoal.

You Area Sdlf Learner Now

Inaschool, ateacher isalways availableto take classes, clarify doubts, guide and encourage.
Thereyou a so must be discussing with your peer-group, going to thelibrary, doing practicals,
participatein co-curricular activities, watching educationa TV, Radio programmesetc. All this
was a so contributing to your learning.

However, intheNIOS, thereisno teacher availableand you haveto learn on your own, It means
that you have become a self-learner. Responsibilities of aself-learner are much morethan a
normal learner whois dependent on ateacher; but at the sametimeitisalso chalenging. Hereit
issolely you, who isresponsiblefor your learning. It meansthat you haveto organizeyour studly,
learn regularly, keep up your motivation and achieve your goal.

Understanding Your LearningMaterial

TheNIOSwill help you by providing learning material, part of whichisinyour handsat this
moment. We call them |learning material s becausethese are different from the textbooksyou
haveread in your schools. Herethetextbooks and theteachers have been put together. You will
find that the contents, concepts and topics have been explained herein away theteacher doesin
aclassroom. Youwill also find examplesand illustrationsto hel p you understand the things
properly.

Thisisthereason youwill find them bulky, but | et thisshall not frighten you. Youwill find afew
sectionsin your lessons. Let usknow the purpose of these:

Introduction: It introducesthetopicto you.

C Objectives: Hereyouwill find thelist of objectives, which you shall achieve after
L@ learning thelesson. You can actualy check whether or not you have achieved these

because these are presented in measurableterms.

N Check Your Progress: Thesewill appear after every section of thelesson. They will
contain objective, very short answer, short answer and long answer type questions

based on each lesson. Thiswill hel p you to find whether you havelearnt the section or
not. Your will find the key to these questions at the end of thelesson. If you areable
to answer thequestions, then you can proceed further otherwiseyou should learnthe

sectionagain.
750 L et usSum up: Hereyou will find the summary of the main conceptsof thelesson
#| - forrecapitulationand revision.
° Terminal Exercise: Here short answer and long answer type questionsare givento
qi] hel pyou enhanceyour learning and giveyou an opportunity to practicefor examination.
A Answers. Answers of all “Check Your Progress” and “Terminal Exercise” are given
@ at theend of eachlesson. Somehintsarea so givenin case of difficult questions.

Apart fromthelearning materia, you will also get, samplepapers, previousyear
question papers, etc., for helpinyour studiesand for practicefor examination.




Per sonal Contact Programmes

A few sessiong/ classeswould be provided to you at the center. You should, however, notethat
those are not meant for teaching you asit happensin anormal school. Hereyou will havean
opportunity to clarify your doubts, solve your problemsand get guidance and advice on your
study. So goto theclasseswell prepared to get maximum benefit.

Useof Audioand Video Programmes

NIOS hasd so devel oped afew audio and video programmes, which will bevery interesting for
you andwill help youinyour studies. You can take copies of thisfrom your Center.

Planningand Organizing Your Study
Let mea so giveyou sometipsfor planning and organizing your studly.

First of al, you need to understand that thereis no substitute for hard work. Harder you work
better you achieve. Also, thereareno short cutsto success. If someone has given you assurance
of helping you in passing, then that will not work astherewill be strict checkingand vigilancein
theexam. Evenif you areableto get through somehow, you will not gain any learning. Soin order
to succeed inan honest way and get benefit of your learninginyour life, you need to learn.

Asyou must have understood by now, the NIOS providesal ot of freedom and flexibilitiesin
your study. For example, thereisno need to takeexamination in all the subjectssmultaneoudly.
So, first of dl, think about thetime availablewith you and decide whether youwishto study all
the subjectstogether or you wish to learn them one after the other. Just gamblinginall the
subjectswill bring you to asituation whereyou will not be able concentrate on any subject.

Now fix up atime for study, evening, morning or daytime whichever is convenient Draw a
timetablegiving justified timeto the subjectsyou havetaken up for study and follow thisasfar as
possible. Whileyou study, underlinethe conceptsyou fee areimportant. You should study from
NIOSIearning material. In addition you may read other-books, if you havetime. However, for
your purpose, thismateria will besufficient. Kegp acopy each for thesubjectsyou are preparing.
Notedown the pointsyou did not understand. Discussthesewithyour parents, friendsor teachers
at the centres.

Solveall theexercises, and practice exercises of each module appearinginthematerial. This
will not only help you inlearning, but also provide practicefor your examination. You may aso
like to solve sample papers and previous years’ question papers. Show your answers to your
parentsand friendsand discusswith them.

Thesewereafew hintsto help you. You may find some other techni queswhich may work
better with you. Follow those, if youlike. | am sureyou will be successful in your endeavor.




CourseQOverview

Part-1: [For Tutor Marked Assignment]

Module-1: Sets, Relationsand Functions

1 Sets

2. Relationsand Functions|

3. Trigonometric Functions

4. Trigonometric Functions-1|

5. Relation between Sidesand Anglesof A triangle
Module- I1: Sequencesand Series

6. Sequencesand Series

7. Some Specia Sequences

Module-l11: Algebra-l

8. Complex Numbers

0. Quadratic Equationsand Linear inequalities
10. Principleof Mathematical Induction

1. Permutationsand Combinations

12. Binomid Theorem

Module-1V: Co-ordinate Geometry

13. Cartesian System of Rectangular Co-ordinates
14. Straight Lines

15. Circles

16. Conic Sections

Module-V: Satisticsand Probability

17. Measuresof Dispersion

18. Random Experimentsand Events

19. Probability

IMPORTANT NOTE: All contentsof Part-1 will be assessed/examined through Tutor Marked
Assignment (TMA). TMA iscompulsory and contains 20% marks asweightage. The Marks/
Gradesof TMA will bereflected inthemark sheet.




Part-2: [For Public Examination]
Module-VI: Algebra-l1

20. Matrices

21. Determinants

22. Inverseof aMatrix and itsApplications
Module-VIl: Relationsand Functions

23. Relationsand Functions-1|

24. Inverse Trigonometric Functions

Module-VIII: Calculus

25. Limitsand Continuity

26. Differentiation

27. Differentiation of Trigonometricfunctions

28. Differentiation of Exponential and Logarithmicfunctions
29. Application of Derivatives

30. Integretion

31 Definitelntegrals

32. Differentid Equations

Module-IX: Vectorsand Three Dimensional Geometry
33. Introductionto Three Dimentiona Geometry

34. Vectors

35. Pane

36. StraghtLine

Module-X: Linear Programmingand Mathematical Reasoning
37. Linear Programming

38. Mathemeatical Reasoning

IMPORTANT NOTE: All Contentsof Part-2 will be assessed/examined through Public/Final
Examination. Public Examinationiscompulsory and contains 80% marks asweightage.
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CURRICULUM OF SENIOR SECONDARY COURSE

INMATHEMATICS (311)

1. RATIONALE

Mathematics is an important discipline of learning at the Senior Secondary stage. It helps the learner in
acquiring decision making ability through its applications to real life both in familiar and unfamiliar situations.
It predominantly contributes to the development of precision, rational reasoning and analytical thinking. In
the Senior Secondary stage is most crucial where learners for the first time move towards diversification.
At this stage, the learners start thinking to take important decisions concerning their future career by
choosing suitable courses. It is the stage, from where learners would either go for higher academic education
in Mathematics or for Professional courses or it may be the end of their academic career. One of the basic
aims of learning Mathematics at Senior Secondary level is to be developed problem solving skills and
quantificational experiences around the learners. It includes a way of doing things, and the ability and
attitude to formulate and solve problems (NCF, 2005). The idea is to allow the learner to realize how and
why Mathematics isallaround us. Inview of these facts, it is important to make Mathematics Education at
this level broad based and meaningful. The revised curriculum in Mathematics has been designed to meet
the needs of diversity of learners. The contents and design ofthe revised curriculum broadly based on the
common curriculum suggested by Council of Boards of School Education in India (COBSE). In order to
relate Mathematics to real life and work situations of NI1OS learners, greater emphasis has been put on
applications of various concepts.

2. OBJECTIVES

The main objectives of learning Mathematics at Senior Secondary level are to enables the learners to:

o acquire knowledge and understanding of basic concepts, facts, principles, terms, symbols and
processes of Mathematics.

o acquire the skills of quantification of experiences around them and make linkage with their life.

o articulate logically and use the same to prove results.

o convert the word problems in the mathematical forms and solve them.

. introduce learners to different ways of processing the given data and help them in arriving at
conclusions

o provide learners with an appreciation of the wide variety of application of Mathematics and equip
them with the basic device that enable such application

o develop appreciation for the influence and exquisiteness of Mathematics for its applications in
Science, Commerce, Economics and daily life

o apply mathematical knowledge and skills to solve variety problems.

. develop positive attitude towards Mathematics and its application.

3. COURSE STRUCTURE:

The present curriculum in Mathematics has been distributed into two parts and ten modules. Part-1 consists
of five modules namely as: Sets; Relation and Function; Sequences and Series; Algebra-1; Co-ordinate
Geometry; Statistics and Probability. Similarly five modules are inside the Part-2 namely as: Algebra-11;
Relations and Functions; Calculus; Vectors and Three Dimensional Geometry; Linear Programming and
Mathematical Reasoning. Each module has been divided further into different lessons.

The number of Lesson and suggested study time allotted for each module is as follows:

“ Mathematics (311)



NIOS Curriculum for Senior Secondary Course

Part-1

Module/ Lesson No. of Lessons Study Time (in hours)
Module-1: Sets, Relations and Functions 05 30
1. Sets

2. Relations and Functions-I

3. Trigonometric Functions-I

14. Trigonometric Functions-I1

5. Relation between Sides and Angles of a Triangle

Module- 11: Sequences and Series 02 15

6. Sequences and Series
7. Some Special Sequences

Module -111: Algebra-1 05 30

8. Complex Numbers

9. Quadratic Equations and Linear Inequalities
10. Principle of Mathematical Induction

11. Permutations and Combinations

12. Binomial Theorem

Module-1V: Co-ordinate Geometry 04 30

13 Cartesian System of Rectangular Co-ordinates
14 Straight Lines

15 Circles

16 Conic Sections

Module-V: Statistics and Probability 03 15

17 Measures of Dispersion
18.Random Experiments and Events
19.Probability

Total 19 120

Mathematics (311)



NIOS Curriculum for Senior Secondary Course

Part-2

Module/ Lesson No. of Lessons Study Time (in hours)
Module-VI: Algebra-11 03 30
20. Matrices

21. Determinants
22. Inverse of a Matrix and its Applications

Module-VII: Relations and Functions 02 30

23. Relationand Functions-II
24. Inverse Trigonometric Functions

Module-VI1I1: Calculus 08 60

25. Limitsand Continuity

26. Differentiation

27. Differentiation of Trigonometric Functions

28. Differentiation of Exponential and Logarithmic Functions
29. Application of Derivatives

30. Integration

31.Definite Integrals

32. Differential Equations

Module-1X: Vectors and Three Dimensional Geometry 04 30

33. Introduction to Three Dimensional Geometry
34. \ectors

35. Plane

36. Straight Line

Module-X: Linear Programming and Mathematical Reasoning 02 30

37. Linear Programming
38. Mathematical Reasoning

Total 19 180

Mathematics (311)




NIOS Curriculum for Senior Secondary Course

4. COURSE DESCRIPTION

Module | : Sets, Relation and Function.

Lesson 1 : Sets

Sets and their representations, Classification of Sets, Sub- sets, Intervals as subsets of real numbers,
Power Set , Universal set, Venn Diagram, Difference of sets, Complement of a set and its properties,
Union and Intersection of sets,

Lesson 2 : Relations and Functions -1

Cartesian product of two sets, Cartesion product of the reals with itself, Definition of relation, Domain,
Co-domin and range of a relation, Definition of a Function, Domain and Co-domain and Range of a
Function, Graphical representation of a function, some special functions, sum, difference, product and quo
tient of functions.

Lesson 3 : Trigonometric Functions -1

Circular measure of angle, Trigonometric functions, Trigonometric functions of some specific real numbers,
Graphs of Trigonometric functions, Periodicity of the Trigonometric functions,

Lesson 4 : Trigonomertic Functions-11

Addition and Multiplication of Trigonometric Functions, Trans formation of products into sums and vice
versa, Trigonometric functions of multiples and submultiples of angles, Trigonometric Equations,

Lesson 5 : Relation between sides and Angles of a Triangle
Sine formula, Cosine formula, Projection formula, Simple applications of sine and cosine formula

Module-11 : Sequences and Series

Lesson 6 : Sequences and Series

Sequences, Arithmetic Progression, Arithmetic Mean, Gemetric Progression, General terms of A.P and
G.P,, sumofnterms ofaA.P. and G.P. Infinite G.P. and its sum, Geometric Mean, relation between A.M.
and G.M.

Lesson 7 : Some Special Sequences

Series, sum of n terms of the special series: Y"n, > n?and ¥ n®

Module-111 : Algebra-I

Lesson 8 : Complex Numbers

Understanding complex numbers, Powers of i, Congugate of a comolex number, Geometrical representation
of a Complex number, Modulus of a Complex number, Equality of a Complex number, Addition and
substraction of complex numbers, Polar representation and Argument of a Complex Number; Multiplication
and Division of two Complex numbers, Square Root of a Complex number.

Lesson 9 : Quadratic Equations and Linear Inequalities

Roots of a Quadratic Equation, Solution of Quadratic Equation by factorization and by quadratic formula;
Relation between roots and cofficients of a Quadratic equation, Fundamental theorem of algebra; Linear
inequalities, Algebraic solutions of linear inequalities in one variable and their representation on number
line. Graphical solution of linear inequalities in two Variables. Solution of system of linear inequalities in
two variables-graphically.

Mathematics (311)




NIOS Curriculum for Senior Secondary Course

Lesson 10 : Principle of Mathematical Induction

Understanding Statement, Principle of Mathematical induction and simple applications.

Lesson 11 : Permutations and Combinations

Fundamental Principle of Counting , Factorial n ( nlor |ﬂ ) ; Permutations and Combinations, derivations
of formulae and their connections, simple applications;

Lesson 12 : Bionomial Theorem

Binomial theorem for a natural exponent; General and middle term in a binomial expansion, simple
Applications.

Module 1V : Co-ordinate Geometry

Lesson 13 : Cartesian System of Rectangular Co- ordinates

Rectangular Co-rdinate axes, Distance between two points, Section formula, Area ofa triangle, Condition
for collinearity of Three points, Inclination and Slope of a line, slope of a line joining two distinct points,
conditions for Parallelism and Perpendicularity of lines, Intercepts made by a line on axes, Angle between
two lines, shifting of origin.

Lesson 14 : Straight Lines

Straight line paralled to an axis, Straight line in various stranderd forms, General equation of first degree in
two variables, distance of a given point froma given line, Equation of Parallel or Perpendicular lines,
Equation of family of lines passing through the point of intersection of two lines.

Lesson 15 : Circles

Defining Circle, Equation of a Circle in Standard form, General equation of a circle.
Lesson 16 : Conic Sections

Sections of a cone, Ellipse, parabola, hyperbola, Rectangular Hyperbola,

Standar equations and simple properties of parabola, ellipse and hyperbola

Module V : Statistics and Probability

Lesson 17 : Measures of Dispersion

Understanding dispersion, Measure of dispersion, Mean Deviation, Variance and Standard Deviation of
ungrouped / grouped data, Analysis of frequency distributions with equal means but different variances.

Lesson 18 : Random Experiments and Events

Random experiments: out comes, sample space, Events: occurrence of events, ‘not, ‘and’ & “‘or’events,
exclusive events mutrally exclusive events, Independent and dependent events, equally likely events

Lesson 19 : Probability
Events and their probability, Calculation of probability - using Permutation and Combination, complement
of an event, addition and multiplication law of Porbability, Conditional probability, independent events, law

of probability. Baye’s theorem, Random variable. and its probability distribution, Mean and variance of
random varianle, Bernoulli trials and Binomial distribution.
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Module-VI : Algebra-11

Lesson : 20 Matrices

Matrices ann their representations; order, equality and types of matrices, Zero matrix, Transpose of a
matrix, Symmetric and Skew-symmetric matrices, Addition, substraction, Multiplication and Scalar
multiplication of matrices, Simple properties of addition, subtration, multiplication and scalar Multiplication,
Invertible matrices, Elementry operations, Inverse of a matrix by Elementary operations.

Lesson 21 : Determinants

Determinants of a square matrix (upto 3 x 3 matrices), Properties of Determinants, Minors, Cofactors,
Evaluation of a determinants using properties, Application of determinants.

Lesson 22 : Inverse of a Matrix and Its Applications

Singular and Non - singular matrix, Adjoint and Inverse of a matrix, solution of a system of linear equations,

criterian for consistency of a system of equations, Solving system of linear equations in two or three
variables (having unique solution) using inverse of a matrix

Module VII : Relations and Functions

Lesson 23 : Relations and Functions-11

Understanding relation, Typs of relation, Equivalance relation, Ont to One and Onto functions, Composition
of functions, Inverse of a function, Binary operations,

Lesson 24 : Inverse Trigonometric Functions

Definition, Range, Domain, Principle value branches, Graph of inverse trigonometric functions, Elementery
properties of Inverse trigonometric functions.

Module VIII : Calculus

lesson 25 : Limit and Continuity

Limit of a function, Left hand and right hand Limits, Basic theorems of Limits, limit of some important
functions, Continuity of a function at a point, Properties of continious functions,

Lesson 26 : Differentiation

d

Derivative of a function, velocity as limit, Geometrical interpretation of ——, derivative of constant function,

dx

derivative of a function from first principle, Algebra of derivatives, derivatives of sum and difference of
functions, and Product of functions, Quotient rule, chain rule

Lesson 27 : Differentiation of Trigonometric Functions

Derivative of Trigonometric Functions. Derivatives of Inverse Trigonometric Functions, Second Order
derivatives.

Lesson 28 : Differentiation of Exponential and Logarithmic Functions

Derivatives of Exponential and Logarithmic functions, Second order derivatives. Derivative of Parametric
functions, Second order derivative of Parametric functions, Rolle’s theorem

Mathematics (311)
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Lesson 29 : Application of Derivatives

Rate of change of quantities, Approximations, Slope of Tangent and Normal, Equation of Tangent and
Normal to a curve, Mathematical formulation of Rolle’s theorem, Langrange’s mean value theorem, Increasing
and Decreasing functions, relation between the sign of the derivative and Monotonicity of function, Maximum
and minimum values of a function, conditions for maximum and minimum; Use of second derivative for
determination of maximumand minimum values of a function, Application of Maxima and Minima,

Lesson 30 : Integration
Integration as inverse of differentiation, Properties of integrals, Techniques of integration, Integration by

parts, integration of the form J e* [ f(x)+ f*( X)]dX, integration by using partial fractions,

Lesson 31 : Definite Integrals

Definite integral as a limit of sum, evaluation of definite integral by subsitution, Basic properties of definite
integrals, Application of integration,

Lesson 32 : Differential Equations

Definition, Order and Degree, Linear and Non-linear differential equations, Formations of differential
equations, General and Particular solution of a differential equation. Techniques of solving a differential
equation.

Module I X : Vectors and Three Dimensional Geometry

Lesson 33 : Introduction to Three Dimensional Geometry

Coordinate systemand coordinates of a point on space, Distance between two points, coordinates of a
point of division of a line segment.

Lesson 34 : Vectors

Scalars and Vectors, Vector as a directed line segment, Classification of vectors, addition of vectors,
position vector ofa point, Negative of a vector, Components of a vector, multiplication of a vector by a
scalar, Co-planarity of vectors, resolution of a vector, section formula. Direction cosine and ratios of a
vector. Scalar and vector product of vectors, Scalar Tripple Product.

Lesson 35 : Plane

\ector equation of a Plane, Equation of a plane in normal form, conversion of vector form into cartesian
form, equation of a plane passing through a given point and perpendicular to a given vector, equation of
plane passing through three non-collinear points, equation of plane in the intercept form. Angle between
two planes, distane of a point from plane,

Lesson 36 : Straight Line

\ector equation of a line, Reduction of the equations of a line in to symmetric form, Perpendicular distance
of a point from a line, angle between a line and a plane, condition of coplanarity of two lines.

Module X : Linear Programming & Mathematical Reasoning

Lesson 37 : Linear Programming

Introduction , definition of various terms involved in Linear Programming, Formulation of Linear Programming
Problem, Geometric approach of linear programming Problem, Solution of Linear Programming Problems,

Lesson 38 : Mathematical Reasoning

Mathematically acceptable statements, connecting words/ phrases Consolidating the understanding of “if
and only if” (necessary and sufficient) condition, “Implies” ,”and/or,” “implied by” “and”,“or”, “there exists”
and their use through variety of example related to real life and Mathematics, Validating the statements
involving the connecting words - difference between contradiction, Converse and Contrapositive.
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S. SCHEME OF STUDY

The course in Mathematics provides you with package of learning opportunities which comprise of:

o Printed Self Learning Material (SLM) intwo parts i.e. Part-1 and Part-2.
o Supplementary Materials in the form of Audio and Video Programmes.
o Video tutorials in Mathematics available on the N1OS website (www.nios.ac.in) aswell as YouTube.

The links of these tutorials have been mentioned within the SLM in the concerned lesson.

o 30 Personal Contact Programme (PCP) sessions at your study centre. Please contact your study
centre for the PCP schedule

o Apart from Face-to-Face Personal Contact Programme (PCP) at your study centre, live Personal
Contact Programmes (PCPs) through audio streaming are webcast on Mukta Vidya Vani, which
can be accessed through NIOS website (www.nios.ac.in).

6. SCHEME OF EVALUATION

The learner will be assessed through Continuous and Comprehensive Evaluation (CCE) in the
form of Tutor Marked Assignment (TMA) as well as Public Examination. The following table
shows the details:

Mode of Evaluation Syllabus/Contents Duration Weightage
Tutor Marked Assignment All Contents under Self Paced 20%
(TMA) SLM Part-1
Public/Final Examination All Contents under 3 Hours 80%

SLM Part-2
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SETS

Let us consider the following situation : One day Mrs. and Mr. Mehta went to the market. Mr.
Mehta purchased the following objects/items. "a toy, one kg sweets and a magazine™. Where as
Mrs. Mehta purchased the following objects/items. "Lady fingers, Potatoes and Tomatoes".

In both the examples, objects in each collection are well defined. What can you say about the
collection of students who speak the truth ? Is it well defined? Perhaps not. Aset is a collection
of well defined objects. For a collection to be aset it is necessary that it should be well defined.

The word well defined was used by the German Mathematician George Cantor (1845- 1918
A.D) to define a set. He is known as father of set theory. Now-a-days set theory has become
basic to most of the concepts in Mathematics. In this lesson we shall discuss some basic definitions
and operations involving sets.

pe

5

& OBJECTIVES

After studying this lesson, you will be able to :

define a set and represent the same in different forms;

define different types of sets such as, finite and infinite sets, empty set, singleton set,
equivalent sets, equal sets, sub sets and cite examples thereof;

define and cite examples of universal set, complement of a set and difference between
two sets;

define union and intersection of two sets;

represent union and intersection of two sets, universal set, complement of a set, difference
between two sets by Venn Diagram,

EXPECTED BACKGROUND KNOWLEDGE

. Number systems,

1.1 SOME STANDARD NOTATIONS

Before defining different terms of this lesson let us consider the following examples:
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(i) collection oftall students in your school. | (i) collection of those students of your school

(i) collection of honest persons in your

colony.

(i) collection of interesting books in your

school library.

(iv) collection of intelligent students in your

school.

whose height is more than 180 cm.

(i) collection of those people in your colony
who have never been found involved in any
theft case.

(i) collection of Mathematics books in your
school library.

(iv) collection of those students in your school
who have secured more than 80% marks in
annual examination.

Inall collections written on left hand side of the vertical line the termtallness, interesting, honesty,
intelligence are not well defined. Infact these notions vary from individual to individual. Hence
these collections can not be considered as sets.

While in all collections written on right hand side of the vertical line, 'height'‘more than 180 cm.’
'mathematics books' 'never been found involved in theft case,’ ' marks more than 80%' are
well defined properties. Therefore, these collections can be considered as sets.

Ifa collection is a set then each object of this collection is said to be an element of this set. A
set is usually denoted by capital letters of English alphabet and its elements are denoted by

small letters.

For example, A= {toy elephant, packet of sweets, magazines.}

Some standard notations to represent sets :

N:
W:

Z:

C:

the set of natural numbers
the set of whole numbers
the set of integers

the set of positve integers
the set of negative integers
the set of rational numbers
the set of irrational numbers
the set of real numbers

the set of complex numbers

Other frequently used symbols are :

=

& .

'belongs to'

'does not belong to'

3 : Thereexists, A : There does not exist.
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For example N is the set of natural numbers and we know that 2 is a natural number but —2 is
not a natural number. It can be written in the symbolic formas 2 N and -2 ¢ N.

1. 2 REPRESENTATION OF A SET

There are two methods to represent a set.
1.2.1 (i) Roster method (Tabular form)

Inthis method a set is represented by listing all its elements, separating them by commas and
enclosing themin curly bracket.

IfV be the set of vowels of English alphabet, it can be written in Roster formas :
V={ap¢elo0U}

(i) If Abe the set of natural numbers less than 7. then
A={1, 2, 3,4,5, 6}, is inthe Roster form.

Note : To write a set in Roster form elements are not to be repeated i.e. all elements are taken
as distinct. For example if Abe the set of letters used in the word mathematics, then

A={m,at helic,s}

1.2.2 Set-builder form

Inthis formelements of the set are not listed but these are represented by some common property.

Let V be the set of vowels of English alphabet then V can be written in the set builder form as:
V = {x: xisavowel of English alphabet}

(i) Let A be the set of natural numbers less than 7. then A={x:x ¢ Nand x <7}

Note : Symbol "' read as 'such that'

=eTglo) NN \Write the following in set -builder form:

(@ A={-3,-2,-1,0,1,2,3} (b) B={3,6,9,12}
Solution: (@) A={x:xeZand —-3<x<3}
(b) B={x:x=3nand neN,n<4}

=Tl MR \Write the following in Roster form.

@C={x:xeNand50<x<60}

(b)D= {XIXER and x? —5X+6=0}
Solution:  (a) C={50, 51, 52,53,54,55,56,57,58,59,60}

(b) x* ~5x+6=0
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=  (x=-3)(x-2)=0 =  x=3,2.

D ={2,3}

1.3 CLASSIFICATION OF SETS

1.3.1 Finite and infinite sets
Let Aand B be two sets where
A ={x:xisanatural number}
B = {x: xisastudent of your school}

As it is clear that the number of elements in set Ais not finite while number of elements in set B is
finite. Alis said to be an infinite set and B is said to be a finite set.

A set is said to be finite if its elements can be counted and it is said to be infinite if it is not
possible to count upto its last element.
1.3.2 Empty (Null) Set : Consider the following sets.

A= {XIXE R and x?2 +1:0}

B = {x: xis number which is greater than 7 and less than 5}

Set Aconsists of real numbers but there is no real number whose square is —1. Therefore this
set consists of no element. Similiarly there is no such number which is less than 5 and greater

than 7. Such a set is said to be a null (empty) set. It is denoted by the symbol ¢ or {}
A set which has no element is said to be a null/empty/void set, and is denoted by ¢ . or {}

1.3.3 Singleton Set :  Consider the following set :

A={x:xisaneven prime number}
As there is only one even prime number namely 2, so set Awill have only one element. Such a
set is said to be singleton. Here A= {2}.

A set which has only one element is known as singleton.
1.3.4 Equal and equivalent sets : Consider the following examples.

® A={123}, B={213 (i) D={123}, E={ab,c}.

In example (i) Sets Aand B have the same elements. Such sets are said to be equal sets and
it is written as A = B. In example (ii) sets D and E have the same number of elements but
elements are different. Such sets are said to be equivalent sets and are writtenas A ~ B.

Two sets Aand B are said to be equivalent sets if they have same number of elements but they
are said to be equal if they have not only the same number of elements but elements are also the
same.

1.3.5 Disjoint Sets : Two sets are said to be disjoint if they do not have any common element.
For example,setsA={1,3,5} and B={2,4,6 } are disjoint sets.

MATHEMATICS



SEnlo] N Giventhat A={2,4}and B ={x: xisa solution of x2+6x+8=0}

Are Aand B disjoint sets ?
Solution : Ifwe solve x2 + 6x + 8=0,we get
x=—-4,-2. - B={-4,-2}and A={24]
Clearly ,A and B are disjoint sets as they do not have any common element.
If A={x:xisavowel of English alphabet}
and B={y:yeNand y<5} Is (i) A=B (i) AxB ?

Solution: A={a, e, i,0,u}, b={1,2,3,4,5}.
Each set is having five elements but elements are different

A = B but AxB.

= Elo] MBS \Which of the following sets

A={x:xisapointonaline}, B={y:y e Nandy < 50} are finite or infinite ?

Solution : As the number of points on a line is uncountable (cannot be counted) so Ais an
infinite set while the number of natural numbers upto fifty can be counted so B is a finite set.

2Elo] MBON  \Which of the following sets

A= {x:xis irrational and x2 —1:0}-
B={x:xezand —2<x <2} areempty?

Solution : Set A consists of those irrational numbers which satisfy x2 — 1= 0. If we solve
x2 —1=0 weget x = +1. Clearly +1are not irrational numbers. Therefore A is an empty set.

ButB={-2,-1, 0,1, 2}.Bisnotanemptysetas it has five elements.

S'Elo CHWA \Which of the following sets are singleton ?

A={x:x eZand x-2=0} B={y:yeR and y2-2=0}.

Solution : Set Acontains those integers which are the solutionof x —2=0 orx=2. .. A= {2} .
= Aisasingleton set.

B is a set of those real numbers which are solutions of y2 —2=00ry= +2

B = { —v/2,+/2} Thus, Bisnot asingleton set.
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N
@4 CHECK YOUR PROGRESS 1.1

1. Which of the following collections are sets ?
(i) Thecollection ofdays in a week starting with S.
(@)  The collection of natural numbers upto fifty.
(i) The collection of poems written by Tulsidas.
(v) The collection of fat students of your school.
2. Insert the appropriate symbol in blank spaces. If A= {1, 2, 3} :
(0] Lo, A @) 4. A.
3. Write each of the following sets in the Roster form :
(i) A= {x:xezand -5 < x <0}.
(i B= {x:xeR and x2-1=0}.
(i) C ={x:xisaletter of the word banana}.
(v)  D={x:xisaprime number and exact divisor of 60}.
4. Wrrite each of the following sets in the set builder form ?
(0] A={2,4,6,8,10} (i) B={3,6,9,...... o}

(i) C={2,3,5 7} (iv) D= {-2,2}
Are Aand B disjoints sets ?
5. Which of the following sets are finite and which are infinite ?
(i) Setoflineswhichare parallel to a given line.
(@)  Setofanimals on the earth.
(i)  Set of Natural numbers less than or equal to fifty.
(v) Setofpointsonacircle.
6. Which of the following are null set or singleton ?

() A={x:xeR and x is asolution of x2 +2=0}.

(i) B={x:xeZand x is asolution of x -3 =0}.

(i) C={x:xeZand x is asolution of x2-2=0}.

(v) D={x:xisastudent of your school studying in both the classes XI and XII }
7. Inthe following check whether A=Bor o ~ B

()] A ={a}, B={x:xisaneven prime number}.
(i) A={1,2, 3,4}, B={x:xisa letter of the word guava}.

(i) A={x:xisasolutionof x> -5x+6=0},B={2,3}.
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1.4 SUB- SET

Let set A be a set containing all students of your school and B be a set containing all students of
class XI1 ofthe school. In this example each element of set B is also an element of set A. Such a set

B issaid to be subset of the setA. It iswrittenas B < A
Consider D={1,23,4,..... LE={...-3-2,-1,0,1,2,3, ....... }
Clearly each element of set D isanelement ofsetEalso . D ¢ E

If Aand B are any two sets such that each element of the set A is an element of the set B also,
then Alis said to be a subset of B.

() Eachsetisasubsetofitselfi.e. A = A.

(i) Nullset has no element so the condition of becoming a subset is automatically satisfied.
Therefore null set is a subset of every set.

@) If A < gand g < AthenA=B.

(v) If A = Band A =B thenAis said to be a proper subset of B and B is said to be a
supersetof A.i.e. A -« BOr Bo A.

SElo] MM 1T A={X:xIisaprime number less than 5} and

B ={y: yisaneven prime number}, thenis B a proper subset of A?
Solution : It is given that

A={2,3}, B={2}.
ClearlyB< A and B = A

We write B — A and say that B is a proper subset of A.

SedtNNeR IfA={1,2 3,4}, B={2,3,4,5},isAcBorBS A?

Solution: Herele A but1¢B=A<ZB.Also 5eBhut5¢A = BZA.
Hence neither Ais a subset of B nor B is a subset of A.

SEINNON IfA={a e i0,u},B={ei0,ua}

ISA < BorB< A orboth?
Solution : Here inthe given sets each element of set Ais an element of set B also

ACB e 0]
and eachelement of set B isan element ofset Aalso. . Bc A ... (i)

From (i) and (i) A=B
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1.4.1 Number of Subsets of a Set :

Let A = {x}, then the subsets of A are ¢, A.

Note that n(A) = 1, number of subsets of A= 2 = 2!

Let A = {2, 4}, then the subsets of A are ¢, {4}, {2}, {2, 4}.

Note that n(A) = 2, number of subsets of A = 4 = 22

Let A={1, 3, 5}, then subsets of Aare ¢, {1}, {3}, {5}, {1, 3}, {1, 5}, {3, 5}, {1, 3, 5}.
Note that n(A) = 3, number of subsets of A= 8 = 23

If Ais a set with n(A) = p, then the number of subsets of A = 2P and number of proper
subsets of A = 2P —1.

Subsets of real Numbers :
We know some standard sets of numbers as-

The set of natural numbers N =412 3,4, ........... }

The set of whole numbers W ={0,1,234, .coovven... }

The set of Integers Z=4{.... ,—4,-3,-2,-1,0,1,2 3,4, ... }
The set of Rational numbers Q = {x: X :5, p,qeZandq# 0}

The set of irrational numbers denoted by I.
I={x:xeR and x ¢Q } i.e. all real numbers that are not rational

These sets are subsets of the set of real numbers. Some of the obvious relations among these
subsets are

NcWcZcQ QcR IcR, Nzl

1.4.2 INTERVALS AS SUBSETS OF REAL NUMBERS

An interval | is a subset of R such that if x, y € 1 and z is any real numbers between x and
ythenz e I.

Any real number lying between two different elements of an interval must be contained
inthe interval.

Ifa, b eR and a < b, then we have the following types of intervals :

() The set {x eR :a<x< Db} iscalled an open interval and is denoted by (a, b). On
the number line it is shown as :

—  O———
a b
() The set {x eR:a<x<b}iscalled a closed interval and is denoted by [a, b]. On

the number line it is shown as :
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a b

(i) Theset {x eR:a<x<b}isaninterval, open on left and closed onright. It is denoted
by (a, b]. On the number line it is shown as :
—Mi
a b
(v) Theset{x eR:a<x<Db}isaninterval, closed on left and open on right. It is denoted
by [a, b). On the number line it is shown as :
— Pee—)———
a b
(V) Theset {x eR : x <a} is an interval, which is dentoed by (-0, a). It is open on both
sides. On the number line it is shown as :

<€ O

a
(Vi) The set {x eR: x <a} is an interval which is denoted by (-0, a]. It is closed on the

right. On the number line it is shown as :

<€ ®

a
(vii) The set {x eR : x > a} is an interval which is denoted by (a, «). It is open on the
both sides. On the number line it is shown as :
O >
(viii) The set {x eR : x > a} is an interval which is denoted by [a, «). It is closed on left.

On the number line it is shown as :

@ >

a
First four intervals are called finite intervals and the number b —a (which is always positive)

is called the length of each of these four intervals (a, b), [a, b], (a, b] and
[a, b).

The last four intervals are called infinite intervals and length of these intervals is not defined.

1.5 POWER SET

Let  A={a, b} then, Subset of Aare ¢, {a}, {b} and {a, b}.

If we consider these subsets as elements of a new set B (say) then, B = {¢, {a},{b}.{a, b}}

B is said to be the power set of A.

Notation : Power set of a set Ais denoted by P(A).
and it is the set of all subsets of the given set.

= ETno] CHMERR \Write the power set of each of the following sets :
() A:{XZXERand x2+7:0}.

(i) B={y:yeNandl<y<3}.
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Solution :

0] ClearlyA= ¢ (Nullset), . ¢ isthe onlysubset ofgivenset, .. P(A)={¢}
(in) The set B can be writtenas {1, 2, 3}
Subsets of B are ¢, {1}, {2}, {3}, {1, 2}, {1, 3}, {2, 3}, {1, 2, 3}.

PB)=1{ ¢, {1} {2} {3}, {1, 2}, {1, 3}, {2,3}, {1, 2,3} }.

SETglo] CHVA \Write each of the following sets as intervals :

) {xeR:-1<x<2} @ {xeR:1>2x-3>0}
Solution : (i) The given set = {x eR : -1 <x < 2}
Hence, Interval of the given set = (-1, 2]
@) Thegivenset = {x eR:12>2x-32>0}

3
= {xeR:4>2x> 3}, :{XERZZZXZE}

3 3
= {X €R 155 X< 2}, Hence, Interval of the given set = [E, 2}

1.6 UNIVERSAL SET

Consider the following sets.
A ={x: xisastudent of your school}
B ={y: yisamale student of your school}
C ={z: zisafemale student of your school}
D ={a:aisastudent of class XII in your school}

Clearly the set B, C, D are all subsets of A. A can be considered as the universal set for this
particular example. Universal set is generally denoted by U. In a particular problemaset U is
said to be a universal set if all the sets in that problem are subsets of U.

() Universal set does not mean a set containing all objects of the universe.

(i) Aset which is a universal set for one problem may not be a universal set for another
problem.

=ETlo CHMER \Which of the following sets can be considered as a universal set ?

X = {x:xisareal number}

Y = {y:yisanegative integer}

Z = {z:zisanatural number}
Solution : Asitis clear that both sets Y and Z are subset of X.
. Xisthe universal set for this problem.
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1.7 VENN DIAGRAM

British mathematician John Venn (1834 — 1883 AD) introduced the concept of diagrams to
represent sets. According to him universal set is represented by the interior of a rectangle and
other sets are represented by interior of circles.

For example if U={1, 2,3, 4,5}, A={2,4}and B ={1,3}, then these sets can be represented as
§]

& O

Fig. 1.1
Diagramatical representation of sets is known as a \Venn diagram.

1.8 DIFFERENCE OF SETS
Consider the sets
A={1,2, 3,4,5}and B= {2, 4, 6}.

Anew set having those elements which are in Abut not in B is said to be the difference of sets A
and B and it is denoted byA-B. - A-B={1, 3,5}

Similiarly a set of those elements which are in B but not in Ais said to be the difference of B and
AanditisdevotedbyB — A. - B — A={6}

Ingeneral, if Aand B are two sets then
A-B={x:xeAand xgB}andB—-A= {x:xeBand xgA}
Difference of two sets can be represented using Venn diagramas :

U U
A B A B
A-B ] A-B—1 (
or
When A and B are not When A and B are
disjoint sets disjoint sets
Fig. 1.2 Fig. 1.3

1.9. COMPLEMENT OF A SET

Let X denote the universal set and Y, Z its sub sets where
X ={x: xis any member of a family}
Y ={x: xisamale member of the family}
Z ={x: xis a female member of the family}
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X =Y is aset having female members of the family.
X —Z is aset having male members of the family.
X -Y is said to be the complement of Y and is usally denoted by Y' or Y¢.
X —Z is said to be complement of Z and denoted by Z' or Zc.
If U is the universal set and A is its subset then the complement of Ais a set of those elements

which are in U but not inA. It is denoted by A" or AC.
A=U-A={x:xcUandx ¢ A}

The complement of a set can be represented using Venn diagram as :

U

AC
% or A'

Fig. 1.4

(i) Difference of two sets can be found even if none is a subset of the other but complement
of a set can be found only when the set is a subset of some universal set.

@ ¢¢=U. (i)  uc=4¢.

=SEll MM Given that

A ={x: xisaeven natural number less than or equal to 10}
and  B={x:xisanodd natural number less than or equal to 10}
Find ()A-B (i) B-A (i) isA—-B=B-A?
Solution : It is given that
A={2,4,6,8,10},B={1,3,5,7, 9}
Therefore, 0] A-B={2,4,6,8, 10}, (i) B-A={1,3,5 7,9}
(i) Clearly from (i) and (i) A—B = B-A.

SEN) MM et U be the universal set and A its subset where

U={x:xeN and x<10}

A ={y:yisaprime number less than 10}
Find (i) Ac (if) Represent Ac in'Venn diagram.
Solution : It is given

U={1,23,4,56,7,8,9, 10}.andA={2,3,5, 7}

MATHEMATICS



(i) A°=u-A={146,8,9 10}

: A | AC

Fig. 1.5

1.9.1 Properties of complement of sets

1. Complement Law’s

) AUA=U (i) An A =¢
2. De Morgan’s Law
N (AuB)=A"NnPB @M (AnB)Y=A"UDB

3. Law of double complementation (A")’ = A
4. Law of empty set and universal set i.e ¢’ = U and U’ = ¢

1. Verification of Complement Law

Let U={1,2 3, ... 10} and A= {2, 4, 6, 8, 10}

ThenA’ = {1, 3,5, 7, 9}

Now, AU A ={1, 2, 3, 4, ........... ,10}=UandAn A = ¢

Hence, AUA =UandANnA =¢

2. \Verification of De Morgan’s Law

Let U={1,2 3, .... ,9Yand A= {2,4,6,8}, B={2 35 7}

Hence, AuB=4{23475,6,7 8}

and (AuB)Y=U-(AuB)=4{1, 9} ..(2)

Now A’ =U-A={1,3,57,9and B'= U-B=4{1,4,6,8, 9}
A NB = {1, 9} (2)

From (1) and (2), (AU B)' =A"n B’

Also AnB= {2}
(AnBY=U-(AnB)={1 3,456,789 ..Q3

and A’ UB ={1, 3,4,5,6,7,8, 9} .(4)

From (3) and (4), we get (AN B)' = A" U B’
Verification of (A’) = A
Let U={1 2 3, ........... ,10}and A= {1, 2, 3,5, 7, 9}
ThenA’ =U -A={4,6,8, 10} (A)Y =U-A"={1,2,3,5,7, 9} =A
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Thus from the definition of the complement of a subset A of the universal set U it follows
that (A')' = A

Q
X CHECK YOUR PROGRESS 1.2

1.

Insert the appropriate symbol in the blank spaces, given that A={1, 3,5, 7, 9}

()] ) T A (i) {2,3,9}......... A
(i) i T A (v 10, A
Giventhat A= {a, b}, how many elements P(A) has ?

LetA={¢, {1} .{2}, {1,2}}. Which of the following is true or false ?

) {12} cA (i) deA.
Which of the following statements are true or false ?
(i) Setofallboys, is contained in the set of all students of your school.

(i)  Setofallboy students of your school, is contained in the set of all students of your
school.

(i) Setofall rectangles, is contained in the set of all quadrilaterals.

(iv) Set ofall circles having centre at origin is contained in the set of all ellipses having
centre at origin.

IfA={1,2,345},B={5,6,7} find (i)A-B (ii) B-A.

Let N be the universal set and A, B, C, D be its subsets given by
A={x:xisaevennatural number}, B ={x: X< N andx is a multiple of 3}
C={x:xeNandx >5},D={x:xeNandx < 10}

Find complements of A, B, C and D respectively.

Write the following sets in the interval form.

(@ {xeR:-8<x<3} (b) {xeR:3<2xL7}

LetU={1,23,456,7,8 9} A={1, 2, 3,4} and B = {2, 4, 6, 8}, then
verify the following

0] (A) =A @ (B)=8B
i) ANA = V) (AUB)=A "B

1.10. INTERSECTION OF SETS

Consider the sets

A={1,2,3,4} andB={2,4, 6}

MATHEMATICS



It is clear, that there are some elements which are common to both the sets Aand B. Set of these
common elements is said to be interesection of Aand B and is denotedby A ~ B-

Here A~B={2,4}
If Aand B are two sets then the set of those elements which belong to both the sets is said to be
the intersection of Aand B. It isdenotedby A ~ B- A ~ B ={X: X e Aand x ¢ B}

A ~ B can be represented using Venn diagramas :

‘b

(A2

ANB — |

Fig. 1.6

If A~ B = ¢ thenAand B are said to be disjoint sets. In\Venn diagram disjoint sets can
be represented as

U

OO

Fig.1.7

S E[o] UGN Given that

A ={x:xisaking out of 52 playing cards}
and B ={y:yisaspade out of 52 playing cards}
Find (i) A ~ B(ii) Represent po ~ B using Venn diagram.
Solution : (i) As there are only four kings out of 52 playing cards, therefore the set A has only

four elements. The set B has 13 elements as there are 13 spade cards but out of these 13 spade
cards there is one king also. Therefore there is one common element in Aand B.

“. A n B={King of spade}.
(i)

ANB | e

Fig. 1.8

l\\‘ A\l
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1.11 UNION OF SETS

Consider the following examples :

()  Aisaset having all players of Indian men cricket team and B is a set having all players of
Indian women cricket team. Clearly Aand B are disjoint sets. Union of these two sets is
a set having all players of both teams and it is denoted by A U B.

@)  Disaset having all players of cricket teamand E is the set having all players of Hockety
team, of your school. Suppose three players are common to both the teams then union
of D and E is a set of all players of both the teams but three common players to be
written once only.

If Aand B are any two sets then union of Aand B is the set of those elements which belong to
AorB.

Inset builder form: A  B={X: X A orxeB}
OR
AuB={x:XeA-BorxcB-AO xcANB}
A U B canbe represented using Venn diagram as :

V] U
A B A B
Fig. 1.9 Fig. 1.10

n(AuB)=n(A-B)+n(B-A)+n(AnB).
or n(AuB)=n(A)+n(B)-n(AnB)

wheren a B Stands for number ofelementsin A U B.

Example 1.17 AR {x X e Z*t andx < 5} , B={y:yisaprime number less than 10}

Find (1) A U B (ii) represent A , B using Venn diagram.
Solution : We have,

A={1,2,3,4,5}B=4{2,3,57}. - AuB={1,2345,7}
i Y
( ) A B
AUB —’%
Fig.1.11
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WX CHECK YOUR PROGRESS 1.3

1.

Which of the following pairs of sets are disjoint and which are not ?

(1) {x: xisaneven natural number}, {y:yisanodd natural number}

(i) {x: xis a prime number and divisor of 12}, {y:ye N and 3<y <5}

(ii) {x :xis a king of 52 playing cards}, { y : y is a diamond of 52 playing cards}

(iv){1,2,3,4,5},{a,e,i,0,u}

Find the intersection of Aand B in each of the following :

M) A={x:xez} B={x:xe N} (ii)) A={Ram, Rahim, Govind, Gautam}
B = {Sita, Meera, Fatima, Manprit}

Giventhat A= {1, 2, 3, 4,5}, B={5,6,7,8,9, 10}

find() AuB (i) AnB-

IfA={x:xeN}, B={y:yezand -10<y <0}, find A U B andwrite your
answer in the Roster form as well as in set-builder form.

IfA={2,4,6,8, 10}, B{8, 10, 12, 14}, C ={14, 16, 18, 20}.

Find(i) Au(BuC) (i) An(BNC).

LetU={1,2,3,.... 10}, A={2,4,6,8,10},B={1,3,5,7,9, 10}

Find (i) (AuB)' (i) (A~ B)" (ii)) (B) (iv) (B-A)"

Draw Venn diagram for each of the following :

() AnBwhenB = A (i) A ~ B whenAand B are disjoint sets.

(i) A N B whenAand B are neither subsets of each other nor disjoint sets.
Draw Venn diagram for each of the following :

() A U B when A c B. (i) A U B whenAand B are disjoint sets.
(i) A U B whenAand B are neither subsets of each other nor disjoint sets.
Draw Venn diagram for each the following :

() A-Band g_a wWhen A c B.

(i) A-B and gp— A whenAand B are disjoint sets.

(i) A-B and B—A whenAand B are neither subsets of each other nor disjoint
sets.

Qa2

75
"@j’fl LET US SUM UP

Set is a well defined collection of objects.

To represent a set in Roster formall elements are to be written but in set builder form a set
is represented by the common property of its elements.

MATHEMATICS
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If the elements of a set can be counted then it is called a finite set and if the elements
cannot be counted, it is infinite.

Ifeach element of set A is an element of set B, then A is called sub set of B.

For two sets Aand B, A — B isaset of those elements which are in A but not in B.
Complement of a set A is a set of those elements which are in the universal set but not in
A le.Ac=U-A
Intersection of two sets is a set of those elements which belong to both the sets.
Union of two sets is a set of those elements which belong to either of the two sets.

Anyset ‘A’is said to be a subset of aset ‘B’ if every element of Ais contained in B.

Empty set is a subset of every set.

Every set is a subset of itself.

The set ‘A’ is a proper subset of set ‘B’ iff Ac Band A= B

The set of all subsets of a given set ‘A’ is called power set of A.

Two sets A and B are equal iff Ac Band B < A

If n(A) = p then number of subsets of A = (2)P

(a, b), [a, b], (a, b] and [a, b) are finite intervals as their length b — a is real and finite.

Complement of a set A with respect to U is denoted by A’ and defined as
A ={x:xeUandx ¢ A}

A =U-A

IfAc U, thenA' c U

Properties of complement of set A with respect to U
e AUA=UandANnA =6

e (AUBY=A'NnB and(AnB) =A" UB
e (A)Y=A

e ¢ =UandU=¢

e SUPPORTIVE WEB SITES

http://Aww.mathresource.iitb.ac.in/project/indexproject.html
http://mathworld.wolfram.com/SetTheory.html
http:/Aww-history.mes.st-andrews.ac.uk/Hist Topics/Beginnings_of_set_theory.html

MATHEMATICS



qi]

TERMINAL EXERCISE

Which of the following statements are true or false :
() {123} ={1,{2},3}. (i{1,2,3} ={3,1,2}.
(iii){a,e,0} ={a,b,c}. (iv) {0} ={ }

Write the set in Roster form represented by the shaded portion in the following.

MODULE - |
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@ A={12345)

A B
B ={5,6,7,8,9) %%

Fig.1.12

(i) A={123456} A B
B=1{26,810,12} @%

Fig. 1.13
Represent the follwoing using Venn diagram.

() (A U B)' provided Aand B are not disjoint sets.
(i) (A ~ B)' provided Aand B are disjoint sets.

(iii) (A — B)' provided Aand B are not disjoint sets.
Let U ={1,2,34,56,7,8,9,10}, A{2,4,6,8}, B={1357}
Verify that
@) (AUB)=ANB
@ (AnB)=AUB'
i) (A-B)u(B-A)=(AuUuB)-(AnB).
Let U ={1234,56,78910},
A={1,3579}.
B={246810}, C={123}.
Find () An(B-C). (i)Au(BuUC)

(i) An(BuC)' (vy(AnB)'uC’

MATHEMATICS
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MODULE -1 6. What does the shaded portion represent in each of the following Venn diagrams :

Sets, Relations
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(i) - (i)

I‘«\\\\\\\\‘Ii
I\\\\\\\\\E

Notes

(iii) v (iv)

Fig. 1.16 Fig. 1.17
7. Draw Venn diagram for the following :

()An(BuC) (i) An(C-B)
Where A,B,C are not disjoint sets and are subsets of the universal set U.
8. Verify De Morgan’s Law if U = {x : x € N and x < 10}
A ={x:x € Uand x is a prime number}and
B={x:x e Uandx is a factor of 24}
9. Examine whether the following statements are true or false :
(@ {a, e} < {x:xisavowelin the English alphabet]
) {1,2,3}<c{1,3,5} (c){a,b,c}c{a b, c} (d)¢ {13 5}
10. Write down all the subsets of the following sets :
(a) {a} (b) {1, 2, 3} ©) ¢
11.  Write down the following as intervals :
@ {x:xeR -4<x<6} (b) {x:xeR,-12 <x<-10}

) {x:xeRO0<x<T} d {x:xeR, 3<x<4}

MATHEMATICS
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M ANSWERS
CHECK YOUR PROGRESS 1.1
(), (i),  (iii) are sets.
(e (i) ¢
3. (i) A={-5-4,-3-2,-1,0} (i) B={-11},
(i) C={a,b,n} (ivyD={235}.
4, () A ={x:x is aeven natural number less than or equal to ten}.
(i) B={x:xe N and x is amultible of 3}.
(iii) C={x:x is aprime number less than 10}.
(iv) D :{x :X € R and x is asolution of x2 -2 :0}.
5. (1) Infinite (i) Finite (i) Finite (iv) Infinite
6. (i) Null (i) Singleton (i) Null (iv) Null
7. (i) A~B (i) A~B (i) A=B.
CHECK YOUR PROGRESS 1.2
1. () (i) & (iii) € (V) ¢
2 4 3. (i) False (i) True
4, (i) False (i) True (i) True (iv) False
5 () {1,2,3,4} (ii){6,7}.
6. AC = {x :x is anodd natural number }
B¢ = {x : xe N and x is not a multiple of 3}
C®={1234}. D¢ ={1112,13,.....}
37
7. @683 B |55

CHECK YOUR PROGRESS 1.3
1.

2.

3.

(1) Disjoint
(i) {x:xe N} (i) ¢

(if) Not disjoint

(i) {1,2,3,4,5,6,7,8,9,10} (ii) {5}

(i) Not disjoint (iv) Disjoint
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Roster from {-10,-9,-8,.....0,1,2,3,......}

Set builder from {x : x € Z and —10 < x < w0}

() {x : xis a even natural number less than equal to 20}. (i) o
@ ¢ (i) {1,2,3,4,5,6,7,8,9}

(ii) {1,3,5,7,9,10} (iv) {2,4,6,8,10}

0 v (D =
A
2 OO
Fig.1.18 Fig.1.19
U
%
Fig.1.20
0] U (ii) u
EAQERS
= <
Fig.1.22
(iii)
]

Fig. 1.23

MATHEMATICS



9 0] v
A-B=¢ B _ A — Shaded portion.
Fig. 1.24
(i)
= QIRIE=
A-B=A B-A=B
Fig. 1.25
(iif
=

A — B = Shaded Portion B — A = Shaded Portion

Fig.1.26
TERMINAL EXERCISE
1. (i) False (i) True (i) False (iv) False
2. (i) {1,2,3,4,6,7,8,9} (i) {8,10,12}

A B VA \\ 7/ = \\
: : : Y )
3. 0] (i) \ A /
AN AR N yA
~S 7 ~ 7

=Shaded Portion
Fig.1.28

(A U B)' = Shaded Portion (AnB)'
Fig. 1.27
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10.

11.

(iif

(i) {4,6,8,10}

(iii) ¢

/A s N
(A —B)' =Shaded Portion
Fig. 1.29

(i) {1,2,3,4,5,6,7,8,9,10}.

(iv) {1,2,3,4,5,6,7,8,9,10}.

M (AnB)Nn(BNC) (i) (AnB)nC

([(AuB)uC]

()

(i)

(@ True

(c) True

@ ¢, {a}
© ¢

@ (-4 6]
© [0,7)

(v Au(BNC).

A'n (B u C) = Shaded Portion

A' N (C - B) = Shaded Portion

(b)
(d)
(b)

(b)
(d)

Fig.1.31
False

True

¢, {1} {2}, {3}, {1, 2}, {1, 3}, {2, 3}, {1, 2, 3}

(-12, - 10)
[3, 4]
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RELATIONS AND FUNCTIONS-I

In our daily life, we come across many patterns that characterise relations such as brother and
sister, father and son, teacher and student etc. In mathematics also, we come across many
relations such as number mis greater than number n, line  is perpendicular to line metc. the
concept of relation has been established in mathematical form. The word “function” was introduced
by leibnitz in 1694. Function is defiend as a special type of relation. In the present chapter we
shall discuss cartesion product of sets, relation between two sets, conditions for a relation to be

a function, different types of functions and their properties.

| oeieCcTIVES

After studying this lesson, you will be able to :

° define cartesion product of two sets.

° define. relation, function and cite examples there of
° find domain and range of a function

° draw graph of functions.

define and cite examples of even and odd turnotions.

determine whether a function is odd or even or neither

define and cite examples of functions like |x| , [x] the greatest integer functions,
polynomial functions, logarithmic and exponential functions
° to Find sum. difference, product and quotient of real functions.

EXPECTED BACKGROUND KNOWLEDGE

° concept of ordered pairs.

2.1 CARTESIAN PRODUCT OF TWO SETS

Consider two sets Aand B where
A={1,2}, B={3, 4,5}
Set of all ordered pairs of elements of Aand B
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is {(1.3),(1,4), (1,5), (2,3), (24), (2,5)}

This set is denoted by A x B and is called the cartesian product of sets Aand B.
i.e. AxB ={(1, 3), (1, 4),(1,5),(2,3),(2,4),(2,5)}
Cartesian product of sets B and A is denoted by BxA.
In the present example, it is given by

BxA={(3,1),(3, 2),(4,1),(4, 2),(5, 1),(5, 2)}, Clearly AXB ~ BxA.
In the set builder form :

AxB={(ab):acAand beB}andBxA={(b,a): beBandacA}
Note: If A=porB=¢ or A, B=¢
then AxB=BxA=4¢.

Example 2.1

(@) Let A={a,b,c}, B={d,e}, C={a,d}.
Find (i) AxB (ii) BXA (ii)Ax(B U C) (V) (ANC)xB
M (AnB)xC (Vi)Ax(B-C).
Solution : (i) AxB={(a, d),(a,e), (b, d), (b, e), (c,d), (c,e)}.
(i) BxA={(d, a),(d, b), (d,c), (e, a) (e, b),(e, )}
@mi) A={ab,c}, BuUC={ade}.
Ax(BuC)={(a a)(a d)(a e)lb, a)b d)(be)(c a)(,d).lce).
v  Anc={a}, B={d,e}. .. (AnC)*B={(a d), (a )}
) AnB=¢,C={ad}, . AnBxC=¢
) A={abc}, B-C={e}. .. Ax(B-C)={(a,e), (b,e),(ce)}.

2.1.1 Number of elements in the Cartesian product of two finite sets

Let A and B be two non-empty sets. We know that Ax B = {(a, b); a € Aand b € B}
Then number of elements in Cartesian product of two finite sets Aand B
i.e. n(A x B) = n(A). n(B)

Suppose A = {1,2,3}and B={x, y}, show that n(AxB)=n(A)xn(B)

Solution : Here n(A) =3, n(B) =2

AxB={(1 x),(2x,3x, 1y, 2y Gk
N(A x B) = n(A)xn(B), =3 x 2 = 6

If n(A) = 5, n(B) = 4, find n(A x B)

MATHEMATICS



Relations and Fun

Solution : We know that n(A x B) =n(A) x n(B)
N(AxB)=5x4=20
2.1.2 Cartesian product of the set of real numbers R with itself upto
R xR X R
Ordered triplet Ax Ax A={(a, b,c):a, b, ce A}
Here (a, b, c) is called an ordered triplet.

The Cartesian product R x R represents the set R x R ={(x, y) : X,y € R} which represents
the coordinates of all the points in two dimensional plane and the Cartesian product R x R
x Rrepresentthe set R x R x R ={(x, ¥, ) : X, ¥, Z € R} which represents the coordinates
of all the points in three dimenstional space.

SElo] SRS If A = {1, 2}, form the set A x A x A,

Solution : Ax AxA={(1, 1, 1), (L, 1, 2), (1, 2, 1), (1, 2, 2)
2,1,1), 212,22 1), (2 2 2}

2.2 RELATIONS

Consider the following example :
A={Mohan, Sohan, David, Karim} and B={Rita, Marry, Fatima}

Suppose Rita has two brothers Mohan and Sohan, Marry has one brother David, and Fatima
has one brother Karim. If we define a relation R "' is a brother of" between the elements of Aand
B then clearly.

Mohan R Rita, Sohan R Rita, David R Marry, Karim R Fatima.
After omiting R between two names these can be written in the form of ordered pairs as :
(Mohan, Rita), (Sohan, Rita), (David, Marry), (Karima, Fatima).
The above information can also be written in the form of a set R of ordered pairs as
R={(Mohan, Rita), (Sohan, Rita), (David, Marry), Karim, Fatima}
Clearly R c AxB, ieR ={(a,b):ac A ,beB and aRb}
If Aand B are two sets then arelation R from AtoB is a sub set of AxB.
If (1) R =¢,Riscalled avoid relation.
(i) R=AxB, R is called a universal relation.
(i) If Ris a relation defined from Ato A, it is called a relation defined on A.

(ivy)R={(a,a) V ac A}, iscalled the identity relation.

2.2.1 Domain and Range of a Relation

If R isa relation between two sets then the set of first elements (components) of all the ordered
pairs of R is called Domain and set of 2nd elements of all the ordered pairs of R is called range,
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of the given relation. In the previous example. Domain = {Mohan, Sohan, David, Karim},
Range = {Rita, Marry, Fatima}

SEnl VAN Giventhat A={2,4,5, 6,7}, B={2, 3}.

Risarelation fromAto B defined by

R={(a,b): ae A, beB andaisdivisible by b}
find (i) R in the roster form (ii) Domain of R (iii) Range of R (iv) Repersent R diagramatically.
Solution : MHR=4{(2,2),(4,2),(6,?2),(6,3)}

(i) Domain of R = {2, 4, 6} (iii) Range of R = {2, 3}

. A B
(iv)
D) ’
—Y _nr___/
5 = ___—
67
Fig. 2.1

=El] AN If R is arelation 'is greater than' from Ato B, where

A={1,2,3,4,5}and B = {1,2,6}.
Find (i) R in the roster form. (ii) Domain of R (iii) Range of R.
Solution :
M R={(21).61).62),(41),42),(051),6 2)}
(i) Domain of R = {2, 3, 4, 5} (iii) Range of R = {1, 2}
2.2.2 Co-domain of a Relation

If R is a relation from A to B, then B is called codomain of R.

For example, let A={1, 3,4, 5, 7} and B = {2, 4, 6, 8} and R be the relation ‘is
one less than’ from A to B, then R = {(1, 2), (3, 4), (5, 6), (7, 8)}

so codomain of R = {2, 4, 6, 8}

SE VA Let A = {1, 2, 3, 4, 5, 6}. Define a relation R from A to A by
R={(x,y):y=x+ 1} and write down the domain, range and codomain of R.

Solution : R = {(1, 2), (2, 3), (3, 4), (4, 5), (5, 6)}
Domain of A= {1, 2, 3, 4, 5}
Range of R = {2, 3, 4, 5, 6} and Codomain of R = {1, 2, 3, 4, 5, 6}

Q
WX CHECK YOUR PROGRESS 2.1

1. GiventhatA={4,5,6, 7}, B={8, 9}, C={10}
Verifythat Ax(B-C) = (AxB)-(AxC).
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2. If U isa universal set and A, B are its subsets. Where U={1, 2, 3, 4, 5}.
A={1,3,5}, B={x:xisaprime number}, find A'x B'
3. IfA={4,6,8, 10}, B={2, 3,4, 5}, Risarelation defined from Ato B where

R={(a,b): ae A, be B andaisamultiple of b}
find ()R inthe Roster form (if) Domain of R (iii) Range of R .

4, If Rbe arelationfromN to N definedby R={(x,y): 4x + y =12, X,y e N}
find (i) R in the Roster form (i) Domain of R (iii) Range of R.

5. IfR bearelationon N defined by R={ (x, x2) : x isa prime number less than 15}
Find (i) R in the Roster form (ii) Domain of R (iii) Range of R

6. If R be a relation on set of real numbers defined by R={(x,y) : x2 + y2 = 0}, Find
(i) R inthe Roster form (ii) Domain of R (iii) Range of R.

7. If(x+1,y-2)=(3, 1), find the values of x and y.

8. IfA={1, 1} find Ax AxA,

9. IfAxB={(a x), (ay), (b x), (b, y)} Find A and B.

10. Ifn(A) = 6 and n(B) = 3, then find n(A x B).

2.3 DEFINITION OF A FUNCTION

Consider the relation f: {(a,1), (b,2), (c,3), (d,5)}from A B
setA={a,b,c,d}to set B={1,2,3,4}.

f
a > 1
In this relation we see that each element of A has a unique b > 2
image in B. This relation f from set A to B where every ¢ > 3 4
element of A has a unique image in B is defined as a function d > 5
from A to B. So we observe that in a function no two Fig. 2.2

ordered pairs have the same first element.
We also see that 3 an element € B, i.e., 4 which does not have its preimage in A. Thus here:

(1) the set B will be termed as co-domain and (i) the set {1, 2, 3, 5} is called the range. Fromthe
above we can conclude that range is a subset of co-domain.

Symbolically, this function can be written as

f:A>BorA_f o B
2.3.1 Real valued function of a real variable

A function which has either R or one of its subsets as its range is called a real valued function.
Further, if its domain is also either R or a subset of R, then it is called a real function.
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Let R be the set of all real numbers and X, Y be two non-empty subsets of R, then a
rule “f” which associates to each x € X, a unique element y of Y is called a real valued
function of the real variable or simply a real function and we write itasf: X - Y

Areal function “f” is a rule which associates to each possible real number x, a unique real
number f(x).

=€ o] PR \Which of the following relations are functions from Ato B. Write their domain
and range. If it is not a function give reason ?

@  {(1L-2),(37),(4-6),81}, A={134.8}, B={-27-612)}
(b) {@,0),(1-1),(2,3),(410)}, A={12,4} , B={0-1310}
(©) {(a,b),(b,c),(c,b),(d,c)}, A={a,b,c,de} B={bc}
@  {(2.4),(3,9),(4,16),(5,25),(6,36}, A={2,3,4,56}, B={4,916,2536)
©  {-1),(2-2),(3,-3),(4,-4),(5-5},A=1{012345},
B={-1-2,-3-4,-5)
() {(sin%,%j,[cos%,%},(tang,%j,(cot%,ﬁj},
A= {sinﬁ,cosﬁ,tanﬁ,cotﬁ} B= {%%%\@ ,1}
@  {@h)(a2),(b3),0b4}, A={ab},B={b234}
Solution :
(@ Itisafunction. Domain = {1,3,4,8}, Range ={-2,7,-6,1}
(b) It is not a function. Because Ist two ordered pairs have same first elements.
(c)  Itisnota function. Because Domain= {a,b,c,d} # A,Range= {b,c}
(d) Itisafunction. Domain ={2,3,4,56},Range = {4,9,16, 25,36 }
(©)] It is not a function.
Because Domain = {1,2,3,4,5} # A,Range = {-1,-2,-3,-4,-5}
® It is a function.

i 1 V3
Domain = SInE,COSE,tanE,cotE} Range = _,£,
6 6 6 6)’ 2 2

A
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@ It is not a function. Because first two ordered pairs have same first component and last
two ordered pairs have also same first component.

=Enlo) [PAE State whether each of the following relations represent a function or not.

@) (b)
A B
f

>

Fig. 2.3 Fig. 2.4
©) (d)
A B A B
1 f‘ 2 1 f 1
) (12
3 > 6 -1 4

Fig. 2.5 Fig. 2.6
Solution :

(@ fisnota function because the element b of A does not have an image in B.
(b)  fisnotafunction because the element c of A does not have a unique image in B.
(c) fisafunctionbecause every element of A hasa unique image in B.

(d) fisafunctionbecause every element in A has a unique image in B.

=0 [N \Which of the following relations from R — . R are functions?

@ y=3x+2 () y<x+3 (©) y=2x2+1
Solution: (a) y = 3x + 2 Here corresponding to every element x € R, 3 aunique element

y € R. . Itisafunction.
(b) y < X+ 3.

For any real value of x we get more than one real value ofy. -, Itisnot a function.
(©) y=2x2+1

For any real value of x, we will get a unique real value ofy. -, It isafunction.
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S Enlo]ANER et N be the set of natural numbers. Define a real valued function
f: N — N by f(x) = 2x + 1. Using the definition find f(1), f(2), f(3), f(4)

Solution : f(x) =2x + 1
f(l)=2x1+1=2+1=3, f2)=2x2+1=4+1=5
f8)=2x3+1=6+1=7,fd)=2x4+1=6+1=9

Q
\ & § CHECK YOUR PROGRESS 2.2

1. Which of the following relations are functions fromAto B ?
@) {L-2),(37),(4-6),81Y)}, A={1348}, B={-27,-6,11}
(b) {(1,0),1-1),(2,3),(410)}, A=1{124},B={10,-1,310}
©{(@ 2),(b,3),(c,2),(d,3)}, A ={ab,c,d},B={23}
(d) {1,2),(L2),(273),(-3,4)}, A={12-3},B={1234}

of(23) (8303} a-asero- (2]

M {(11),(-11),(2,4).(-2,4)}, A={0,1,-1,2,-2},B = {14}

2. Which of the following relations represent a function ?
(@) (b)
A B A B
a > 1
a > X
b y b > 2
C z ¢ >
d
Fig. 2.7 Fig. 2.8
(c) (d)
A B A B
2 a > 2
3 3
b
4 b > 4
¢ > 5 c 5
Fig. 2.9 Fig. 2.10
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3. Which of the following relations defined from R —s R are functions ?
@y=2x+1(b)y>x+3(C)y<3x+1(d) y=x2+1
4, Write domain and range for each of the following functions :

ol (8- (53). f(a2) (2] (22

(€){(11),(0,0),(2,2),(-1-1)}
(d) {( Deepak,16),(Sandeep, 28), (Rajan, 24 )}

5. Write domain and range for each of the following mappings :
(@) (b)
A B A B
1 > 4
2 ) > ( 5
3 > 6
Fig.2.11 Fig.2.12
(© d)
A B B
7
1 > 8
T —
3 > 3 > 5
6
Fig.2.13 Fig.2.14
€
A B
a > 2
b
C
d 4
Fig.2.15

MODULE - |
Sets, Relations
and Functions

Notes

MATHEMATICS



MODULE - |
Sets, Relations
and Functions

Notes

ons and Functions-I

Let us consider some functions which are only defined for a certain subset of the set of real
numbers.

2.3.2 Some More Examples on Domain and Range

=EN1o] [ PA Find the domain of each of the following functions :

N
(X +2)(x —3)

1yt
@y=>2 OYy=—">  ©@y-=

Solution : The function y = 1 can be described by the following set of ordered pairs.
X

Here we cansee that x can take all real values except 0 because the corresponding image, i.e.,

1
0 isnot defined. . Domain = R — {0} [Set of all real numbers except 0]

Note : Hererange =R -{0}

(b) xcantake all real values except 2 because the corresponding image, i.e., does

1
(2-2)

not exist. -, Domain = R — {2}

(c) Valueofydoesnotexist for x = -2 and x =3 . Domain = R — {-2,3}

= ETo][PAKE Find domain of each of the following functions :

(@y=+Jx-2 (b) y:+\/(2—x)(4+x)
Solution :(a) Consider the function y = ++/x — 2

Inorder to have real values of y, we musthave (x —2)>0ie x> 2

Domain of the function will be all real numbers > 2.

() y:+\/(2—x)(4+x)

Inorder to have real values of y, we musthave (2 -x)(4+x)>0

We can achieve this in the following two cases :

Casel:(2-x)>0and (4+x)>20 = x<2and x> -4
Domain consists of all real values of xsuchthat —4 < x < 2

Casell: 2 —x<0and 4+x<0 = 2<xand x < 4.

But, x cannot take any real value which is greater than or equal to 2 and less than or equal to —4.

MATHEMATICS
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From both the cases, we have Domain= -4 < x <2V x e R

SElo] NS For the function

f (x) =y = 2x +1, find the range whendomain = {-3,-2,-1,0,1, 2,3}.

Solution : For the given values of x, we have
f(-3)=2(-3)+1=-5,f(-2)=2(-2)+1=-3
f(-1)=2(-1)+1=-1,f(0)=2(0)+1=1
f(1)=2(1)+1=3,f(2)=2(2)+1=5,f(3)=2(3)+1=7

The given function can also be written as a set of ordered pairs.

ie, {(-3-5),(-2-3),(-1-1),(0,1)(13),(25)(37)}

Range = {-5,-3,-11,3,5,7}

If f(x)=x+3,0< x <4 findits range.

Solution : Here 0<x<40rQ0+3<x+3<4+30r3<f(x)<7

Range= {f (x):3<f(x)<7}

SClJEPREE If f (x) = x2, —3<x < 3,findits range.

Solution: Given —3<x<3o0or 0<x2<9or0<f(x)<9

Range= {f (x):0<f(x)<9}

Q
& §CHECK YOUR PROGRESS 2.3

1. Find the domain of each of the following functions x e R :
@ (y=2x  (i)y=9x+3, (iii) y = x2 + 5
. 1 i 1
O O0Y=5r WY = 1) (x=5)
I e A A cary ey
© @ y=+v6-x, (i) y = V7 + x., (i) y = v/3x + 5
@ (@) y=(3-x)(x-5) (i) y=(x=3)(x+5)
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(i) = )Y =
i y = iv) Yy =
\/(3+x)(7+x) \/(x—3)(7+x)
2. Find the range of the function, given its domain in each of the following cases.
(@ () f(x)=3x+10,xe{157 -1 -2},

(ii) f(x)=2x2+1, xe{-3,2 4,0}
(iii) f (x)=x2 = x+2,x e {123 4,5}
b () f(x)=x-2,0<x<4 (i) f(x)=3x+4, -1<x<2
© ()f(x)=x2, -5<x<5 (i) f(x)=2x, 3<x <3
(i) f(x)=x2+1,2<x<2 (V) f(x)=+x,0<x<25

(d) (i) f(x)=x+5,xeR (i)f(x)=2x-3,xeR
(i) f(x)=x3,xeR (iv)f(x):%,{x:x<0}

(v)f(x):é,{x:xél} (vi)f(x):gx—l_z,{x:XSO}

X
X+5’

(vii)f(x):%,{x:x>0} (i) f (x) = {x:x = -5}

2.4 GRAPHICAL REPRESENTATION OF FUNCTIONS

Since any function can be represented by ordered pairs, therefore, a graphical representation
of the function is always possible. For example, consider y = x2.

x|0[1]-1[2]-2[3[-3] 4]-4
ylol1| 14| 4[9] 9]16]16

(4, 16)

(3.9)

< A
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Does this represent a function?
Yes, this represent a function because corresponding to each value of x 3 aunique value of y.

Now consider the equation x2 + y2 = 25

x[0] o[3] 3[a] 4[5]-5]-3[-3[-4[-4
y|5/-5]4]-4|3]-3[0| o] 4|-4| 3|3

Fig. 2.17

This graph represents a circle. Does it represent a function ?

No, this does not represent a function because corresponding to the same value of x, there does
not exist a unique value of y.

Q
X CHECK YOUR PROGRESS 2.4

1. (1) Does the graph represent a function?

A
v

_—
N

R
-

Fig. 2.18
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(i) Does the graph represent a function ?

/I

VA,

Fig.2.19
2. Draw the graph of each of the following functions :
(@y=3x2 (b y=-x2 () y=x2-2
@dy=5-x2()y=2x2+1  (Hy=1-2x2
3. Which of the following graphs represents a function ?
@) (b
y ANy

X € < > X X €

—>

vy

yl
Fig. 2.20 Fig. 2.21
() (d)

y Ay

y y

Fig. 2.22 Fig. 2.23
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©)

Y

4 y'

Fig.2.24
Hint : Ifany line || to y-axis cuts the graph in more than one point, graph does not represent a
function.

2.5 SOME SPECIAL FUNCTIONS

2.5.1 Monotonic Function
Let F: A — B beafunction then Fissaid to be monotonic on an interval (a,b) if it is either
increasing or decreasing on that interval.

For function to be increasing on an interval (a,b)

X1 <Xp = F(x)<F(Xxy) V X Xy¢e(a, b)
and for function to be decreasing on (a,b)

X1 <Xo = F(x)>F(Xy) V X Xpe(a, b)

A function may not be monotonic on the whole domain but it can be on different intervals of the
domain.

Consider the function F: R — R definedby f (x ) = x2.
Now V Xg, Xp€[0,0], Xy <Xp = F(Xy)<F(Xp)
= FisaMonotonic Functionon [0, «].

(-.- Itisonly increasing function on this interval)
But  V Xg,Xp €(—0,0), X; <Xy = F(Xy)>F(xp)
—  FisaMonotonic Function on (-, 0)

(-.- Itisonly adecreasing function on this interval)
Therefore if we talk of the whole domain given function is not monotonic on R but it is monotonic
on (—oo,0) and (0, o). Again consider the function F: R — R definedby f (x ) = x3.

Clearly vV x; x5 € domain x; < X, = F(Xy) <F(Xy)

~. Given function is monotonic on R i.e. on the whole domain.
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2.5.2 Even Function

A function is said to be an even function if for each x of domain F(—x) = F(x)
For example, each of the following is an even function.

)  IfF(x)=x2then F(—x) = (-x)?* = x2 = F(x)

(i)  IfF(x)=cosxthen F(-x)=cos(-x)=cosx =F(x)

(iii) If F(x)=|x|then F(-x) =|-x| = x| =F(x)
A
v
Fig. 2.25

The graph of this even function (modulus function) is shown in the figure above.

Graph is symmetrical about y-axis.

2.5.30dd Function
A function is said to be an odd function if for each x Ay

f(—x)=-f(x)

(x,y)
For example,
o}

0] Iff(x)=x3 i >

then f (—x ) = (-x ) = =x3 = —f (x) )
(i) Iff(x)=sinx 2%

Fig. 2.26

then f (—x ) =sin(-x) = —sinx = —f (x)
Graph of the odd functiony = x is given in Fig.2.26

Graph is symmetrical about origin.

2.5.4 Greatest Integer Function (Step Function)
f (x) = [ x] which s the greatest integer less than or equal to x.

MATHEMATICS
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f (x ) is called Greatest Integer Function or Step Function. Its graph is in the form of steps, as
shown inFig. 2.27.

Letusdrawthe graphofy =[x],x e R -3 —0
[x]=1 1<x<2 -2 —o0
[x]=2, 2<x<3 11 —=©
[x]=3, 3<x<4 e
[x]=0, 0<x<1 ¢
[x]=-1 -1<x<-0 i

y

[x]=-2, -2<x<-1
. Domain of the step function is the set of real numbers.
o Range of the step function is the set of integers.

Fig. 2.27

2.5.5 Polynomial Function
Any function defined in the form of a polynomial is called a polynomial function.

Forexample, (i) f (x ) =3x2 —4x — 2, (ii) f (x ) = x3 =5x2 —x + 5, (iii) f (x) =3
are all polynomial functions.

Note : Functions of the type f (x ) = k, where k is a constant is also called a constant function.

2.5.6 Rational Function

Functionofthetype f (x ) = %,where h(x)=0andg(x)andh(x) arepolynomial
X

functions are called rational functions.

X2 — 4 ) ] )
x , X # =1 isa rational function.

Forexample, f(Xx)= 1

2.5.7 Reciprocal Function: Functions of the type y = l, x = 0iscalled areciprocal function.
X

2.5.8 Exponential Function A swiss mathematician Leonhard Euler introduced a number e in
the form of an infinite series. In fact

It iswell known that the sum of this infinite series tends to afinite limit (i.e., this series is convergent)
and hence it is a positive real number denoted by e. This number e is a transcendental irrational
number and its value lies between 2 an 3.
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This is called the Exponential Theorem and the infinite series is called the exponential series.
We easily see that we would get (1) by putting x=1in (2).

The function £ (x ) = ex, where x is any real number is called an Exponential Function.
The graph of the exponential function y = ex is obtained by considering the following important

facts:

()  Asxincreases, the y values are increasing very rapidly, whereas as x decreases, the y
values are getting closer and closer to zero.

(i)  Thereis no x-intercept, since X = 0 for any value of x.
@) Theyinterceptisl,since g0 —1and e # 0.

(v)  The specific points given in the table will serve as guidelines to sketch the graph of ¢*
(Fig. 2.28).

X -3 -2 -1 0 1 2 3
y=¢* 0.04 0.13 0.36 1.00 2.71 7.38 | 20.08

Fig. 2.28
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If we take the base different frome, say a, we would get exponential function

f (x) = aX,provbided a > 0, a = 1.
For example, we may take a =2 or a = 3 and get the graphs of the functions

y = 2X (See Fig. 2.29)
and y = 3x(See Fig. 2.30)

Fig.2.30

Fig. 2.31
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Now Consider the functiony =ex ... 3

2.5.9 Logarithmic Functions

We write it equivalentlyas X = loge y Thus, y = log, x ... 4)

is the inverse function of y = ex

The base of the logarithm is not written if it ise and so log, X isusually written as log x.
Asy = exand y = log x are inverse functions, their graphs are also symmetric w.r.t. the line

y = X. Thegraphofthe function y = log x can be obtained fromthat of y = ex by reflecting
it inthe liney=x.

(i) Thelearner may recall the laws of indices which you have already studied in the Secondary
Mathematics : Ifa> 0, and m and n are any rational numbers, then

am .an =aMm+n, gM +an = am-n, (gm)" — gmn, a0 =1
(i) The corresponding laws of logarithms are

m
log, (mn) = log, m + log, n, 109, (F) =log, m —log, n

I _logg m
log, (m" ) = nlog, m, '°9p M " Tog, b " log,, m = log, mlogy, a

Herea,b>0,a#1 b # 1.

MATHEMATICS
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2.5.10 Identity Function Sets, Relations

Let R be the set of real numbers. Define the real valued functionf:R—Rby| and Functions
y = f(x) = x for each x eR. Such a function is called the identity function. Here the domain
and range of f are R. The graph is a straight line. It passes through the origin.

ﬂ"_‘.'-

T Notes

6T

flxi=x Fig.2.33
2.5.11 Constant Function
Define the functionf : R > R by y = f(x) = ¢, x €R where c is a constant and each x eR.
Here domain of f is R and its range is {c}.
The graph is a line parallel to x-axis. For example, f(x) = 4 for each x R, then its graph
will be shown as

/\y
64
< 4 >
o
X ¢————— —— > X
6 -4 2 |92 4 6
4 -2
4+ -4
4 -6
\y'
f(x) =4 Fig.2.34
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2.5.12 Signum Function

1if x>0

The function f : R — R defined by f(x) = 10, if x=0 is called a signum function.
-1if x<0
The domain of the signum function is R and the range is the set {-1, 0, 1}.
The graph of the signum function is given as under :

o

>y =1

—-|

P Fig. 2.35

Q
\ & @ CHECK YOUR PROGRESS 2.5

1. Which of the following statements are true or false.

(i) function f (x) = 2x* + 7x2 + 9x isaneven function.
(i) Odd function is symmetrical about y-axis.

(iii) f(x)=x1/2 —x3 + x5 isapolynomial function.

. X—-3. . .

(iv) f(x)=————isarationalfunctionforall x ¢ R.
3+ X

(v) f(x)= %isaconstantfunction.

(vi) Domain of the function defined by f (x ) = 1 is the set of real numbers except 0.
X

(vii) Greatest integer function is neither even nor odd.

2. Which of the following functions are even or odd functions ?
x2 -1 X2 1
a) f = b) f(x)= C)f(x)=
@1 (x) X + ®) 1(x) 5+ x2 ©1(x) X2 +5
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MODULE - |
2 X 5 Sets, Relations
f = Q= = = — !
@Ff (x) x3 © f(x) X2 +1 M f(x) X -5 and Functions
X-3
f(x)= h = X — x3
@f (=3 O f(x)=x-x
3. Draw the graph ofthe function y = [x] - 2. Notes

4.  Specify the following functions as polynomial function, rational function, reciprocal
function or constant function.

. , . X2+ 2x
(@) y =3x8 —5x7 +8x5> (b) Y—m,x3—2x+3¢0

3 2x +1
(© y=2:x#0 (d y=3+ » D E)
1 X2 —5X + 6
=1-—,x=%0 = X#2
(e) y ” ® vy .2
!
)] 9

2.6 Sum, difference, product and quotient of functions

(1) Addition of two real functions :

Letf: X > Rand g: X — R be any two functions, where X — R. Then, we define
(f+9g): X—>Rby (f+g)x) =f(x) + g(x), for all x eX

Let f(x) = x? g(x) = 2x + 1
Then (f + g) (X) = f(x) + g(x) =x® + 2x + 1
(i) Subtraction of a real function from another :

Letf: X > Rand g : X — R be any two real functions, where X — R. Then, we
define (f — g) : X > R by (f - g)x = f(x) — g(x), for all x eX

Let f(x) =% g(X) = 2x + 1
then f—g) ) =f(X) —g(x) =x> - (2x + 1) = x> - 2x -1
(i) Multiplication of two real functions :

The product of two real functions f : X - R and g : X — R is a function
f g : X — R defined by (f g) (x) = f(x) . g(x), for all x eX

Let f(x) = x?, g(x) = 2x + 1
Then f g(x) = f(x) . g(x) = x2. (2x + 1) = 2x3 + x?
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Relations and Functions-I
Quotient of two real functions :

Let f and g be two real functions defined from X — R where X c R. The real quotient

of f by g denoted by é is a function defined by

{é} E ; , provided g(x) = 0, x € X
Let f(x): X2, g(x) =2x + 1
OIS -1
ThenL J(X) g(x) m,X?&?

Example 2. 17 [RaRECIES Jx and g(x) = x be two functions defined over the set of

(1)

non-negative real numbers. Find (f + g)(x), (f — g)(x), (f g)(x) and L J(X)

Solution : We have f(x)=+/x,g(x) = x

Then(f + g)(x) = f(X) + g(x) = /X +x
(f-9)x) = f(x) -9(9) = Jx—x
(f () =f(x) . g(x) = Vx.x=x*?

-1
LJ() fgg \/X__x2 x#0

Q
A& CHECK YOUR PROGRESS 2.6

A function f is defined as f(x) = 3x + 4. Write down the values of

(i) f(0) (i) £(7) (i) f(=3)
Let f, g : R —> R be defined, respectively by f(x) = x + 1, g(x) = 2x — 3. Find

()
(f+9), (f-9) (fg) and LEJ'

A5
@ LET US SUM UP

Cartesian product of two sets Aand B is the set of all ordered pairs of the elements of A
and B. Itisdenoted by oAxBie AxB={(ab): ac AandbeB}

MATHEMATICS
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Relation is a sub set of AxB where A and B are sets.
iee Rc AxB={(ab):acAand beB and aRb}
Function is a special type of relation.

Functrions f : A — B isarule of correspondence from A to B such that to every element
of A 3 aunique element in B.

Functions can be described as a set of ordered pairs.

Let f be a function from A to B.

Domain : Set of all first elements of ordered pairs belonging to f.
Range : Set of all second elements of ordered pairs belonging to f.
Functions can be written in the form of equations suchas y = f(x)
where X is independent variable, y is dependent variable.

Domain : Set of independent variable.

Range : Set of dependent variable.

Every equation does not represent a function.

Vertical line test : To check whether a graph is a function or not, we draw a line parallel
to y-axis. If this line cuts the graph in more than one point, we say that graph does not
represent a function.

A function is said to be monotonic on an interval if it is either increasing or decreasing on
that interval.

A function is called even function if f(x)=f(-x), and odd function if
f(-x)=-f(x), x,—x € D¢
f,g: X > Rand X c R, then
(f+9)() = f(x) + g(x), (f - 9)(x) = () - 9(x)

()

(f. g)x = f(x) . g(x), L J( )_ F(x provided g(x)=0

A real function has the set of real number or one of its subsets both as its domain and
as its range.

e SUPPORTIVE WEB SITES

http://www.bbc.co.uk/education/asguru/maths/13pure/02functions/06composite/ index.shtml
http://en.wikipedia.org/wiki/functions
http://en.wikipedia.org/wiki/relations
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®
and Functions qil TERMINAL EXERCISE
1. Given A = {a,b,c,}, B ={2,3}.Findthe number of relations fromAto B.
2. Giventhat A = {7,8,9}, B ={9,10,11}, C = {11,12} verifythat
Notes
()Ax(BNC)=(AxB)n(AxC)
()Ax(BuC)=(AxB)U(AxC)
3. Which of the following equations represent functions? In each ofthe case x ¢ R
y—ZXJr?’vaﬂ b y—ix:to y——3 X # 4,—4
@Y= 575 (b) ¥y== @Y= 167"
1
(dy=4yx-1 x>1 ©Y=7.71 (f) x2+y2 =25
4, Write domain and range of the following functions :
f,:{(0,1),(2,3),(4,5)(6,7),....... (100,101)}
f,:{(-2,4),(-4,16),(-6,36)........ }
1 1
11),| =,-1 1 =,-1 ], .
o100 (32) (35 ) )
fi{i (30),(-12),(4,-1)}
f5 i { (-3,3),(-2,2),(-11)(0,0)(11),(2,2),....... }
5. Write domain of the following functions :
1
(@ f(x)=x3 (b)f(x):X2_1 () f(x)=~3x+1
1 1
(d) f(x)= (e) f(x)=
(x) J(x+1)(x+86) (x) J(x-1)(2x -5)
6. Wrrite range of each of the following functions :
@y=3+2 xeR (b)yzxfz,xGR—{Z}
(©) —X_1X€{023579} (d)y=i R+
AT XE
(All non-negative real values)

MATHEMATICS
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7. Draw the graph of each of the following functions : Sets, Relations
1 and Functions
(@y=x2+3 xeR (b)y=x_2,X€R—{2}
x-1 1
©y-= ,x€{0,2,357,9} (dy=—,xeR*.
y x+1 { } Jx Notes
8. Which of the following graphs represent a function ?
(@) 1y (b) y
;. o) ; X' (_/ @) X
(2% y
Fig. 2.36 Fig. 2.37
() 1y (d) y
< o R .
X' X X o 2> X
vy y'
Fig.2.38 Fig. 2.39
€) T U Ay
X © X M o x
vy Vy
Fig. 2.40 Fig. 2.41
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@ Ty (h) Ay
X o x X 0 x
(2% vy
Fig. 2.42 Fig. 2.43

Which of the following functions are rational functions ?

2X — 3 X n
a - R—{-2 b) f(x)=—,xeR
@ f(x)=""—xeR-{-2} O)F(x)=—

X+ 2

(C)f(X):m,XER—{—Z} (d)y:X,XER
Which of the following functions are polynomial functions ?
@ f(x)=x2+3x+2 (b) f(x)=(x+2)
() f(x)=3-x+2x3 - x4 (d)f(x):\/;+x—5,x20

(€) f(x)=vx2-4,x¢g(-22)

Which of the following functions are even or odd functions ?

2_1
@ f(x)=v9-x2 xe[-33] (b) f(X)=§2+1
© f(x)=|x| (d) f(x)=x-x5
© 1y 0) T
) 5 ) i N
X X X © X
vy vy
Fig. 2.44 Fig.2.45

MATHEMATICS
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12.

13.

14.

© T

D I

o

N\ y'
Fig. 2.46

Let ‘f” be a function defined by f(x) = 5x? + 2, x eR.

() Find the image of 3 under f.

(i) Find f(3) x f(2)

(i) Find x such that f(x) = 22

Let f(x) = x + 2 and g(x) = 2x — 3 be two real functions. Find the following functions
M f+g (i) f-g

f
(i) f.g ™ g
If f(x) = (2x + 5), g(x) = x> — 1 are two real valued functions, find the following
functions
M f+g (i) f-g (ii) fg
f

g
™ ™ ¥
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ANSWERS

CHECK YOUR PROGRESS 2.1

__ 2. {(21),(41),(24),(44)}).
3. ([MR={(42),(44),(62),(63).(82),(84),(10,2),(10,5)}.
(ii) Domainof R = {4,6,8,10}. (i) Rangeof R = {2,3,4,5}.
4. ()R={(18),(2,4)). (iiy Domainof R = {1,2}.
(iii) Rangeof R = {1,2}{8,4}
5. ([)R={(24),(39),(525),(7,49),(11,121),(13,169)}

Domainof R ={2,3,5,7,11,13}, Rangeof R ={4,9,25,49,121,169}.
6 (1) Domainof R = ¢  (if) Domainof R = ¢ (iii) Rangeof R = ¢
7 x=2,y=3
8. {(-1,-1,-1), (-1,-1,1), (-1,1,-1), (-1,1,1), (1,-1,-1), (1,-1,2), (1,1,-1), (1,1,2)
9

A={a,b}, B={x,y}.
10. 18

CHECK YOUR PROGRESS 2.2
L. @ @© ® 2@ 0 3@ qd

4. (a) Domain = {\/2_\/5_«/5} Range = {2,-1,5}
(b) Domain = {-3,-2,-1}, Range = {%}

(c) Domain = {1,0,2,-1}, Range = {1,0,2,-1}
(d) Domain = { Deepak, Sandeep, Rajan } , Range = {16, 28,24 }.

5. (a) Domain = {1,2,3}, Range = {4,5,6}
(b) Domain= {1,2,3},Range = {4}

(c) Domain = {1,2,3},Range = {1, 2,3}

MATHEMATICS
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(d) Domain= { Gagan, Ram, Salil } , Range = {8,9,5}

(e) Domain = {a.b,c,d },Range = {2,4}
CHECK YOUR PROGRESS 2.3

1. (@

()

©

(d)

()
©

(d)

(i) Domain = Set of real numbers. (if) Domain = Set of real numbers.
(iif) Domain = Set of a real numbers.

(i) Domain = R — {%} (i) Domain = R — {—%,5}
(iii) Domain = R — {3,5} (iv) Domain = R — {3,5}
()Domain={x e R :x <6} (i) Domain = {x e R : x > -7}

(iif) Domain — {X X e R.X> ‘%}

() Domain = {x : x e R and 3<x <5}

(i) Domain = {x:x e R x > 3,x < -5}

(i) Domain = {x : x e R x > -3,x < -7}

(v)Domain={x:xeR x>3x < -7}

(i) Range = {13,25,31,7,4} (ii) Range = {19,9,33,1}

(iii) Range = {2,4,8,14,22}

(i) Range = {f (x): -2 <f(x) <2} (ijRange={f(x):1<f(x)<10}
(i) Range = {f (x):1<f(x) <25} (ij)Range = {f (x): -6 <f(x) <6}
(iii) Range= {f (x ) :1< f(x) <5} (iv)Range = {f (x):0<f(x)<5)}
(i) Range =R (i) Range =R (iii) Range = R
(iv)Range = {f (x): f(x) <0}

(v)Range= {f (x):-1<f(x)<0}

(vi) Range={f (x):0.5<f(x) <0} (vii)Range = {f (x):f(x)>0}

(viii) Range : All values of f (x ) except valuesat x = —5.
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CHECK YOUR PROGRESS 2.4

Relations and Functions-I

1. (i)No. (ii) Yes
2. @ Ny (b) Ny
. O (0, 0) R
& > XI\ X,
X O | (0,0) X
2% yy'
Fig.2.47 Fig. 2.48
(©) Y (d) Y
(0,9)
) N
X N * X [ oloo | x
(O! 72)
yy' yy'
Fig.2.49 Fig. 2.50
©) Ny (f) MY
(0,1)
< Vsl IR >
0, 1) x' O X
X O (0. 0) x
yy' yy'
Fig. 2.51 Fig.2.52

3. (c), (d)and (e).

CHECK YOUR PROGRESS 2.5
1. v,

(),

vii are true statements.
(i), (iv) are false statement.

vi,

(ii),

MATHEMATICS
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2. (b) (c) are even functions. (d) (e) (h) are odd functions.
3. y
-4
3
-2
11
—0
X! I I | [ N X
2 -1 0 1 2 3 4
4 —0
-2 4+—0
—9 -3
—oO0 -4
yI
Fig. 2.53
4, (a) Polynomial function (b) Rational function.  (c) Rational function.

(d) Rational function.  (e) Rational function.  (f) Rational function.

(g) Constant function.

CHECK YOUR PROGRESS 2.6

1. ()4 (ii) 25

f x-1 3
—2y_ 3 —A- =922 _y_ — | X= ! >y
2. (f+g) x=3x-2, (f-g) x=4-x, (f.g) x=2x"* — x 3’( J 2x-3 177

TERMINAL EXERCISE

2. 26 i.e., 64.

(iii) -5

g

3. (@), (b), (c), (d), (e) are functions.

4. f; — Domain = {0,2,4,6,.....100} Range = {1,3,5,7,.....101}.

f, — Domain = {-2,—4,-6,.....} .Range = {4,16,36,......}.

f3 — Domain = {1,

N |-

1
131

1
20 } Range = {1,-1}.
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8.

10.
11.

12.
13.

14.

ations and Functions-1

fy —Domain = {....-3,-2,-1, 0,1 2, 3,....} .Range = {0,12,3,......}.

f, —Domain = {3,-1,4}.Range = {0,2,-1}.
(8) Domain =R

(b) Domain = R —{-1,1}.

(0 Domain = x>-= MxecR.

(d) Domain = x > -1, x < -6.

() Domain

Il

X

\Y
N | o

X

IA

[N

(d Range=R

(b) Range = All values of y except at x = 2.

112314

Ran €= _11_1_1_1_1_

© . 3'2'3'4'5
(d) Range = All values of y for x >0

(@), (c), (e), (), (h). Use hint given in check your progress 15.7, Q. No. 7 for the
solution.

(@), (c)

(a), (b), (c)

Even functions : (a), (b), (c), (), (9)
Odd functions : (d), (e)

(i) f(3) =47 (i) f(3) x f(2) = 1034 (i) x = 2, -2
(@ f+g=3x-1 (i) f-g=-x+5 (iii) fg = 2x> + x - 6
. f/  X+2 ¢§
™) /g~ %x=3%"2
(i) f+g=x>+2x+4 (i)f-g=-x2+2x+6
Coa ) . V_2x+5 N
@) f.g=2x>+5x*-2x-5 (iv) 9_—x2—1’ T
2

g/ _x-1 .25

V) % 2x+5 7 2

MATHEMATICS



TRIGONOMETRIC FUNCTIONS-I

We have read about trigonometric ratios in our earlier classes.

Recall that we defined the ratios of the sides of a right triangle as follows :

sinezg,cosezi,tanezﬁ A
b b a
andcosec 0= 2 sec0 =2 coto=2 . A
c a c

We also developed relationships between these

trigonometric ratios as sjn2 g + cos2 0 = 1. B c
a

Fig.3.1

sec2 0 =1+tan2 0 cosec2 0=1+ cot2 0

We shall try to describe this knowledge gained so far in terms of functions, and try to develop
this lesson using functional approach.

In this lesson, we shall develop the science of trigonometry using functional approach. We shall
develop the concept of trigonometric functions using a unit circle. We shall discuss the radian
measure ofan angle and also define trigonometric functions of the type

y=sinx,y=cosX,y=tanx, y=cot X, y=Sec X,y =Cosec X,y =asinx, y=Dbcosx, etc.,
where x, y are real numbers. We shall draw the graphs of functions of the type

y=sinX,y=Cc0SX,y=tanXx,y=cotx, y=secx,andy=cosecx y=asinx,y=a
COS X.

\Z| OBJECTIVES

After studying this lesson, you will be able to :

° define positive and negative angles;

° define degree and radian as a measure of an angle;

° convert measure of an angle from degrees to radians and vice-versa;

° state the formula ¢ = r 6 whererand g have their usual meanings;
° solve problems using the relation ¢ = r 0;

° define trigonometric functions of a real number;

° draw the graphs of trigonometric functions; and

° interpret the graphs of trigonometric functions.
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EXPECTED BACKGROUND KNOWLEDGE

° Definition ofanangle.

° Concepts of astraight angle, right angle and complete angle.

° Circle and its allied concepts.

o Specialproducts: (a+b)? =a%+b%+ 2ab, (a+b)®=a+b%+ 3ab(ath)
° Knowledge of Pythagoras Theorem and Py thagorean numbers.

3.1 CIRCULAR MEASURE OF ANGLE

Anangle is a union of two rays with the common end point. An angle is formed by the rotation
ofaray as well. Negative and positive angles are formed according as the rotation is clock-
wise or anticlock-wise.

3.1.1 AUnit Circle

It can be seen easily that when a line segment makes one complete rotation, its end point
describes a circle. In case the length of the rotating line be one unit then the circle described will
be a circle of unit radius. Such a circle is termed as unit circle.

3.1.2ARadian

A radian is another unit of measurement of an angle other than degree.

A radian is the measure of an angle subtended at the centre of a circle by an arc equal in length
to the radius (r) of the circle. Ina unit circle one radian will be the angle subtended at the centre
of the circle by an arc of unit length.

Fig. 3.2

Note : Aradian is a constant angle; implying that the measure of the angle subtended by
an are of a circle, with length equal to the radius is always the same irrespective of the
radius of the circle.

3.1.3 Relation between Degree and Radian

An arc of unit length subtends an angle of 1 radian. The circumference 2x (. r = 1) subtend
anangle of 2 radians.

Hence 2x radians = 360°, = g radians =180°, = radians = 90°

N a

[ 60 | MATHEMATICS
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n _ 360) (180
= — radians = 45° = lradian=|—| =|—

4 2n T

27
orl°= = 360 radians = @ radians

SElo] WM Convert

()] 90° into radians (i) 15°into radians
(i) % radians into degrees. (iv) E radians into degrees.
Solution :
H 10 2_1-[ d
0] 360 radians
= 90° = % 90 radians or 90° = z radians
360 2
.. 271 .
i) 15°= —— x 15 radians or  15°= — radians
0 360 12

r
AS

1.

] _(360) m . (360 m)
(i) 1 radian = ( ZnJ ' radians = ( o X 6j

% radians = 30°

v lrd| ns = @ ijo —radlans 18°
(V) g radians == =90 " 10

1

' fl CHECK YOUR PROGRESS 3.1

Convert the following angles (in degrees) into radians :
(i) 60° (i) 15° (i) 75° (iv) 105° (v) 270°
Convert the following angles into degrees:

05 () 75 ) oo W) o5 () =

The angles of a triangle are 45°, 65° and 70°. Express these angles in radians

The three angles ofa quadrilateral are Find the fourth angle in radians.

’75'

wl|a

r
6 H

Find the angle complementary to % .
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3.1.4 Relation Between Length of an Arc and Radius of the Circle

Anangle of 1 radian is subtended by an arc whose length is equal to the radius of the circle. An
angle of 2 radians will be substened if arc is double the radius.

An angle of 2% radians willbe subtended if arc is 2% times the radius.

All this can be read from the following table :

Length of the arc (I) Angle subtended at the
centre of the circle 0 (in radians)

r 1
2r 2
(2%)r 2Y
4r 4

14
Therefore, 0= T or /=r0,wherer =radius of the circle,

6 = angle substended at the centre in radians, and ¢ = length of the arc.

The angle subtended by an arc of a circle at the centre of the circle is given by the ratio of the
length of the arc and the radius of the circle.

Note : Inarriving at the above relation, we have used the radian measure of the angle

and not the degree measure. Thus the relation ¢ = i is valid only when the angle is

r
measured in radians.

el A Find the angle in radians subtended by an arc of length 10 cm at the centre of
acircle of radius 35 cm.

Solution : ¢ =10cm and r = 35 cm.
/ . 10 . 2 .
0 = — radians or 0=— radians, or 0 = — radians
" 35 7

=eElnlel kRN Arailroad curve isto be laid out on a circle. What should be the radius of a
circular track ifthe railroad is to turn through an angle of 45° in a distance of 500m?

Solution : Angle ¢ is given in degrees. To apply the formula /=r 6,0 must be changed to
radians.

T s
0 = 45° = 45x—— radi = = radi
180 radians  ....(1) 4 radians

/=500 m 2

MATHEMATICS
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/=1 0 gives r =§ " :$ m  [using (1) and (2)]
4
= 500><% m , =2000 x0.32 m (% 032} , =640 m
Atrain is travelling at the rate of 60 km per hour onacircular track. Through what
angle will it turn in 15 seconds if the radius of the track is > km.

6
Solution : The speed of the train is 60 km per hour. In 15 seconds, it will cover

60 x 15 1
km - =
60 x 60 = g km

1 5
We have ¢ = ka andr = Ekm

1
.
6=—=F radians _ 3 radians
= 10
6
FW
N " ] CHECK YOUR PROGRESS 3.2
1. Express the following angles in radians :
(a)30° (b) 60° (c) 150°
2. Express the following angles in degrees :
x o~ L
@ (b) 5 © 3

3. Find the angle in radians and in degrees subtended by an arc of length 2.5 cm at the
centre ofa circle of radius 15 cm.

4.  Atrainistravelling at the rate of 20 km per hour ona circular track. Through what angle

1
will it turn in 3 seconds if the radius of the track isE ofakm?.

5. A railroad curve is to be laid out on a circle. What should be the radius of the circular
track if the railroad is to turn through an angle of 60° in a distance of 100 m?

6.  Complete the following table for I, r, @ having their usual meanings.
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and Eunctions @ 125m | L. 135

s
(b) 30cm | L "
(¢ 05cm 25m | Ll
Notes d . 6m 120°
T
e 150 cm 15
M 150cm 4O0m | L
12 z
@ . m 5
hy 15m 0.7%m | L
@@ 25m | . 75°

3.2 TRIGONOMETRIC FUNCTIONS

While considering, a unit circle you must have noticed that for every real number between 0
and 2 it, there exists a ordered pair of numbers x and y. This ordered pair (X, y) represents the
coordinates ofthe point P.

P (x,y)

(ii) (iv)
Fig. 3.3

MATHEMATICS
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If we consider 6=0 onthe unit circle, we will have a point whose coordinates are (1,0).

If 0 = g then the corresponding point onthe unit circle will have its coordinates (0,1).

In the above figures you can easily observe that no matter what the position of the point,
corresponding to every real number 6 we have a unique set of coordinates (X, y). The values of

x and y will be negative or positive depending on the quadrant in which we are considering the
point.

Considering a point P (on the unit circle) and the corresponding coordinates (X, y), we define
trigonometric functionsas:

sinb=y, cosb=x

X
tan 6=> (for x 2 0) cot6=§ (for y = 0)
X

1
Secezl (for x #0), cosecezy (fory#0)
X

Now let the point P moves from its original position in anti-clockwise direction. For various
positions of this point in the four quadrants, various real numbers @ will be generated. We
summarise, the above discussion as follows. For values of ¢ inthe :

I quadrant, bothx and y are positve.

I quadrant, x will be negative and y will be positive.

I quadrant, x as well asy will be negative.

v quadrant, x will be positive and y will be negative.

or I quadrant Il quadrant [l quadrant IV quadrant
All positive sin positive tan positive COS positive
Cosec positive  cot positive Sec positive

Where what is positive can be rememebred by :

All sin tan cos
Quardrant | I Il v
If (X, y) are the coordinates of a point P ona y
unit circle and g, the real number generated 1)
by the position of the point, thensing =yand P (cos 0,sin 0)
cos @ = X. This means the coordinates of the
point P can also be written as (cosQ, sin Q) 0

X

From Fig. 3.4, you can easily see that the
values of x will be between -1 and +1asP
moves on the unit circle. Same will be true for 0, -1)
y also. Y

Fig. 3.4

MODULE - |
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Thus, for all P on the unit circle
-1<x<1 and -1<y<1
Thereby, we conclude that for all real numbers 6

-1<cos0<1 and -1<sin6<1
In other words, sin@ and cos @ can not be numerically greater than 1

STl RIS \What will be sign of the following ?

n

18

an

9

51

(1) sin (i) cos (i) tan 9

Solution :

7 7
(1) Since % lies in the first quadrant, the sign of sin% will be posilive.
an

9

an

(i1) Since lies inthe first quadrant, the sign of cos 9 will be positive.

51

9

51

(iii) Since 9

lies in the second quadrant, the sign of tan— will be negative.

S'E1lo] RN Wrrite the values of (i) sing (i) cos O (i) tang

Solution : (i) From Fig. 3.5, we can see that the coordinates of the point A are (0,1)

. T .
. SIn-=1,assinB =y

2
y
Al(0,1)
(%, y)
X 0 X
B (1,0)
y
Fig.3.5
(i) Coordinates of the point B are (1, 0) .. cos0O=1,ascosO=x
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LT
sSin —
2

s
COS—
2

= 1 which is not defined , Thus tan g is not defined.

S'ETlo] CRIA \Write the minimum and maximum values of cosQ.

Solution : We know that —1<cos 6 <1

. The maximum value of cos@ is 1 and the minimum value of cos @ is—1.

Q
\ & fl CHECK YOUR PROGRESS 3.3

1. What will be the sign of the following ?

i cosz—7t ii) tan on se02—7t
(i) cos = (i) tan (i) sec =
357 257 3n
iv) sec— tan — i) cot—
(iv) sec— (v) tan == (vi) cot=,
ii) cosec 8 iii) cot n
(vii) 3 (vii) 3
2. Write the value of each of the following :
i cos = in0 (i Cos 2n i tan 3
() > () sin0 (i) 3 (v) 4
. T . 3n ..
) secO (i) tan 2 (viiy tan ) (vii)  cos 2n

3.2.1 Relation Between Trigonometric Functions

Bydefinition x=cos6 , y=sin0

. cos0, sind
Sin 9 nmw ( )
= — P

— 0
cos 0 2 x.v)
y N

As tanf =7, (x=0), =
X

X <
and C0t6=§,(y¢0), y \y

cot0=——=
€., sin@ tan®’ (6 nm)
Vy'
Similarly, sec 6 ! (einnj Fig. 3.6
imilarly, =— — ig. 3.
Y cos 0 2
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L

0 (9 # nn)

Using Pythagoras theoremwe have, x? + y? =1, i.e., (cos 9)2 +(sin 6)2 =1

or, cos? @ +sin® 0 =1
Notes

Note : (cos 9)2 is written as cos2 0 and (sin 9)2 as sin o
y 2 11\2
Again x2 +y? =1 or 1+(;j =(;) , for x#0

or, 1+ (tan 9)2 = (sec 9)2 ,i.e. sec?9=1+tan’ 0

Similarly, cosec® 0 =1+ cot® @

SRl Prove that sin® 0+ cos* 9 =1—-2sin? 6 cos? 0

Solution : L.H.S.=sin* 8 + cos* 0

—sin® 0+ cos® 0 + 2sin? B cos2 O — 2sin% O cos? O
. 2 2 \2 . 2 2
=(sm 0 + cos 6) —2sin” 0 cos” O

=1-25sin® 6 cos® © ( +sin? @ + cos® 9:1), =R.H.S.
1-sin®
SEUJLERN Prove that 4|70 =secO —tan 0

1-sin@ (1-sin®)(1-sin6) (1-sin@)°
Solution : LHS. 1+sin0 (1+sin0) (1-sin0) |\ 1_sin20

(1-sin@)*> 1-sin@ 1  sin®

B W c0s0  cosO cosp —sSecO-tan6=R.HS.

. 21 1 . L
SE KN If SIN6= g Prove that sec6 +tan6 = —25, given that @ lies in the
second quadrant.

: ing= 2L 2 2
Solution : Sln9=2—9 Also, sin© 0+ cos“0=1
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2 -
= Cos2 ezl_sin2 e=l—ﬂ=@:(§j Sets,ReIat_|ons
841 841 \29 and Functions

-20
= Cos 0= 9 (cos 0 isnegative as g lies inthe second quardrant)

=21 . . L Not
tan 0 = 20 (tang isnegative as @ lies in the second qudrant) ores

sec O +tan0 = —29 +_21=_29_21 =_—5=—2£= R.HS.
20 20 20 ' 2 2

Q
\ & @ CHECK YOUR PROGRESS 3.4

Prove that sin® @ —cos”* 6 =sin® 0 — cos? 0

=

1
2. Iftan6= > find the other five trigonometric functions. where g lies in the first quardrant)

b
3. IfcosecO= 2 find the other five trigonometric functions, if g lies in the first quardrant.

1+cos6
1-cosO

=cosecO+coto

4. Prove that

5
5. Ifcot®+cosecH=1.5,show that COSG:E
6. If tan 6 + sec® = m, find the value of cos 6
7. Provethat (tan A+2)(2tan A+1)=>5tan A+2sec? A

8.  Provethat sin®  +cos® 6=1-3sin% 0 cos? 0

9. Prove that cos 6 + sin 6 =Cc0s 0+sind

1-tan® 1-cotO

10. Prove that tan 6 + sin 6 =cot 0+ cosecO-secO
1+cos® 1-cosO

13
11, If secx= 5 and x lies in the fourth quadrant, Find other five trigonometric ratios.

3.3 TRIGONOMETRIC FUNCTIONS OF SOME SPECIFIC

REAL NUMBERS

T T T
The values of the trigonometric functions of 0, 543 and - are summarised below in the

r
2

formofatable:
MATHEMATICS
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Real T T T T
Numbers 0 5 N 3 5
N\ (0)
Function
J
- 1 | L |
Sin 0 E \/5 7 1
3 1 1
coSs 1 7 \/5 > 0
1 -
tan 0 NG 1 J3 | Not defined

As an aid to memory, we may think of the following pattern for above mentioned values of sin

o
unction=. v V4 V2 ' Va Vs

On simplification, we get the values as given in the table. The values for cosines occur in the
reverse order.

=o)X ER Find the value of the following :

. . T T TU
(@) sm%sm%—cosE cos X (b) 4tan? Z—COSECZ— 2

—C0s” —
3

Solution :

e Rt LA IR

2
1 1
4tan? X _cosec? X _cos? X _4(1)? - 22_(_j —4_4_——_ =
(b) 2 5 3 D -() , "
TU TU )
Example 3.12 il A=§ and B=€,verlfythat cos (A+B)=cos A cos B —sin Asin B

T T
Solution: L.H.S. =cos (A +B) =C0s (5 + Ej =C0S

R.H.S —cosEcosﬁ—sinﬁsinE = =
R 3 6 3 6 B

LHS.=0=R.H.S.
cos (A+B)=cosAcos B -sinAsinB

MATHEMATICS
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1. Find the value of
@ sin?Z+tan?Z4tan?Z (ii) sin? Z+cosec? = +sec? Z—cos? =
6 4 3 3 6 4
(iii) cosﬁcosﬁ—sinz—nsinE (iv) acot? L+ cosec? = +sec? Ztan? =
3 3 3 3 3 4 3 4
| T | T n) 1
(v) |sin—+sin— || cos——cos— |+—
6 4 3 4) 4
2. Showthat

[1+ tan T tan Ej + (tan r_ tan Ej = sec2 T sec2 r
6 3 6 3 3

T T
3. Taking A=§, B =€,verifythat
() tan(A+B) _fanA+tan B (i) cos(A+B)=cosA cos B—sin AsinB
1-tan Atan B

T

e:
4. |If 7

,verify : (i) sin20=2sin 6 cos 0

(i) cos20=cos?0—-sin’0 =2cos?0-1 =1-2sin°0

s
5. If A= verifythat, (i) cos2A=2cos* A-1
. 2tan A . . i
(i) tan 2A:L2 (i) sin2A =2sinAcos A
1-tan” A

3.4 GRAPHS OF TRIGONOMETRIC FUNCTIONS

Given any function, a pictorial or a graphical representation makes a lasting impression on the
minds of learners and viewers. The importance of the graph of functions stems from the fact that
this isa convenient way of presenting many properties of the functions. By observing the graph
we can examine several characteristic properties of the functions such as (i) periodicity, (ii)
intervals in which the function is increasing or decreasing (i) symmetry about axes, (iv) maximum
and minimum points of the graph inthe given interval. It also helps to compute the areas enclosed
by the curves of the graph.
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3.4.1 Variations of sin6 as 6 Varies Continuously From 0 to 2x.

Let X'OX and Y'OY be the axes of
coordinates.With centre O and radius
OP = unity, draw a circle. Let OP
starting from OX and moving in
anticlockwise direction make an angle
0 with the x-axis, i.e. £ XOP = 6. Draw
PM L X'OX, then sin6 = MP as OP=1.
The variations of sin 0 are the same as those of
MP.

I Quadrant :
T
2

PM is positive and increases from0 to 1.
sin 0 is positive.

As 0 increases continuously from 0 to

Il Quadrant [g Tf}

In this interval, 6 lies inthe second quadrant.

Therefore, point P is in the second quadrant. Here
PM =y is positive, but decreases from1to 0 as 6

. T o ..
varies from 5 to 7. Thus sin 0 is positive.

3n
111 Quadrant [Tf, 7}

Inthisinterval, O lies in the third quandrant. Therefore,
point P can move in the third quadrant only. Hence
PM =y is negative and decreases from0to —1 as 6

. 3n ..
varies from g to PR In this interval sin @ decreases

from 0 to —1. Inthis interval sin 6 is negative.

3n
IV Quadrant [7 2“}

Inthis interval, 6 lies in the fourth quadrant. Therefore,
point P can move in the fourth quadrant only. Here again
PM = vy is negative but increases from -1 to 0 as

3
o varies from%t to 2n . Thussin @ is negative in this

interval.

etric Functions-1

Y

P

-
N

@
<
x

YI
Fig. 3.7

<

N

N

YI

Fig. 3.8
Y

[
e

N

Fig. 3.9

Y

I
\_

oj/
<

Y P

Fig. 3.10
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3.4.2 Graph of sin 6 as 6 varies from 0 to 2m.

Let X'OX and Y'OY be the two coordinate axes of reference. The values of O are to be measured
along x-axis and the values of sin 6 are to be measured along y-axis.

@

(Approximate value of /2 =1.41, —— = 707, X5 — g7)
72
o | Z (2|2 |28 |50 Tn |4n (3r | St fin
9 6 |3 (213 |6 || |3 [2]3 |6 [&
ino | o | 5 |87 | 1 |87 | 5 o |-5]87]-1F87|-5 |0

N E

Fig. 3.11

Some Observations

() Maximumvalue of sing is1. (if) Minimum value ofsin @ is—1.

T 3n
i) It iscontinuous everywhere. (iv) Itisincreasing from0to —and from — to 2r.
2 2

3
It is decreasing fromg to %t . With the help of the graph drawn in Fig. 6.11 we can

always draw another graphy =sin ¢ inthe interval of [ 2x, 4r] (see Fig. 3.12)

What do you observe ?
The graph of y =sin ¢ inthe interval [ 2, 4] is the same as that in 0 to 2r. Therefore, this
graph can be drawn by using the property sin (2x +6) =sin 0. Thus, sin @ repeats itself when

gisincreased by 27t. This is known as the periodicity of sin 0.

/\ AN

on 511 3n

MODULE - |
Sets, Relations
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Notes

Fig. 3.12
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MODULE - | We shall discuss in details the periodicity later in this lesson.

Sets, Relations | BSYE[JRKEM Draw the graph of y=sin 20 inthe interval 0to 7.
and Functions

Solution :
N O 2 I B To| 2z 3m) 5S¢
0" 6 | 4 3 2 3 4| 6 m
Notes
0 lo| 2| = | 2 dm| 3m| 5w
: 3| 2 3 m 3 > | 3| 2m
sin20{0 | .87 1 | .87 0 | -.87 1| -.87 0
y
1
1 1 1 1 1 1 1 1 1 1 >
0 I 2n 3n Sm T
6 4 3 2 3 4 6
-1
,
Fig.3.13

The graphis similar to that of y=sin 9

Some Observations

1. The other graphsofsin g, likeasin g, 3sin2¢@ can be drawn applying the same
method.

2. Graphofsin g, inotherintervalsnamely [4 =, 6 ©| , [-2 =, 0], [-4 n ,—-2 n],
can also be drawn easily. This can be done with the help of properties of allied

angles: sin (6 + 2 ) =sin 6, sin (6 — 2 &) = sin 6. i.e., g repeats itself when
increased or decreased by 2 .

Q
\ & § CHECK YOUR PROGRESS 3.6

1. What are the maximum and minimum values of sin 0 in [0, Zn] ?

no

Explain the symmetry in the graph of sin© in [0, Zn]

w

Sketch the graph of y =25sin g, inthe interval [0, =]

MATHEMATICS
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4. Forwhat valuesof g in [, 2n],sin g becomes, (a) - (b) —— Sets, Relations
2 2 and Functions

5.  Sketchthegraphofy=sinx inthe interval of [, 7]
3.4.3 Graph of cosd as 6 Varies From 0 to 2n

As in the case of sin@, we shall also discuss the changes in the values of cos 6 when 6 assumes Notes
values in the intervals [0 x } R L 3 and 3n 27r
2 2 2
P(x,y)
I Quadrant : Inthe interval [01 T } , point P lies in
2

the first quadrant, therefore, OM = x is positive but /

. T
decreases from 1 to 0 as©O increases from 0 tOE'

Thus in this interval cos© decreases from1to 0.

@
<
<

-, COS 0 is positive in this quadrant.

. . . Fig.3.14
Il Quadrant : Inthe interval [g , n} , point P lies in J

the second quadrant and therefore point M lies on the P(x.y)
negative side of x-axis. So in this case OM = x is
negative and decreases from o to —1as@ increases

TU . ..
fromz to . Hence in this inverval cos @ decreases
from 0 to — 1.

cos 0 Is negative.

\ y

3n ;

Il Quadrant : Intheinterval [TC , 7} point P lies Fig.3.15
in the third quadrant and therefore, OM = X remains
negative as it is on the negative side of x-axis. Therefore
OM = x s negative but increases from-1to0as 0
. 3n . e \ X
increases from x to > Hence in this interval cos 6 o)
increases from-1to 0.

COS @ Is negative.

3

IV Quadrant : Inthe interval [ 275} , point P lies
2

Fig. 3.16

MATHEMATICS
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in the fourth quadrant and M moves on the positive y
side of x-axis.Therefore OM = x is positive. Also it
increases from0to 1 as O increases from 3n to 27
2 Dw
Thus in this interval cos 0 increases from0to 1. \A\ o
C0SO Is positive.
Let us tabulate the values of cosines of some suitable
— P(x,y)
values of 0. y
Fig.3.17
ol 2| = | &2 5 Tm| 4m | 3w | St lln
0 6| 3| 2|3 6| ™| 6| 3|2 2m
cosO| 1 |.87 5 0| 0.5 -.87 -11 -87] -5 0 05| .87(1

Fig. 3.18

Let X'OX and Y'OY be the axes. Values of 6 are measured along x-axis and those of coso

along y-axis.

Some observations

() Maximumvalueof cos 6 =1. (i) Minimum value of cos 6 = —1.

(iif) Itiscontinuous everywhere.

(iv) cos (6 + 27) = cos 6. Also cos(6 — 27) = cos 6.Cos 0 repeats itself when 0 is

increased or decreased by 2. It is called periodicity of cos 6. We shall discuss in

details about this in the later part of this lesson.

(v) Graphof cos 6 intheintervals [2r, 4n] [4n, 6x] [-2n, 0], willbe the same as

in [0, 2x] .

= e o] NS Draw the graph of cos 0 as0 varies from —r to . Fromthe graph read

the values of 6 whencosg=+0.5.

MATHEMATICS
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Solution :

MODULE - |
Sets, Relations
. i o e 2 2 PO L L 1 5L and Functions
1™ 76 |3 | 2| 3|6 6 |3 | 23] 6|7
cos0:-1.0]1 -0.87 | -0.5 o 501-87(10 (087 |05 0]-0.51-0.87( -1
Y Notes
cos 6 = 0.5 /\
T —TT
when 925,? i
2 2
cos 0 =-0.5 3 S o
- 7 T 0 non
"2 73 3 2
when ezz_n,ﬁ 05 »
3 y
Fig.3.19
S EN NN Draw the graph of cos 20 inthe interval 0 to r.
Solution :
o | 2| 2| 2| x| ZZF| 3®|5m
0 6 4 3| 2| 3| 2 |% | ™
o | 2| 2|2 dn) 3m | 5S¢
20 3 2 | 3 T3 2 |3 |em
cos20 |1 |05 0 | -0.5 -1] -05 0 0.5 1
1,V
T 31
4 4
| |
0 g n
_1 y,

Fig. 3.20

Q
WX CHECK YOUR PROGRESS 3.7

1. (@ Sketchthegraphofy = cos 6 asgvariesfrom % to %
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(b) Draw the graphof y =3 cos 6 asgvariesfrom 0 to 2n

cos 6=0.87 and cos6=-0.87.

etric Functions-1

(c) Draw the graphof y = cos 30 from — = to © and read the values of 6 when

(d) Doesthegraphofy = cos 0 in B , 3?71 lie above x-axis or below x-axis?

(e) Drawthegraphof y = cos 0in[2n, 47]
3.4.4 Graph of tan 0 as 6 Varies from 0 to 2x&
sin 6
cos 0

In 1 Quadrant : tan @ can be written as

Behaviour of tan g depends upon the behaviour of sin 6 and

0s 0

InI quadrant, sin 6 increases from0 to 1, cos 6 decreases from1to 0

But

cos 0

tan g increases from0to « . (See the table and graph oftan ¢).

sin 0

In 11 Quadrant : tan 0 =
cos 0

sing decreases from1to 0.

cos 0 decreases from 0 to —1.

tan 0 is negative and increases from —_« to 0
sin 0

cos 0

sin 0 decreases from 0 to -1

In 111 Quadrant : tan 0 =

cos 0 increasesfrom —1to 0

tan O is positive and increases from 0 to o
sin ©

cos 0

sing increases from —1to0

cos 0 increases from0Oto 1

tan 0 is negative and increases form —oo t0 0
Graph oftan 6

In IV Quadrant : tan 6 =

increases from 1 indefintely (and write it as increasses from1to o0) tan 6 >0

P T B LS L . Tn | 4n | 3n of3m ,[5m |1in
0 6l 312 "2 3l [ ™| 6|3 2 3 2n
tan® |0 | 58173 4o |-173]-58] 0 |58 173|400 | o [-173 |-58 0ofo0

MATHEMATICS
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NE
3

Fig. 3.21

() tan(180°+6) =tan6. Therefore, the complete graph of tan 6 consists of
infinitely many repetitions of the same to the left as well as to the right.

(i) Since tan (-0) =—tan 0, therefore, if (6, tan ©) isany point on the graph then
(-6, —tan 0) will also be a point on the graph.

(i) By above results, it can be said that the graph of y = tan 6 is symmetrical in
opposite quadrants.

(v) tan® may have any numerical value, positve or negative.

i

2" 2

(vi) As @ passes through these values, tan 6 suddenly changes from +o t0 —co.

(v) Thegraphof tan© isdiscontinuous (has a break) at the points 6 =

3.4.5 Graph of cot 6 as 6 Varies From 0 to 2n
1

The behaviour of cot 6 depends upon the behaviour of cos 0 and sing & cot®=cos e_ie
sin

We discuss it in each quadrant.

1
: CcotO =cosOx
I Quadrant : sino

cos 6decreases from1to 0
sin 0 increases fromOto 1

cot 6 also decreases from +ooto O but cot 6 > 0.

cot O = cos O x 1
Il Quadrant : sino

cos 0 decreases from 0 to -1
sing decreases from 1to 0

MODULE - |
Sets, Relations
and Functions

Notes
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= cotO < 0 or cot O decreases from 0 to —o

1
. cot 6 = cos Ox
111 Quadrant : sino

cos 0 increases from -1 to 0

Notes sin 0 decreases from 0 to —1

- cot 0 decreases from +o to 0.

1
. cot B = cos Ox
IV Quadrant : sino

cos O increases from 0 to 1
sin O increasesfrom —1to 0
-.cot 6<0
cot 6 decreases from 0 to —

Graphof cot 0

ol Z | E|E| 2| 5 Im |4 | 3nf Sm| lin
0 6 13123 |6 | 9nt0 5 |3 | 2] 3| 6 |2™
cot 0 ol 73| 58] 0[-.58-1.73] —oo | 1o0 |1.73|.58] 0 -.58|-1.73] o

%) co
y
0 w2 i 3n/2 2n
v
— 0 — 0
Fig. 3.22

(i) Since cot (n+ 06) = cot 0, the complete graph of cot 0 consists of the portion from

9=0to0=m or 9="to 923_“.
2 2
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(i) cot 6 can have any numerical value - positive or negative.

(i) The graphof cot 6 isdiscontinuous, i.e. it breaksat 0 , &, 2m,.

(iv) AsO takesvalues 0, m, 27, cot ¢ Suddently changes from — oo to + o

Q
L" CHECK YOUR PROGRESS 3.8

(@ What is the maximum value of tan 0 ?

tan 0 at E 3—n7
(b) What changes do you observe in >

(c) Drawthegraphofy = tan 6 from —gx to . Find from the graph the value of 6 for

which tan6 = 1.7.
2. (a) Whatisthe maximum value of cot 06?
(b) Find the value of @ whencot 6 = — 1, fromthe graph.

3.4.6 To Find the Variations And Draw The Graph of sec 6 As 0 Varies From 0 to 2.

Let X'OX and Y'OY be the axes of coordinates. With
centre O, draw acircle of unit radius.

Let P be any point on the circle. Join OP and draw
PM | X'OX.

secl = op !

oM OM
. Variations will depend upon OM.
I Quadrant : sec g is positive as OM is positive.

n T
Also sec 0 = 1 and SeC = = when we approach — Fig.3.23

2
fromthe right. /
T
- As @ varies from0 to —, sec@ increases from 1 to

.. 2 L
o0 .
Il Quadrant : secg@is negative as OM is negative.
Fig.3.24

seclzt =-oowhen we approach g from the left. Also sec

TU
- As @ varies from Eto m , secOchanges from
— oo to —1. K

Fig. 3.25

i
/

YI
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It is observed that as@ passes through g , Sec O changes

from +o0 t0 — 0.

111 Quadrant : sec is negative as OM is negative.

etric Functions-1
Y

3
secnt =—1 and sec 7“ = — o whenthe angle approaches x M
3n . L .
> in the counter clockwise direction. As 0 varies from
P 1
3n Y
n to—, sec gdecreasesfrom —1to — .
2 Fig. 3.26
IV Quadrant : secg is positive as OM is positive. when 9
Y
is slightly greater than 37“ sec 0 is positive and very large.
Also sec 2 =1. Hence sec 0 decreases from o to 1as
, M
0 varies from 37“ to27. X 0\ X
It may be observed that as @ passes through
3m y P
—-; sec O changes from — o to + oo. _
2 Fig. 3.27
Graph of sec 6 as@ varies from 0 to 2«
b | w P 21| b5¢m In | 4n| 3n 3n 5n|1ln
S o I B P P I B B B B P AP ) O
cotO [1]|115| 2| 4oo| —oo| 2|-115| 1| -1.15| 2| —oo | 400 |2 |1.15
y T v
1
b 3n T
ol % 7 2
1
; / \
y s B Fig. 3.28
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(@  seco cannot be numerically less than 1.

3
(b)  Graphofsec6 isdiscontinuous, discontinuties (breaks) occuring at z and Rl .

3
(c) As 0 passesthrough g and %t ,see @ changes abruptly from +oo to —co and then

from —oo to +oo respectively.

3.4.7 Graph of cosec 6 as 6 Varies From 0 to 2=

Let X'OX and Y'OY be the axes of coordinates. With
centre O draw a circle of unit radius. Let P be any
point on the circle. Join OP and draw PM
perpendicular to X'OX.

OP 1
cosecl= —=——
MP  MP

. The variation ofcos ec 6 will depend upon MP.

I Quadrant : cosec 0 is positive as MP is positive.

T . .
cosec 5" 1 when 6 isverysmall, MP is also small and

therefore, the value of cosec 0 isvery large.

) T
- As 0 variesfromO to 5 , cosec O decreases from
oo to 1.

Il Quadrant : PM is positive. Therefore, cosec 0 is

.. T
positive. cosec 5 =1 and cosec m =0 when the

revolving line approaches = in the counter clockwise
direction.

. T )
. As O varies fromE to m ,cosec O increases from

1to .

111 Quadrant :PM is negative

. cosec 0 is negative. When 0 is slightly greater than =,

MODULE - |
Sets, Relations
and Functions

2 2

Notes

0 M X
w
Fig. 3.30
Y
0
X
0
YI
Fig. 3.31
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cosec O is verylarge and negative.

3
Also cosec — = —1.

3n
- As 0 varies from = to PE cosec 6 changes from
—oo to —-1.

It may be observed that as 6 passes through =, cosec 0

metric Functions-

i |
Y
2 R
X
i
|

XI M

P
Fig. 3.32

changes from + oo to — 0.

IV Quadrant :

Y
Therefore, cosec 6 = — oo as 6 approaches 2. X NX
0

PM is negative.

. 3n .
-, as @ varies from — to 2x, cosec@ varies from—

0

2
1t0-—. v P
Graph of cosec 0 Fig.3.33

o| Bl | 2| 2|5 In| 4m \3r) St fin
0 6|3 2] 3|6 |™9™0 6|3 |2| 3 [6 |
cosecO | oo| 2|1.150 1| 115 2 | 4uo| —eo| —2|-1.15|-1|-1.15|-2 |

3 2
© z |7 F T
-1
yl / \
Fig.3.34

@)
(b)
©

cosec @ cannot be numerically less than 1.
Graph of cosec ¢ is discountinous and it has breaksat 6 =0, &, 2.

As ¢ passes through 7, cosec ¢ changes from 4o t0 —oo . The values at 0 and
2w are 400 and —oo respectively.

MATHEMATICS
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2'¢1o] CRWEGEN Trace the changes in the values of sec 6 as 0 lies in —x to .

Soluton :
\y /
]

S

AR

y
Fig. 3.35

Q
\ & § CHECK YOUR PROGRESS 3.9

1. (a) Trace the changes in the values of sec © when g lies between —25 and 25 and
draw the graph between these limits.

(b) Trace the graph of cosec 9 ,when g lies between 2 and 2.

3.5 PERIODICITY OF THE TRIGONOMETRIC FUNCTIONS

From your daily experience you must have observed things repeating themselves after regular
intervals of time. For example, days of a week are repeated regularly after 7 days and months
of ayear are repeated regularly after 12 months. Position of a particle on a moving wheel is
another example of the type. The property of repeated occurence of things over regular intervals
is known as periodicity.

Definition : A function f (x) is said to be periodic if its value is unchanged when the value of the
variable is increased by a constant, that is if f (x + p) = f (x) for all x.

If p is smallest positive constant of this type, then p is called the period of the functionf (x).

1
Iff (x) isa periodic function with period p, then T(x) isalso a periodic function with period p.

3.5.1 Periods of Trigonometric Functions
0) sinx=sin(x+2nn):n=0, +1, +2, .....
(i) cosx=cos(x+2nm);n=0, +1, +2,.....
Also thereisno p, lying in0to 2r, for which
sinx =sin(x+p)

cosx =cos(x+p), forallx

MODULE - |
Sets, Relations
and Functions

Notes
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(i)

-

1.

Q

2m is the smallest positive value for which

(v)  The period of sec x isalso 2 assec X =

sin(x+2n)=sinx and cos(x +27) = cosx
= sin x and cos x each have the period 2x.

Trigonometric Functions-1

()  The period of cosec x is also 2 because cosec x = 1

sin x

coS X

(v)  Also tan(x+n) = tan x . Suppose p (0 < p < x) is the period of tanx, then

tan (x+p)=tanx, forallx. Putx=0,thentanp=0,i.e,p=0o0r x.

— the period of tan xis r.

Since cot x =

. Theperiodof tanx IS &t

tan x

(a) y=3sin2x
Solution :
@ >
(b)
() Period of y = tan

, therefore, the period of cot xisalso r.

(b) y=cos =
2

., 2m
Periodis —, i.e., «.

1
y= COSEX , therefore period =

=4r

NGRS
NG

N

r
1
2

. p cannot have values between 0 and 7 for which tan x = tan (x +p)

SETlo) RMYA Find the period of each the following functions :

(c)y=tan X
4

4r

CHECK YOUR PROGRESS 3.10

Find the period of each of the following functions :

(8) y=2sin3x

(c) y=tan 3x

(b) y =3 cos 2x

d)y =sin? 2x

MATHEMATICS



Trigonometric Funct

e

2
el LET Us sum uP

An angle is generated by the rotation of a ray.

The angle can be negative or positive according as rotation of the ray is clockwise or
anticlockwise.

A degree is one of the measures of an angle and one complete rotation generates an
angle of 360°.

An angle can be measured in radians, 360° being equivalent to 2x radians.

Ifan arc of length | subtends an angle of @ radians at the centre of the circle with radius
r,wehavel=rg.
Ifthe coordinates of a point P of a unit circle are (X, y) then the six trigonometric functions

are defined as sin6 =y, cose:x,tanezl, cotezi, secezl and
X y X

cosec o = i

y
The coordinates (x, y) of a point P can also be writtenas (cos 0, sin ).

Here ¢ is the angle which the line joining centre to the point P makes with the positive
direction of x-axis.

The values of the trigonometric functions sin @ and cos © when @ takes values 0,

L 2 S
62’3’ 2areg|ven Y
Real —
numbers @ 0 n n n n
m 6 4 3 2
. 1 1 NG
SIin 0 2 \/E 7 1
N 1 1
cos 1 > NA > 0

Graphs of sin 0, cos O are continuous every where
— Maximum value of both sin ©and cos 0 is 1.

— Minimum value of both sin ©and cos 0 is-1.
— Period of these functions is 27.

MATHEMATICS
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tan 6 and cot 6 can have any value between — and +oo.

— The function tan 6 has discontinuities (breaks) at g and %ﬂ in (0, 2m).

— ltsperiodis =.
— Thegraphof ¢cot © hasdiscontinuities (breaks) at0, =, 2. Itsperiod is .

sec © cannot have any value numerically less than 1.

T ond Z
o AN

(i) cosec@ cannot have any value between—1and +1.

() Ithasbreaks at . It repeats itself after 2.

It has discontinuities (breaks) at 0, =, 2. It repeats itself after 2rx.

e SUPPORTIVE WEB SITES

http://en.wikipedia.org/wiki/Trigonometric_functions
http://mathworld.wolfram.com/ Trigonometric_functions.html

Sl TERMINAL EXERCISE

A train is moving at the rate of 75 km/hour along a circular path of radius 2500 m.
Through how many radians does it turn in one minute ?

Find the number of degrees subtended at the centre of the circle by an arc whose length
is 0.357 times the radius.

The minute hand of a clock is 30 cm long. Find the distance covered by the tip of the
hand in 15 minutes.

Prove that
1-sin® 1
=secO—-tan 0 ——— =5ecH-tan0
(@ 1+sin® () secO + tan 6
(©) tan 9 €Y _ 2sin6coso (d)i+z!:g=(tane+sece)2
— Si

1+tan20 1+cot26

() sin8 6 — cos8 O = (sin26 — cos2 0 )(1 - 2sin2 0 cos2 0

(f) \/sec2 6 + cosec2 6 = tan 6 + cot O

T .
If 0 = Z,verlfythat sin30 = 3sin 0 — 4sin3 0

MATHEMATICS
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6. Evaluate :
(a) sinz%n (b) sinﬁ
31 . 17
hddd sin —
() tan( n j d) 7 T

COoS g e
© 5

7. Draw the graph ofcos x from x = ~Ttox= 3

5
Define a periodic function of x and show graphically that the period of tan x is =, i.e. the
position of the graph fromx = rt to 2 is repetition of the portion fromx=0tor.

MODULE - |
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MODULE - | A
Sets, Relations . -
and Functions L\-'J ANSWERS
CHECK YOUR PROGRESS 3.1
L ok o L 51 s 3
|t 03 W) 75 (i) 75 ™) 1 V5
2. (i) 45° (i) 15° (i) 9° (iv) 3° (v) 120°
T Br Ur Sn 5 d
4’ 36 36 ' 6 ' 3
CHECK YOUR PROGRESS 3.2
1 T o ~ on
. @5 (b) 3 O
2. (a) 36° (b) 30° (c) 20°
1 . 1 .
3. 5 radian; 9.55° 4. 3 radian 5. 95.54m
6. (@) 0.53m (b) 38.22cm  (c) 0.002 radian
(d) 12.56 m (e)31.4cm  (f) 3.75radian
(9)6.28m (h) 2radian (i) 19.11 m.
CHECK YOUR PROGRESS 3.3
1. (i) —ve (i) —ve (iii) —ve (iv) +ve
(V) +ve (vi)—ve (vii) +ve (viii) —ve
2. (1) zero (i) zero (iir) —% (iv)—-1
(v)1 (vi) Not defined (vii) Not defined (viii) 1
CHECK YOUR PROGRESS 3.4
_ 1 2 NG
2. 5|n9=ﬁ,COSO:ﬁ,cot(%:Z,cosecezx/g,s‘?ce:?
) a Jp2 _ a2 b
== - YY — 9% secH=
3. sin b’ cos 0 . , m ,
b2 _ a2 2m
b2 _ a2 coto " 6. 1o m2
5 . -12 -13 -12 -5
11. COSX =—,Sin X =——,c0Sec = ——,tan X = ——,Ccot X = —
13 13 12 5 12

IEN MATHEMATICS
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CHECK YOUR PROGRESS 3.5 MODULE - |
Sets, Relations

a1 a1 22 and Functions
1. (i) 4Z (ii) 65 (iii) _1 (iv) 3 (v) Zero

CHECK YOUR PROGRESS 3.6

Notes
1. 1, -1 3. Graphofy=2sin g, [0,7]
Y
2T T
|
|
|
|
|
|
|
|
|
< ! >
x1 |0 n/2 n X
\y-
Fig. 3.36
R L R
. €)] 5' 6 (b) 3 3 . y=sinxfrom-nton
/\y
X €= _ln 0 lﬂ —> X
2 2
/y'
Fig. 3.37

CHECK YOUR PROGRESS 3.7

1. (a)yzcose,—%toE

4
My
' < L ) s X Fig. 3.38
_T 0 T
4 4
y'V

MATHEMATICS
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MODULE - | (b) y =3cos0; 0 to 2n
Sets, Relations
and Functions y
2n
3
Not . 1
otes X Ts I \\“_/ 3n X
2 2
-3
N y.
Fig. 3.39
(c) y=cos30,-nton N
cos 6 = 0.87
T T
e ==, —— v 1 (AN
6 6 XN q w2 |0 w2 w’
cos O = -0.87
0= 5_n _on A%
6 6 Fig. 3.40
- Tc TE - -
(d) Graphof y = cos 0 in (E’ 7) lies below the x-axis.
(e) y =cos6
9 liesin 2w to 4n
\Y'
-1
3n
v & 1 1 1 N
XS 0 =m 2n 47 X
1
y
Fig.3.41
CHECK YOUR PROGRESS 3.8
. n 3n )
1. (@) Infinite (b) At CXATY there are breaks in graphs.

MATHEMATICS
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(© y=tan20, —ntomn MODULE - |

Sets, Relations

P and Functions
AL O= 3 tan6 =17

3n

2. (a) Infinite () cotO=-1lat 6 = "

Notes

CHECK YOUR PROGRESS 3.9

1. @ y =seco
|/
! X
X 27 1-3n/2 | T -n/2 /2 n 3n/2 2n

Fig.3.42
. ] L n 3m . .
Points of discontinuity of sec 20 are at 11 inthe interval [ 0, 2= ].

(b) Intracing the graph from 0 to —2r, use cosec(—6) = — cosec 6.

CHECK YOUR PROGRESS 3.10

.. 2 .. 2n . s
1. (a) Period is 3 (b) Period is Tl T (c) Period ofy is 3
d y=sin22x=ﬂ=£—lcos4x-p iodofvi 2—nieE
(d) > 573 ,erlooy|s4-2
X+1 ) T
(e) Y= 300'[(7) Period of y is 1= 3n
3
TERMINAL EXERCISE
1 .
1. > radian 2. 20.45° 3. 15t cm
1 1 1 1
6. @3 -5 ©a107 6@

MATHEMATICS
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Sets, Relations |7. Ty
and Functions

S
v

! ]
X' 4 0 X
Notes 2

vy
Fig.3.43
8. y
2
x\' o) 7 T 3z ;
> 2
y' A
y =secO
Fig.3.44
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TRIGONOMETRIC FUNCTIONS-II

In the previous lesson, you have learnt trigonometric functions of real numbers, drawn and
interpretd the graphs of trigonometric functions. Inthis lesson we will establish addition and
subtraction formulae for cos(A +B), sin(A+B) and tan (A £ B). We will also state the
formulae for the multiple and sub multiples of angles and solve examples thereof. The general
solutions of simple trigonometric functions will also be discussed in the lesson.

r
®©)

OBJECTIVES

After studying this lesson, you will be able to :

o . . X T
write trigonometric functions of —x, > Xty, 5 + X, t£ X where X, y are real nunbers;

establish the addition and subtraction formulae for :

cos (A + B) = cosAcosB F sinAsinB,

tanAttanB

sin(A + B)=sinAcosB +cosAsinBand tan(A+B)=———— —
l¥tan AtanB

solve problems using the addition and subtraction formulae;

state the formulae for the multiples and sub-multiples of angles such as cos2A, sin 2A,

. . A A A
tan 2A, cos 3A, sin 3A, tan 3A, SInE,COSE and tan?; and

solve simple trigonometric equations of the type :

sinX =sinao., COSX =COSa., tan X = tan o

EXPECTED BACKGROUND KNOWLEDGE

Definition of trigonometric functions.

Trigonometric functions of complementary and supplementary angles.
Trigonometric identities.

MATHEMATICS
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4.1 ADDITION AND MULTIPLICATION OF TRIGONOMETRIC
FUNCTIONS

In earlier sections we have learnt about circular measure ofangles, trigonometric functions,
values of trigonometric functions of specific numbers and of allied numbers.

You may now be interested to know whether with the given values of trigopnometric functions of
any two numbers A and B, it is possible to find trigonometric functions of sums or differences.

You will see how trigonometric functions of sum or difference of numbers are connected with
those of individual numbers. This will help you, for instance, to find the value of trigonometric

functions of -~ and >~ et
nctions o 12 an 12 etc.

5n

= canb das — —~ and ~> canb das — +—
12 can pe expresseda as 4 6 an 12 can pe expressed as 276

i . . )
How can we express I in the form of addition or subtraction?

In this section we propose to study such type of trigonometric functions.
4.1.1 Addition Formulae (cos A,sin A)

For any two numbers Aand B, P

cos(A +B)=cosA cos B—sin AsinB
In given figure trace out
ZSOP=A a
/POQ=B cos (A+B), sin (A+B)

w
x

AN

< \y <
f\ ‘

(1,0)

R

Z/SOR=-B . i
cos (-B), sin (-B) J

where points P, Q, R, S lie on the unit circle.
Coordinates of P, Q, R, Swill be (cosA, sinA), Fig. 4.1
[cos (A+B),sin(A+ B)],
[cos(~B), sin(~B)], and (1, 0).
From the given figure, we have
side OP =side OQ, ZPOR = £ QOS (each angle = #B + 2 QOR), side OR = side OS

APOR = AQOS (by SAS) -. PR=QS

PR = \/(cosA—cos(—B))z +(sin A —sin (—B))2

QS =(cos(A+B)-1) +(sin (A +B)—0)’

IEN MATHEMATICS
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Since PR? =QS? .. cos? A +cos® B—2cosA cosB+sin? A+sin? B+ 2sin AsinB Sets, Relations

and Functions
—cos®(A+B)+1-2cos(A+B)+sin’(A+B)

=  1+1-2(cos Acos B-sinAsinB)=1+1-2cos(A+B)

—  cosAcosB-sinAsinB=cos(A+B) ()

Corollary 1

For any two numbers Aand B, cos (A—B) =cosAcos B +sinAsin B

Notes

Proof : Replace Bby —B in(l)
cos(A—B)=cosA cosB +sinAsinB

[-- cos(—-B) =cosB and sin(-B) = —sinB]

Corollary 2

For any two numbers Aand B, sin(A +B) =sin A cos B + cos A sin B

T . . T
Proof : We know that COS (E—Aj =sin A and sin (E_Aj =CO0S A

sin(A+B)= cos[(g—(A+ B)ﬂ = cos[(g—Aj— B}

:cos(g—Aj cosB+ sin(g—Aj sinB

or sin(A+B)=sin AcosB+cos AsinB .. (1)

Corollary 3

For any two numbers Aand B, sin(A —B) =sin AcosB—cos AsinB
Proof : Replacing B by — B in (2), we have
sin(A +(-B))=sin Acos(-B)+cos A sin(-B)

or sin(A—B)=sin AcosB—cos AsinB

Example 4.1

@ Find the value of each of the following :

(i sin 2~ (i) COS— (i) cos -~
12 12 12

MATHEMATICS
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MODULE - |
Sets. Relati (b) If SINA L sinB L howthat A+ B T
ets, Relations =7 =—= showthat A+b=—
and Functions \/1_0 \/E 4

Solution :
. .5t . (m m . T T T . T
(a) 0) sin— =sin| —+— | =sin—-c0S— +C0S—-Sin—
N 12 4 6 4 6 4 6
otes
_1M3 11 341
2 2 V22 22

(i) COSLCOS(E_EJ
12 4 6

Ob that sin5—7t—cos1
serve tha B 7

i COS7—TE = CO0S (E-i-Ej
(i) 12 34

T U . T . T
=C0S—-C0S ——sIn —- sin—
3 4 4

(b)  sin(A+B)=sinA cos B+cosAsinB

cosA=,[1-— =—— gnd - 1-=—=_"_
10 /—10 cosB ‘/1 c \/g

Substituting all these values in the above formula, we get

3
+_

10

sin(A+B)=

&
&
ol

1 sinZ oy A4B=T
= —= — + -
N 4

5 —
0 5

+

%ﬁn

5
V1045

a1

IEN MATHEMATICS
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WX CHECK YOUR PROGRESS 4.1

1. (a) Find the values of each of the following :
i) sin i sinﬁ‘cosﬁ+cos£sin2—7E
Wiy () Sing oS 9 9

(b) Prove the following :

(i) sin [ngAj =%(cosA+\/§ sin A) (i) sin (%_Aj = %(cosA—sin A)

(c) If sinA = 8 and sinB _> , find sin(A-B)
17 13

2. (a) Find the value of cosi—g.

(b) Prove that:
(i) cosO+sin6 = ﬁcos[e—gj (i) /3 5in6—cos 6 = 25in[6—%)
(iii) cos(n+1) A cos(n—1) A+sin (n+1) Asin (n—1) A =cos 2A
) T T . (m . (n 3
(iv) cos[Z+Aj cos(z— Bj +sin (Z+Aj sin (Z— Bj =cos (A+B)

tan A+tanB

Corollary4: tan(A+B)=—— —
l1-tanAtanB

sin(A+B) _SinAcosB+cos AsinB
0s(A+B) C0sAcosB-sinAsinB

Proof : tan(A+B) =

Dividing by cos Acos B, we have

sin AcosB N cos AsinB

cos AcosB cos A cosB
cos A cosB B sin AsinB

cosAcosB cosAcosB

tan (A+B) =

of  tan(A+B)=NATENB (1
l1-tanAtanB
Corollary 5 : tan (A—B) = _2nA—tanB
1+tanAtanB

Proof : Replacing B by — B in (111), we get the required result.

MODULE - |
Sets, Relations
and Functions
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MODULE - |

. cotAcotB-1

Sets, Relations | Corollary6: cot (A+B)=———— =
cotB+cot A

and Functions

cos (A+B) cosAcosB-sinAsinB
sin(A+B) sinAcosB+cosAsinB

Proof: cot (A+B)=

Notes | Dividing bysinAsin B, we have ... (IV)

cotAcotB-1

cot(A+B)=
cotB +cot A

1+tan A
1-tan A

Corollary 7 : tan (% + Aj =

T
tan—+tanA  14tanA .
Proof : tan| T+ A |= 4 = as tan—=1
4 T 1-tanA 4
l1-tan—-tanA
Similarly, it can b dthttan(E—Aj—ﬂ
imilarly, it can be proved thai 4 T+ tan A
Example 4.2 gl tan —
12
b b 1—i
Solution : tan T —tan[Tc nj tanz—tang - ?i :ﬁ_l
. 10 . 3+1
12 4 6 T T 1+1.-~=
1+tan—-tan—
4 6 \E
_(V3-1)(3-1) _4-243
(VB+D)(V3-1) 2 =2-\3
T
tan—=2-+/3
12 V3
S ET[0) X% Prove the following :
n . Ixm
COS%-FS”]% Ar
(@) . 7n:tan?
CoS— —Sin—
36 36

(b) tan 7A — tan 4A — tan 3A = tan 7A tan 4A - tan 3A

100 MATHEMATICS
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7
Solution : (a) Dividing numerator and denominator by COS 3—2 , We get
Ve . In Ve tan E + tan 7j
cos__-+sin_—— l+tan 4 36
_ 36 _ 36 =
LHS. = . T n 1—tan "t n
cos—— —sin— 1-tan— —ano s
36 36 36
= tan(E +Ej = tan 16n = tanﬂ = R.HS
4 36 36 9

tan 4A + tan 3A
1 - tan 4A tan 3A

(b) tan 7A = tan (4A + 3A) =

or tan 7A — tan 7A tan 4A tan 3A = tan 4A + tan 3A
or tan7A—-tan4A —tan3A =tan 7Atan4Atan 3A

Q
WX CHECK YOUR PROGRESS 4.2

1. Fill in the blanks :

(i) sin(%+A)sin(g—Aj= .........

(ii) cos[g+%jcos[g—%j= .........
2. (@) Prove that :
0 tan(%+e)tan(%—e)=l.

cot AcotB +1
cot B — cot A

i) cot(A-B)-=
(iii) fan —— + tan — + tan — - tan — =1
12 6 12 6

a C
(b) IftanA=B;tanB=a,Provethat tan(A+B) =

. 1ln
() Find the value of COS ETR

ad + bc

bd — ac

MATHEMATICS
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Sets,Relations |3 ) provethat: (i) tan[ =+ A tan[ SE+ A | = -1
and Functions 4 4

cos 0O + sin 6 T . c0sO-sin0 T
(i) ————=tan —+0 (i) —7—— =tan ——0
cosO —sin O 4 cos O +sin O 4

Notes

4.2 TRANSFORMATION OF PRODUCTS INTO SUMS AND

VICE VERSA

4.2.1 Transformation of Products into Sums or Differences

We know that sin (A + B) = sin Acos B + cos Asin B
sin(A-B)=sinAcosB - cosAsinB
cos(A+B)=cosAcosB-sinAsinB
cos(A —B) =cosAcosB +sin AsinB

By adding and subtracting the first two formulae, we get respectively
2sinAcosB =sin(A+B)+sin(A-B) ....(1)

and  2cosAsinB =sin(A+B)-sin(A-B) ....(2

Similarly, by adding and subtracting the other two formulae, we get
2cosAcosB=cos(A+B)+cos(A-B)  ...(3)

and  2sinAsinB=cos(A-B)—-cos(A+B)..(4)

We can also quote these as
2sin Acos B = sin (sum) + sin ( difference )
2cos Asin B = sin (sum ) — sin (difference )
2cos A cos B = cos (sum ) + cos ( difference )

2sin Asin B = cos ( difference ) — cos (sum)

4.2.2 Transformation of Sums or Differences into Products

In the above results put
A+B=Cand A-B=D

~C+D ~C-D

Then A and B and (1), (2), (3) and (4) become
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sinC+sinD=25inC+DcosC_D
2 2
sinC—sinD:ZCosC+DsinC_D
2 2
cosC+cosD=2005C+DcosC_D
2 2
cosD—cosC=25inC;DsinC;D

4.2.3 Further Applications of Addition and Subtraction Formulae
We shall prove that (i) sin (A + B)sin(A —B) =sin2 A —sin2 B
(i)cos(A +B)cos(A —B) = cos? A —sin2 B or cos2 B —sin2 A
Proof: (i) sin(A + B)sin(A-B)
= (sin AcosB + cos AsinB) (sin AcosB — cos AsinB)
= sin2 A cos2 B — cos2 AsinZ B
=sin2 A(1-sin2B)—(1-sin2 A)sin2 B
=sin2 A -sin2 B
(i) cos(A+B)cos(A-B)
= (cos AcosB —sinAsinB) (cos AcosB +sin AsinB)
= c0s2 Acos2 B —sin2 AsinZ B
= c0s2A (1-5sin2B)—(1-cos2 A)sin2 B — ¢os2 A —sin2 B
=(1-sin2A)—(1-cos?2B) = cos2 B —sin2 A
Express the following products as a sumor difference

T

. bm .
) 2si ii ii) sin —sin
(1) 2sin 30 cos 20 (i) cos 60 cos 0 (iii) TAT

Solution :
(i) 2sin30cos 20 = sin (30 + 20 ) +sin (30 — 20) = sin 50 + sin 6

(ii) cos 66 cos O = %(2c0366cose) = %[005(66+ 0)+cos(660-6)]

= %(cos7e+ cos 50)
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. .ot .. o 1 . 5T . m
(iii) sin—sin— = —| 2sin —sin —
12 12 2 12 12

1 [ 5t —m j ( Sn+m j
= =| cos — COos =
2 12 12
= ¢ alo) XMW Express the following sums as products.

igonometric Functions-11

l[ T n}
—| COS— — C0S —
2 3 2

i cos5—7t+cos7—7t ii sin5—7t+cos7—7t
0 9 9 (i) SN3g 36
Solution :
. S5n Vs Sn+ 7xn Sn-Tn
(i) COS— + COS— = 2C0S cos
9 9 9x2 9x2
2w [ , [ T j n }
= 2C0S— COS— . COS| —— | =Ccos—
3 9 9 9

= 2cos[n—£jcosE = —ZcosﬁcosE
3 9 3 9

= COSﬂ ["COSE—E}
B 9 |’ 3 2

. . 5T . (nm 13=n n
(i) sm£+cos—=sm ———— |+ cos—

36 2 36 36
13xn Vs
= C0S—— + COS —
36
13n+ 7x 13n-7x 5n T
= 2c0S cos = 2C0S — COS —
36x2 36x2 18 12
Example 4.6 Ny Rilla Ll s GUFPRY YN
Xampie <. rove tha sin 9A —sin 7A
Solution :
. TA+9A . 9A -TA
2sin 5 sin >
LS =AY TA__9A-TA
2C0os sin
2
_Sin8AsINnA _ sin8A _ tan8A — RHS.

"~ Cos8A sinA  cos8A
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=ETlo) A Prove the following :

(i) cosZ(g—Aj—sinZ(%—Bj=sin(A+B)cos(A—B)

. . ofm A . ofm A 1 .

[ sSin“| —+— |-SIN“| ——— |=—=SINA

O (8 ZJ (8 ZJ V2
Solution :

(i) Applying the formula

cos2 A —sin2 B = cos (A + B)cos(A - B), we have
s s T T
=cos| ——A+—-Bjcos| -——-A-—+B
R N

=cosB—(A+B)}COS[—(A—B)] =sin(A+B)cos(A-B)=RHS

(if) Applying the formula
sin2 A —sin2 B =sin(A +B)sin(A-B),wehave

—sin(E+é+£—éjsin(£+é—E+éj
LHS. 8§ 278 2 8 2 8 2

—sinZsinA = isin A =RHS.

V2

SElo] RN Prove that

b 27 s dn 1
C0S—C0S—C0S—CO0S— = —
3 9 16
Solution : LH.S. cosﬁ[cosz—ﬂcosﬁ} cos4—n
3 9 9 9

1 l[ 21 n} 47 [ T l}
=—.—| 2C0S—C0S — |COS — 1 C0S— = —
2 2 9 9 9 3 2

l[ T n} 4 1 4 1[ 4 n}
=] COS— +COS— |COS— = —C0S— + —| 2C0S— COS —
9 8 9 8 9 9

1 4 1[ 51 n}
= 2€0S— + = | COS— + COS —
8 9 3
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Il
(@}
(@}

n
—
a
|

E
[
Il
|
(w}

(@}
7]
~
N
N—r

5n
Now Ccos ?

1
From (1) and (2), we get L.H.S. = - R.HS.

Q
\ & fl CHECK YOUR PROGRESS 4.3

1. Express each of the following as sums or differences :

@ 2cos 30 sin 20 (b) 2sin 40sin 20
T T . T T

2C0S —C0S — 2sin =cos —

© 15 @ 36

2. Express each of the following as a product :
@  sin66 +sin46 (b)  sin76-sin30

() c0s 20 — cos 40 (d) c0s 70 + cos 50
3. Prove that :

cosE—cosLn
sin5—n+cos4—n—cosE b 57) 18 1
T 9 9 (b) sinl—sing

. bn . In .T b 5n n

¢) Sin— -sin—+sin— =10 d) cos— + cos— + cos— =0

(©) (d)
18 18 18 9 9 9

4. Prove that :
(@) sin2(n+1)6 —sin2nB =sin(2n +1)0 -sin 6

(b) cosBcos(2a —B)=cos?2a—sin2(o—p)

T . T
C) c0s2 — —sin2 — = —
© 4 12 4

T . Y
5. Show that COS? [Z + 9) —sin? [Z - 9) is independent of @.
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6. Prove that :

sin® +sin30 +sin50 +sin 76

a = tan 40
c0s 0 + cos 30 + cos 50 + cos 70
. m . 5n . 5n . In 1
(b) sin—sin —sin —sin — = —
18 6 18 18 16

(c) (cosa +cosB)” + (sina +sinB)* = 4cos? a—P

4.3 TRIGONOMETRIC FUNCTIONS OF MULTIPLES OF
ANGLES

(a) To expresssin 2Ain termsof sin A, cos Aand tan A.

We know that sin (A + B) = sin Acos B + cos Asin B

By putting B =A, we get sin 2A = sin Acos A + cos Asin A = 2sin Acos A
sin 2A can also be written as

2sin Acos A

sin 2A = - ceq 2 in2
o2 Arsnz A U 1=cos2A +sin2A)

Dividing numerator and denomunator by cos2 A, we get

2[sinAcosAj

sin 2A — cos2 A _ 2tanA
c052A+sin2A 1+tan2 A
cos2 A cosZ A

(b) To express cos 2Ain terms of sin A, cos Aand tan A.

We know that cos (A + B) = cos Acos B —sin Asin B
Putting B =A, we have cos 2A = cos A cos A —sin Asin A
or cos 2A = cos2 A —sin2 A

Also cos 2A =052 A —(1-c0s2 A) = cos2 A —1 + cos2 A

i 5 1+ cos2A
18, CoS2A = 2cos2 A -1 = cos2 A = —
Also cos2A = cos® A—sin’ A —1-sin2 A —sin2 A

- ) - 2 _ l_COSZA
Le., c0s2A =1-2sin2 A —  SINcA= —

cos2 A —sinZ A

cos 2A = -
cosZ2 A +sin2 A
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Dividing the numerator and denominator of R.H.S. by cos2 A, we have

1-tan2 A
1+tan2 A
© To express tan 2Ainterms of tan A.

cos 2A =

tan2A =tan(A+A)=

tan A+tan A

igonometric Functions-11

2tan A

Thus we have derived the following formulae :

sin 2A = 2sin Acos A = 2tan A

c0s2A =cos? A —sin2 A=2cos2 A—-1=1-2sin’ A =

2tan A _ 1+ cos2A

1-tanAtan A

1+tan2 A

1-tan2 A

tan 2A=———— cos2 A , sin2 A
1-tan“ A
SN rove that — b2 — tan A
rove that 1=
. sin 2A 2sin AcosA  sinA
Solution : = = =tanA

1+cos2A  2C0os2A  CcosA

=S el XM Prove that cot A — tan A = 2 cot 2A.

Solution : COtA —tan A =
tan A

~ 2(1—tan2 A)
2tan A

B 2
_( 2tan A j
1-tan2 A
B 2
tan 2A

T 3n
SEN I EREN Evaluate COS2 st cos?2 5

= 2cot 2A.

—tan A

1-tan2 A

tan A

l—tanZA
l+tan2A

_1-cos2A
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. - l+cos§ 1+cos?Zc
Solution : cos2 = + €0s2 — = +
C0S% — + 3 5 5
1 1
I+ 5 1—3_(J§+1)+(J§—1)
2 2 22

DCnlo Y NMPA Prove that COSA =tan E+A
pe = 1-sinA 4 2)

tan L + tan é
4 2

1—tan “tan 2
47 2

Solution : R.H.S. = tan [% + éj =

. A
sin —
1+ 2

A A A
COS——  COS—_ +SIin——
2 _ 2 2

AT A _A
SIn — COS— —SIN —
1_ 2 2 2

A
COS —
2

A . A A A
COS — + SIn — COS — —SIn —
~ 2 2 2 2
A AV
COS — —SIn —
2 2

cos A _sinAH
2 2

[Multiplying Numerator and Denominator by (

cos? ':—sinz A

X 2A - _ _C0sA
27 _2cosDsin  1-sinA
2 2 2

2 A .
COosS E+S|n

Q
W& § CHECK YOUR PROGRESS 4.4

T

A=
1. If 3

, verify that

2tan A

a) SIn2A = 2sin AcCOSA = —
@ 1+ tan2 A

=LHS,
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)
(b) C0S2A =cos? A —sin® A=2cos’ A-1=1-2sin® A= %
1+tan“ A
Find the value of sin 2Awhen (assuming 0 <A< g)
3 . 12 16
COSA = — SINA = — tan A = —
) z (b) 5 © 5
Find the value of cos 2A when
15 . 4 5
COSA = — SINA = — tan A = —
(@ 5 ® : © o
Find the value of tan 2A when
3 a
tan A = — tan A = —
(@ Z (b) 5
Evaluate Sin2 = + sin2 3—n.
8 8
Prove the following :
1+ sin 2A T CotZ A +1
- tan?| =+ A = - 2A
@) 1—sin2A ( 4 j (b) CosZ A-1 >¢

sin 2
(a) Prove that T_cos2A CoSA (b) Prove that tan A + cot A = 2 cosec 2A.

0S2A

X cos A —tan(f—éj
(a) Prove that T1snA 17

(b) Prove that (COS o + cosB)2 +(sino —sin B)2 = 4 cos?

o-B
2

4.3.1 Trigonometric Functions of 3Ain Terms of A

(@)

sin 3Aiin terms of sin A
Substituting 2A for B in the formula

sin(A + B) =sin Acos B + cos Asin B, we get
sin( A+ 2A) = sin Acos 2A + cos Asin 2A
=sin A(1-2sin2 A)+ (cos A x 2sin AcosA )
=sin A —2sin3 A + 2sin A(1-sin2 A)

=sin A —2sin3 A + 2sin A — 2sin3 A
sin 3A = 3sin A — 4sin3 A ..(1)
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()

©

(d)

cos 3A in terms of cos A
Substituting 2A for B in the formula

cos(A + B) = cosAcosB —sin Asin B, we get
cos (A + 2A)) = cos A cos 2A — sin Asin 2A
=cosA(2c0s2 A —1)—(sin A)x 2sin Acos A
=2c0s3 A —cosA - 2cos A(1-cos2 A)

:2cos3A—cosA—ZcosA+Zcos3A

cos 3A = 4cos3 A — 3cos A w(2)
tan 3Ain terms of tan A
tan A + tan B
Putti = i tan(A+B) =
utting B = 2A inthe formula tan ( ) T tn Aanp Ve et
tan A + 71 2 ttan 'ZA‘A
tan A + tan 2A — — tan
tan (A + 2A) = -
( ) 1- tan A tan 2A l—tanA><2t"’17nA
1-tan2 A
tan A —tan3 A + 2tan A
- 12—tan2A —— _3tanA—tan3A 3
1—-tan2 A - 2tan2 A 1_3@nZA -(3)
1-tanZ2 A
Formulae for sin3 A and cos3 A
sin3A = 3sin A — 4sin3 A
) ) . 3 3sin A —sin 3A
4sin3 A = 3sin A —sin3A or SIN°A = 4

Similarly, cos3A = 4cos3 A —3cosA

3A = 3cos A + cos3A
3cos A + cos 3A = 4cos3 A OF COST A = 2

= E[o) RNEE Prove that

) . (n j . (n j 1.
sinosin| —+ o |sin| ——a | = =sin 3o
3 3 4

Solution : Sinasin(g + ajsin(g - aj
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MODULE - |

Sets, Relat_ions = lsin a[cos 200 — cosﬁ} :Esinoc 1-2sin%a— 1—2$inZE
and Functions 2 3 2 3

= Zisin o{sin2 T _sin2 oc}
2 3

Notes

i [3 i } 3sina—4sind3a 1 .
=sina| —-sSin4a | = = =sin 3a
4 4 4

SE0 KEN Prove that c0os3 Asin 3A +sin3 A cos 3A = %sin 4A

Solution : cos3 A sin 3A + sin3 A cos 3A
= cos3 A(3sin A —4sin3 A) +sin3 A(4cos3 A —3cosA)
= 3sin Acos3 A — 4sin3 Acos3 A + 4sin3 Acos3 A — 3sin3 Acos A
= 3sin Acos3 A — 3sin3 Acos A
= 3sin Acos A (cos2 A —sin2 A) = (3sin Acos A)cos 2A

_3sin2A>< _3sindA 3

= —Sin4A .
4

cos 2A

e XK Prove that cos3 ~ + sin3 = = E( cos = + sin ij
9 18 4 9 18

lution : L.H —i[3cos£+cos£}+1(3sin£—sin£J
Solution : L.H.S. 4 9 3" 5

18
= §[cosE + sin i} + l(i - lj = §[cosE + sin ﬂ} = R.HS.
4 9 18 412 2 4 9 18
Q
\ & @ CHECK YOUR PROGRESS 4.5
1. IfA= %,verifythat (a) Sin 3A = 3sin A — 4sin3 A

3tan A—tan® A
1—3tan2A

(b) cos3A = 4cos3 A —3cos A (c) tan3A =
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2. Find the value of sin 3Awhen (a) sin A = % (b) sin A = P

q
3. Find the value of cos 3BAwhen (a) cos A = —% (b) cos A = %
4. Prove that COSOLCOS(%—OL)COS(§+OLJ=%COS30L.

5. (a) Prove that sin3ﬁ—sin3£ = E(sinz—n—sin Ej
9 9 4 9 9

sin 3A _ cos 3A
sin A Cos A

(b) Prove that IS constant.

cot3 A —3cot A

6. (a) Prove that cot 3A =
3cot2 A -1

(b) Prove that
cos10A + cos8A + 3cos 4A + 3cos 2A = 8cos A cos3 3A

4.4 TRIGONOMETRIC FUNCTIONS OF SUBMULTIPLES OF
ANGLES

AAA lled submultiples of A
2,3,4arecae submultiples of A.
It has been proved that
SinzA:l—COSZA’ cos2A:l+ cosZA’ tanzA:l—COSZA
2 1+ cos 2A

A A
Replacing Aby o we easily get the following formulae for the sub-multiple > :

A /1—cosA / / —
SIN—=+ , COSé:i M and tané:i ﬂ
2 2 2 2 2 1+ cosA

We will choose either the positive or the negative sign depending on whether corresponding

A
value of the function is positive or negative for the value of PR This will be clear from the

following examples

SEN VRGN Find the values of sin (—gj and cos ( —gj .
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Sets, Relations | Solution : We use the formula sin 5= +, /T

and Functions
and take the lower sign, i.e., negative sign, because sin ( - gj IS negative.

Notes

Similarly,

_\/2+x/§_\/2+\/§
N4 2

SEo] CRNYE If cos A = 2l5 and 3771 < A < 2m, find the values of
i) sin A ii cosé ii) tan A
MsinZ (@)cosT (i) tan
Solution : - - Aliesinthe 4th-quardrant, 3n <A< 21
2

3E<é<n
= 42

siné>0 cosé<0 tané<0.
2 ' 2 ' 2

sm— 1- cosA / B /E_ 9 3
50 25 5
COS__ /1+cosA / t95 [ 16 4
50 25 5
tan—— /1 COsA %
and 1+cosA 15
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A 1- A
1. IfA= %,verifythat @ sinz= /%

MODULE - |
Sets, Relations
and Functions

A 1+ cosA A 1-cosA
b COS— = 1/— C tan — = ‘/—
(b) 2 2 © 2 1+ cosA

2. Find the values of sin I and sin I
12 24
3. Determine the values of
sin r b) cos r tan I
(@) sing (b) cos (c) tang.

4.5 TRIGONOMETRIC EQUATIONS

You are familiar with the equations like simple linear equations, quadratic equations in algebra
You have also learnt how to solve the same.

Thus, (i) x — 3 = 0 gives one value of x as a solution.

(i) x2 — 9 = o gives two values of x.

You must have noticed, the number of values depends upon the degree of the equation.

Now we need to consider as to what will happen in case x'sand y's are replaced by trigonometrig
functions.

Thus solution of the equation sin© — 1 = 0, will give

n 51 9n
i —l1and 6=—, —, —, ....
sing =1 5" 5 o

Clearly, the solution of simple equations with only finite number of values does not necessarily
hold good in case of trigonometric equations.

So, we will try to find the ways of finding solutions of such equations.

4.5.1 To find the general solution of the equation sin 6 =sin a

Itisgiventhat sin® =sino, =  sin6—sina. =0

or 2cos[e+ajsin(e_aj=0
2 2

Eithercos[e;aj:oorsin(e;aj=0

Notes
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G_Toﬁqn,p,qez

0+ a
2

= (2p+l)g or

or 0=2qn+a ..(1)

- 0=(2p+1)n—a

From (1), we get
0=nn+ (—1)n o, n e Z asthe geeneral solution of the equation sin © = sin o
4.5.2 To find the general solution of the equation cos 6 = cos a

Itisgiventhat, cos® =cosa, = €0sO—cosa =0

— 2sin 9 %G9 g
2
) . 0+a . -a
Either, sin =0 orSin =0
0+ a 0—-a
- 5 = pm or =qm, p,qe
= 0=2pr—a OrQ=2zt+a (1)

From (1), we have
0=2nn+o,n e Z asthe general solution of the equation cos 6 = cos a

4.5.3 To find the general solution of the equation tan 6 = tan a.

Itisgiventhat, tan® =t Sind _ sina. 0
is given that, tan 0 = tan o, — = =
g %= cosO cosa
= sin@coso —sinacos® =0, = sin(6-a)=0
= O-a=nt,ne’Z, = O=nt+a-neZ
Similarly, for ~ cosec 9 =cosec a, the general solutionis 6 = nx + (_1)” o
and, for sec O = sec o, the general solutionis § = 2nx + o
and for cot® = cot o, O = nit + o Isitsgeneral solution

=) CFNE Find the general solution of the following equations :

V3

(@) (i) Sin0 = % (i) sin 6 = Y (b) (i) cos O = % (ii) cos 0 = —%

() cotd = —/3 @ 4sin®0=1

Solution : () (i) sin 6 = % = sing
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G:nn+(—1)"g, neZz

s —3 . T . b . An
(")sme:T:—3|n§=sm[n+§j=3|n—

3
eznn+(—1)”%’t, neZz
(b) 0] cosezgzcosg, 6=2nnig, neZ
1 T T 27
(ii)cosez—Ez—cosgzcos(n—gjzcos?
9=2nni2—;, neZz
1 T T 5n
tan® = —— = —tan — = tan —— | =tan—
() cotd = —/3. NE] 5 (“ 6) 5

Gznn+%, neZz

1 (1) n
(d) 4sin29=1 = Sinze:Z:[Ej =sin2 =

6
. . T T
sino=sinf+t—| - 0=ntxt—, nel’l
- (2§) 2o=msg ne
=l XNl Solve the following to find general solution :
(@  2cos26+3sinh=0 (b)  cos4x = cos 2x
()  cos3x = sin2x (d)  sin2x +sin4x +sin6x =0
Solution :
(a) 2¢cos20+3sin6 =0, = 2(1—Sin26)+33in9=0
= 25in20—-3sin0—-2=0, = (2sin®+1)(sin6-2)=0
= sind = _% or sind =2, Since Sin 6 = 2 isnot possible.
) T ( ch . Tn
SinG =—-sin—=sin| n+— |=sin—
6 6 6
0 =nm+(-1)" %" e
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(b) coS4X = Cos2X 1., cos4xX —cos2X =0

= -2sin3xsinx =0
= sin3x =0 or sinx =0
= 3X = nNmn or X =Nz
nm
= X=? or X=Nmn neZz

T
© cos3x =sin2x = C0s3x = COS(E - 2xj

T
— 3x=2nni(z—2xj nez

Taking positive sign only, we have 3x = 2nm + g - 2X

BX = 2nm + x—@+1
= 2 = 5 10
Now taking negative sign, we have
3x:2nn—g+2x — x:2nn—gnez
(d) sin 2x + sin4x + sin6x = 0
or (sin6x +sin2x)+sin4x =0
or 2sin 4x cos 2x +sin4x =0
or sindx[2cos2x +1] =0
i cost——l—cosz—n
sindx =0 oOr 5 3
s
— 4X = nr or2X=2nni?,nez
nmw + s
X = T or X =Nnm _§ ne?Zz

Q
\ & @ CHECK YOUR PROGRESS 4.7

1. Find the general value of ¢ satisfying :

0] sin6 = ? () cosecd=+2
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. V3 1
(i) sin@ = —— (iv) sin = ——
2 J2
2. Find the general value of ¢ satisfying :
i 1 . 2
() cosO=-= (i) secH=-—
2 NE]

(i)  cosO = ? (v) secO=—/2

3. Find the general value of ¢ satisfying :

) tano=-1 (@) tano=+3 (@) coto=-1

4. Find the general value of ¢ satisfying :

i ) 1 . 1 " 1
i sin 20 = = il cos20 == (i tan 30 = —
(0 5 (ii) 5 (iif) Ne
(v) cos3e=—£(v) sin26=E (vi)  sin2 26=E
2 4 4
. . 3
(Vi)  4cos2@ =1 (vii) cos? ZG:Z
5. Find the general solution of the following :
0] 25in20 + /3 cos0+1=0 (i  4cos’>0-4sinp=1
(i) cotO + tan © = 2 cosec O
)
WeZdl L ET Us sum uP
e sin(A+B)=sinAcosB £cosAsinB,
cos(A+B)=cosAcosB FsinAsinB
tan (A + B) = tan A + tan B tan(A-B)= tan A —tan B
l1-tanAtanB l+tan Atan B
Cot(A +B) = cotAcotB—l, Cot(A—-B) = cotAcotB +1
cot B + cotA cotB —cot A

. 2sinAcosB =sin(A+B)+sin(A-B)
2cosAsinB =sin(A+B)-sin(A-B)
2cosAcosB =cos(A+B)-cos(A-B)
2sinAsinB =cos(A-B)-cos(A+B)
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MODULE - | ) ) . C+D C-D
Sets’ Relations | ® SINC +sinD = 2sin > CcoSs >
and Functions

sinC —sinD = 2cosC+DsinC_D
2 2

Notes cosC+cosD=ZCosC;DcosC;D
C+D . D-C

cosC —cosD =2sin sin
2 2

° sin(A+B)-sin(A—B):sinZA—sinzB

cos(A+ B)-cos(A—B):cosZA—sin2 B

° sin2A=25inAcosA=2ta—nA
1+ tan2 A
2 .9 2 .9 1-tan® A
° Co0S2A =cos“ A-sin“A=2cos“A-1=1-2sin A=—2
1+tan® A
° tanZAZZta—nA
1-tanZ A
. SinzA:l—COSZA, osZA:1+CoszA,tan2A:1_COSZA
1+ cos 2A

. Sin3A =3sin A -4sind A | 10s3A = 4c0s3 A — 3cos A

3tan A —tan3 A
1-3tanZ A

tan 3A =

3sin A —sin 3A _ 3cos A +cos3A

0s3 A

4 4
. A 1-cosA A 1+cosA
° sin — J_r‘/—, COS— = J_q/—
2 2 2 2
A /l—cosA
tan — =+, | ———
2 1+ cosA

° Sin3 A=

I+

o sin@ = sina = 6=nn+(—1)n a, neZz
° c0sS 0 = cosa = 0 =2nn * a, neZz
° tan O = tan o = 0 =nm+ a, neZ
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e SUPPORTIVE WEB SITES

http://mathworld.wolfram.com/ Trigonometric_functions.html
http://en.wikipedia.org/wiki/Trigonometric_functions

Sl TERMINAL EXERCISE

COS2 B- COS2 A

=

Prove that tan(A +B)xtan(A—-B) =
( ) ( ) cos? B—sin? A

2. Provethat cos® — /3sin 0 = Zcos[e+gj

3. IfA+B=2
4

Provethat(1+tan A)(1+tanB)=2and (cotA—-1)(cosB-1)=2
4.  Prove each ofthe following :
: sin(A—B)+sin(B—C)+sin(C—A)_
® cosAcosB cosBcosC  cosCcos A

ii) cos I —A |-cos I +A |[+c0oS —zn—A -C0S —2n+A =C0S2A
(i)
10 10 5 5

(iii) 0052— cos4—n Cosg_n _ 1
9 9

13n 17n 437
(iv) cos— + cos—— + cos— =0
45 45 45
T T 1
(v) tan[A +—j + cot(A ——j =
6 sin 2A —sin
vi) sin 0 + sin 20 (vu) cose+s!ne _ tan 20 + sec 20
1+cose+cosze cos0 —sin0

(|||)(1 sin g} anz(%—gj

i L T 3
(iX) cos2A+0032[A+—j+cos2(A__j =2
3 3) 2

MATHEMATICS
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ometric Functions-11

MODULE - |
Sets, Relations (X) sec8A —1 = tan 8A (xi) COSi 0057_n COS& COS@ = E
and Functions sec4A -1 tan 2A 30 30 30 30 16
(xii) Sin = +sin Bn_ 1
10 10 2
ot 5. Find the general value of ' ' satisfying

(a) Sin9=% (b) sinezg

. 1
(c)sin® = NG (d) cosec 0 =+/2

6. Find the general value of '@ ' satisfying

cose—l b sece—i
3
(c) cos6 = — (d) seco = -2
7. Find the general value of ' ' satisfying
1
(8) tan6 =1 (b) tan6 = -1 (c)coth = ——
V3

8. Find the general value of ' ' satisfying

. 1
(a) Sin2 0 = 5 (b) 4c0s20 =1 (c) 2cot2 6 = cosec2 0

9.  Solve the following for ¢ :

(a) cos pd = cosgo (b) sin90 = sin O (c) tan5 6 = cot O
10.  Solve the following for ¢ :

(@) sinm@ +sinnd =0 (b) tanm@ + cotnd = 0

(C) cosO +cos20 +cos30 =0 (d) sin® +sin20+sin30 +sin40 =0
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AN
M ANSWERS

CHECK YOUR PROGRESS 4.1

J3-1
L@ 0 S5 (ii)

N3 -1
2. @ Nz

CHECK YOUR PROGRESS 4.2

cosZ A —sinZ A

1. 0] 5 (i)
( V3 + 1)
2. () - 202
CHECK YOUR PROGRESS 4.3
1L (@  sin50 —sin®; (b)
©  COS—+cos— d)
3 6
2. @) 2sin 50 cos O (b)
()  2sin30-sin® (d

CHECK YOUR PROGRESS 4.4

©

N[ &

C0S 20 — cos 60
. T . T
sin = +sin =

2 6

2c0s50 - sin 20
2c0s 60 - cos o

, 24 , 120 2016
S T ® 169 © 2225
3 161 = 119
- @ g9 ® % ©  Te9
24 2ab
e T O o
5, 1

CHECK YOUR PROGRESS 4.5

2. (@ (b)

27

22 (3p0® -4p°)

q3

21
221
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23

@ 5 (6)

CHECK YOUR PROGRESS 4.6

51 4B )

ds3

nometric Functions-11

4¢3 — 3cd?

2. (@ 207 NG
. @ “Zgﬁ (b) “Zzﬁ © V2-1

CHECK YOUR PROGRESS 4.7

1, (i)9=nn+(—l)ng,nez
(iii)eznn+(—l)n%n,nez

2. (i)e:ZnnJ_r%n,neZ
(iii)9=2nnig,nez

3. (i)eznn+%,nez
(ii) eznn—g,nez

4. (i) ez%’t +(-)" —2 neZ
(i) 9:%+%,nez
(V) O0=nnt—,neZ
Vi) 6=nnt=,nez

5. (i) e=2nni%",nez

(iii) e:2nnig, neZ

(ii) 6= nm(—l)”%, nez
(iv) 0= nm(—l)”%n, nez
(ii) G:Znni%n, neZ

(iv) 6=2nni%, nezZ

(ii) e:nn+g, neZ

(ii)

(iv)

92@4'— ne”Z

(vi) 2 12

92@4'— neZ

(viii) >t

iy 0= nm(—l)“%, nez
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Trigonometric Functions-11

TERMINAL EXERCISE

5. (@)

(b)

©

(d)

(b)

©

(d)

(b)

©

(b)

©

e=nn+(—1)“§,nez

e=nn+(—1)“§,nez

n bm

0=nn+(-1) T,neZ

O:nn+(—1)nﬁ,neZ
4
9:2nni£,neZ
3
9:2nni£,neZ
6
9:2nni5—n,neZ
6
9:2nni2—n,neZ
3
9:n7t+£,neZ
4
9:n7t+3—n,neZ
4
G:nn+ﬁ,nez
3
Gznniﬁ,nez
4
Gznniﬁ,nez
3

Gznniﬁ,nez
4
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10.

@)

(b)

©

@)

(b)

©

(d)

2nn
P+q

0=

,ne”Z
ezn—nor(2n+l)£,nez
4 10

0=(2n +1)£,n eZ
12

_(2k+Dn 2kn
m-n " m+n’

0 kel

o= (2k+Dm

=————_keZ
2(m=n) ©

0=(2n +1)% or 2nni2§,n eZ

2nm

Trigonometric Functions-11

ez?oreznnig,nez or 6=(2n-1)w,neZ
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RELATIONS BETWEEN SIDES AND
ANGLES OF A TRIANGLE

Inearlier lesson, we have learnt about trigonometric functions of real numbers, relations between
them, drawn the graphs of trigonometric functions, studied the characteristics from their graphs,
studied about trigonometric functions of sum and difference of real numbers, and deduced
trigonometric functions of multiple and sub-multiples of real numbers.

Inthis lesson, we shall try to establish some results which will give the relationship between sides
and angles of a triangle and will help in finding unknown parts of a triangle.

OBJECTIVES

After studying this lesson, you will be able to :
. derive sine formula, cosine formula and projection formula

@

° apply these formulae to solve problems.

EXPECTED BACKGROUND KNOWLEDGE

° Trigonometric functions.
. Formulae for sumand difference of trigonometric functions of real numbers.
. Trigonometric functions of multiples and sub-multiples of real numbers.

5.1 SINE FORMULA

Ina AABC, the angles corresponding to the vertices A, B, and C are denoted by A, B, and C
and the sides opposite to these vertices are denoted by a, b and ¢ respectively. These angles
and sides are called six elements of the triangle.

Prove that in any triangle, the lengths of the sides are proportional to the sines of the angles
opposite to the sides,

a b ¢
sinA sinB sinC

ie.

Proof : In AABC, inFig. 5.1 [(i), (ii) and (ii))], BC=a, CA=band AB =cand £ Cis acute
angle in (i), right angle in (ii) and obtuse angle in (ii).
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Angles of a Triangle

MODULE - |
Sets, Relations A
and Functions
c b
.
Notes < 2 > B a cp) B a c D
(i) (ii) (iif)
Fig.5.1
Draw AD prependicular to BC (or BC produced, if need be)
In AABC AD _sinB or 22 —sinB AD=csinB [
n ' AB or c = =csinB ... (1)
I AADC, 2P _sinc inFig5.1 (i)
AC
AD . ..
or, T=SInC — AD=bsinC ...(ii)
. .. AD N T AD .
In Fig. 5.1 (ii), — =1=sin==sinCand — =sinB
g. 5.1 (ii) AC 5 AB
AD=DbsinC and AD=c sin B.
AD . . AD .
in Fig. 5.1 (iii), — =sin(n—C)=sinCand —=sinB
and in Fig. 5.1 (iii), AC (n-C) and B
AD . . i
or T=SIHC or AD =bsin C and AD=c sin B
Thus, inall three figures, AD =bsinCand AD =csin B ...(ii)
From (iii) we get
inB=DbsinC b e I
csinB=bsinC = SnB _sinC (V)
Similarly, by drawing prependiculars from C on AB, we can prove that
_a __ b
sinA sinB 7" V)
From (iv) and (v), we get
a b ¢ A
sinA sinB sinc 77 A)
(A) is called the sine-formula
Note : (A) is sometimes written as
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Relations Between Sides

sinA _sinB _sinC
a b c

The relations (A) and (A") help us in finding unknown angles and sides, when some others are

given.

Let us take some examples :

B-C A L.
SCWIERY Prove that 2 C0s —— = (b+c)sin ~ »using sine-formula.

a b c
= = :k
sinA sinB sinC (say)
= a=ksinA,b=ksinB,c=ksinC

Solution : We know that,

R.H.S. =k(sinB+sin C)-sin%

. B+C B-C . A
=k-2sin - COS -Sin —
2 2 2
B+C A
Now =90°-— (- A+B+C=n)
2 2
. B+C A
sin =C0S —
2
A B-C . A
R.H.S. =2k cos —-cos -Sin —
2 2
=k-sinA-cosB_C = a-cosB_CzL.H.S
S'El0) WA Using sine formula, prove that
2 A
a(cosC—cosB)=2(b-c)cos >
Solution : We h a_b_c_k
olution - Viehave sinA sinB sinC (s2)

= a=ksinA b=ksinB,c=ksinC
R.H.S =2k (sin B —sin C)-coszg

B+C . B-C __,A
-SIN -COS™ —
2 2

=2k-2cos

(A)
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=4ksiné-sin B-C coszé=2asin B-C cosA
2 2 2
. B+C . B-C
=2asin - sin =a(cosC-cosB) = L.H.S.

S Eo] RN 1n any triangle ABC, show that

asinA—bsinB =csin(A-B)

a b ¢ _k
sinA sinB sinC (say)

Solution : We have

L.H.S. = ksinA-sinA—-ksinB-sinB =k[sin2A—sin2 B}
=ksin(A+B)-sin(A-B)
A+B=n-C= sin(A+B)=sinC

L.H.S. =ksinC-sin(A-B) =csin(A-B)=R.HS.
S Elo] RN [n any triangle, show that

a(bcosC-c cosB)zb2 _¢?

b c
sinA sinB sinC

Solution : We have, =k (say)

LHS. = ksinA(ksinBcosC-ksinCcosB) =k?-sinA[sin(B-C)]
=k?-sin (B+C)-sin (B-C) [ sin A=sin(B+C)]

— k2 (sin2 B —sin? C) =k?sin’B-k?sin’C =p2—¢2 =R.HS

Q
\ & § CHECK YOUR PROGRESS 5.1

1. Using sine-formula, show that each of the following hold :
A-B
tan == o p
(0] A+B=a+b (in) bcosB+ccosC=acos(B-C)
tan ——
. . B-C A . b+c B+C B-C
(iii) asin = (b—c)COSE (iv) - =tan > -cot

) acosA+bcosB+ccosC =2asinBsinC

MATHEMATICS



Relations Between Side

2. Inany triangle if

=——_prove that the tiangle is isosceles.
cosA cosB P g

5.2 COSINE FORMULA

Inanytriangle, prove that

b2 +c%-a% . c2+a’-b% . a’+b%—c
i COSA=——— cosB=—— (iii) cosC=————
0 2bc (i) 2ac (i) 2ab
Proof :
A
c b
B (C.D) g
< a >
0] (i) (iii)
Fig.5.2

Three cases arise :

()] When C isacute (i) When /C isarightangle
@)  When ~C isobtuse

Let us consider these one by one :

. _ AD _
Case (i) When ~C isacute, o sinC = AD=DbsinC

. DC
Also BD=BC-DC=a-bcosC ;= o0sC

FromFig. 5.2 (i) ¢2 = (bsin (;)2 +(a—bcos C)2

—b2sin2C+a2+b2cos2 C—2abcosC =a2+b?—2ab cosC
a% +h%—c?

cosC =
= 2ab

Case (ii) When /C=90° ¢2 - AD?2 +BD? =b? +a%
As C:90°:>COSC:0 C2=b2+3.2—23.b~COSC
b +a% —c?

cosC=
= 2ab

2
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MODULE - |
Sets, Relations
and Functions

Case (iii) When ~C isobtuse
AD . .
——=5sin o_c)=sinC
AC (180°-C)
S AD=DbsinC
Also, BD=BC+CD=a+bcos(180°-C)

Notes 5 5
—=a-bcosC .. ¢?=(bsinC)" +(a-bcosC)

2 2 2

a“+b“—-c

—a%+b%-2abcosC = cosC=——7———
2ab

a% +h%—c?

- Inallthe three cases, cosC =
2ab

2 .2 2 2 2 2
Similarly, it can be proved that cosB = c+at-b® and COSA = b7 +c"—a”
2ac 2bc

Let us take some examples to show its application.

SElo] RN 1nany triangle ABC, show that

COSA +cosB N cosC a% +b? +¢?
a b c 2abc

Solution : We know that

2 2 2 2 2 2 2 2 2
C05A=u, C058=u’ C05C=u
2bc 2ac 2ab

b2+c?—a’ c?+a’-b% a’+b%-c?

= + +
LH.S 2 abc 2 abc 2 abc
1 2,2 2,2, .2 2. .2 2 2
Zm[b +c“—a“+c“°+a“—-b“+a“+b —c]
2 K2 .2
:m:R,H_s_
2 abc

=SENEERN If <A =60°, show that in AABC

(@+b+c)(b+c—a)=3bc

2 2 2
- 1
Solution : cosA = b;# ..... () HereA=60° = COSA=00360°=
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. 1 b?+c?-a?
- (i) becomes 2 =———— = p2+c?-a=nc
or b? +c? +2bc—a® =3bc or (b+c)® —a” =3bc
or (b+c+a)(b+c—a)=3bc

=¢Tglo) B4 | the sides of a triangle are 3 cm, 5 cm and 7 cm find the greatest angle of the
triangle.

Solution : Herea=3cm,b=5cm,c=7cm

We know that in a triangle, the angle opposite to the largest side is greatest

2 12 2
/C isthegreatestangle. -, cosC = a’+b”-c”
2ab
9425-49 15 -1
30 30 2

-1 27
cosC=— c=2"

2 = 3

2
. The greatest angle of the triangle is = or 120°.

3
Scug NN In AABC, if o prove th tL+L—l
xample 5. ,if /A =60°, prove tha cra azbh
2,2 .2 2.2 .2
Solution : COSA:u or cos60°:1:b +C ~a
2bc 2 2bc
b%+c?—a%=hc or b2+c?=a’+bc - (i)

b ¢ _ab+b®+c®+ac

LHS. = =
c+a a+b (c+a)(a+b)

=ab+ac+a2+bc
(c+a)(a+b)

[Using (P)]

_ab+a’+ac+bc _a(a+b)+c(a+h) _(a+c)(a+h) _1
(c+a)(a+b) (a+c)(a+h) (a+c)(a+b)

MATHEMATICS

MODULE - |
Sets, Relations
and Functions

Notes

133



MODULE - |
Sets, Relations
and Functions

Notes

134

Q
X CHECK YOUR PROGRESS 5.2

1. Inany triangle ABC, show that

2 2 2 .2 2 2
(i)b 2C sin2A+C sin2B+
a b c

5 5 sin2C=0

(i) (a2 —p? +¢?)tanB=(p2 _¢2 +a2) tanC=(c2 _52 1 p2) tan A
(i) E( in2A +sin 2B +sin2C) _—a2 +b% ¢
5 (Sin2A+sin 2B +sin >abe

sinA sinB sinC
(iv) (p2 —¢2) cot A+(c2 _a2)cot B+(32 _p2)cotC=0
2. The sides of a triangle are a=9 cm, b =8 cm, ¢ =4 cm. Show that
6 cos C =4+ 3 cos B.

5.3 PROJECTION FORMULA

In AABC, if BC =a, CA=band AB =c, then prove that

where

() a=bcosC+ccosB (i) b=ccosA+acosC (i) c=a cos B+bcos A

Proof :

a

() (i) (iif
Fig.5.3
As in previous result, three cases arise. We will discuss them one by one.

(i) When £C isacute:

BD
InAADB,T=COSB — BD =ccosB

DC
In AADC,T=C05C = DC=bcosC

a=BD+DC=ccosB+bcosC, - a=ccosB+bcosc

MATHEMATICS



Relations Between Side

(it) When /C=90°
BC
a=BC=—-AB=cosB-c =
AB ccosB+0

=ccosB+bcos90° (-.-cos90°=0) =ccosB+bcosC
(ii1) When ZC isobtuse

BD

In A ADB, T=COSB — BD=ccosB

CD
In A ADC, Tzcos(n—c)z—cosC —  CD=-bcosC
In Fig. 5.3 (iii),
BC=BD-CD = a=ccosB—(-bcosC) =ccosB+bcosC
Thus inall cases,a = bcosC +ccos B
Similarly, we can prove that

b=ccosA+acosC and c=acosB+bcosA
Let us take some examples, to show the application of these results.

='E1lo] RN |n any triangle ABC, show that

(b+c)cosA+(c+a)cosB+(a+b)cosC=a+b+c
Solution: L.H.S. =bcosA+ccosA+ccosB+acosB+acosC+bcosC

=(bcosA+acosB) +(ccosA+acosC) +(ccosB+bcosC)
=Cc+b+a =a+b+c=RHS

SEN RN Inany A ABC, prove that

Cos2A cos2B 1 1

a2 b2 a? b2
5ain2  9ain?
Solution:L.H.S.:l 23|2n A—l 25;” B
a b
_i_ZsinZA_i 25in’B
a? a’ b2 b2
:iz_iz_zk%rzk?:iz_iz (_-_M:ﬂ:kj
a“ b a b a b
=R.H.S

e o] MK In A ABC, if a cosA =bcosB, where g = b provethat A ABC isaright

angled triangle.
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Solution: acosA=bcosB, .. a{ =b
2bc 2ac
2 2
or  a%(p?+c2-a%)=b"(a% +c? -b?)
or a2b2 +a%c2 —a% = a?p? + p%c? _p*

or ¢?(a?-b?) =(a? -b?)(a% +b?)
= c2=a2+p2 .. AABC isarighttriangle.

SEIl] RPN [fa=2 b=3,c=4,find cosA, cos B and cos C.

b2+c?—a? _9+16-4 21 7

Solution : COSA = Sbe Si3ed 24" 3

c2+a’®-b? 16+4-9 11

cosB = = =—
2ac 2x4x2 16

a’+b%®-c® 4+9-16 -3 -1
and cosC= = - __=
2ab 2x2x3 12 4

Q
WX CHECK YOUR PROGRESS 5.3

1. Ifa=3,b=4andc=25, find cos A, cos B and cos C.

2. Thesidesofatriangle are 7 cm, 44/3 cm and /13 cm . Find the smallest angle of the
triangle.

3. Ifa:b:c=7:8:9, provethat
cosA:cosB:cosC=14:11:6.

2

4. Ifthe sidesofatriangleare x“ +x+1, 2x +1 and x2 —1. Show that the greatest angle
of the triangle is 120°.
5. Inatriangle, b cos A=acos B, prove that the triangle is isosceles.

6.  Deduce sine formula from the projection formula.

A5
"@j’f' LET US SUM UP

It is possible to find out the unknown elements of a triangle, if the relevent elements are given by
using

Sine-formula:

()

a b ¢
sinA sinB sinC
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Cosine foumulae :

2 2 .2 2 .2 .2 2 W2 2
(|i) C05A=u’cosB=u’cosc=u

2bc 2ac 2ab
Projection formulae :

a=bcosC+ccosB, b=ccosA+acosC, c=acosB+bcosA

e SUPPORTIVE WEB SITES

www.mathopenref.convtrianglesideangle.html
http://en.wikipedia.org/wiki/Solution_of_triangles
www.themathpage.com/abookl/propl-18-19.htm

@
S| TERMINAL EXERCISE

Inatriangle ABC, prove the following (1-10) :

1. asin(B-—C)+bsin(C-A)+csin(A-B)=0
2. acos A+bcosB+ccosC=2asinBsinC
2 2 2 .2 2 K2
3. b 2C -sin 2A+C 2a -sin ZB+{:1 zb -sin2C=0
a b c
A c¢®+a® 1+cosBcos(C—A) c-bcosA _cosB
' b2 +c2 1+cos Acos(B-C) > b-ccosA cosC
a—bcosC sinC (a+b )[t At B}
6. c—bcosA sinA 7. la+h+ce an3+ anE
. A-B a-b C
8. sin =——C0S —
c 2

=2C CO'[E
2

9. (i) bcosB+ccosC=acos(B-C) (ii) acosA+bcosB=ccos(A-B)

10, b%=(c-a)? coszg+(c+a)2 sinzg
. . A 1
11. Inatriangle, ifb=5,c=6, tan > = ﬁ , thenshow thata = J41.

cosA b-acosC
cosB a-bcosC

12. Inany A ABC, show that
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Between Sides and Angles of a Triangle
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CHECK YOUR PROGRESS 5.3

4
Notes | 1- COSA = 5

COSB=§
5

cosC =zero

2. The smallest angle of the triangle is 30°.
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SEQUENCES AND SERIES

Succession of numbers of which one number is designated as the first, other as the second,
another as the third and so on gives rise to what is called a sequence. Sequences have wide
applications. In this lesson we shall discuss particular types of sequences called arithmetic
sequence, geometric sequence and also find arithmetic mean (A.M), geometric mean (G.M)
between two given numbers. We will also establish the relation between A.M and G.M.

Let us consider the following problems :

(@ A man places a pair of newly born rabbits into a warren and wants to know how many
rabbits he would have over a certain period of time. A pair of rabbits will start producing
offsprings two months after they were born and every following month one new pair of
rabbits will appear. At the beginning the man will have in his warren only one pair of
rabbits, during the second month he will have the same pair of rabbits, during the third
month the number of pairs of rabbits in the warren will grow to two; during the fourth
month there will be three pairs of rabbits in the warren. Thus, the number of pairs of
rabbits in the consecutive months are :

1,1,2,3,5,8,13, ..

(b) The recurring decimal 0.3 can be written asa sum

0.3 = 0.3 + 0.03 + 0.003 + 0.0003 ...

() Amanearns Rs.10 onthe first day, Rs. 30 on the second day, Rs. 50 on the third day and
so on. The day to day earning of the man may be written as
10, 30, 50, 70, 90, ---

We may ask what his earnings will be on the 10" day in a specific month.

Again let us consider the following sequences:

11 1
27'81" 243"

(3) 0.01, 0.0001, 0.000001, ---

1) 2,48 16, ... (2)%,—

In these three sequences, each term except the first, progressess in a definite order but different
from the order of other three problems. In this lesson we will discuss those sequences whose
term progressess in a definite order.
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OBJECTIVES

After studying this lesson, you will be able to :

describe the concept of a sequence (progression);

define an A.P. and cite examples;

find common difference and general termofaA.P;

find the fourth quantity of an A.P. given any three of the quantities a, d, nand t ;

calculate the common difference or any other term of the A.P. given any two terms of the
A.P;

derive the formula for the sum of ‘n’ terms ofan A.P;

calculate the fourth quantity of an A.P. given three of S, n,aand d;
insert A.M. between two numbers;

solve problems of daily life using concept of an A.P;

state that a geometric progression is a sequence increasing or decreasing by a definite
multiple of a non-zero number other than one;

identify G.P.’s from a given set of progessions;
find the common ratio and general termofa G.P;

calculate the fourth quantity of a G.P when any three of the quantitiest , a, r and nare
given;

calculate the common ratio and any term when two of the terms of the G.P. are given;
write progression when the general term s given;

derive the formula for sum of n terms ofa G.P;

calculate the fourth quantity of a G.P. ifany three ofa, r, nand S are given;

derive the formula for sum (S o) of infinite number of terms of a G.P. when |r| <1;

find the third quantity when any two of S«o, aand r are given;
convert recurring decimals to fractions using G.P;

insert G.M. between two numbers; and

establish relationship between A.M. and G.M.

EXPECTED BACKGROUND KNOWLEDGE

Laws of indices
Simultaneous equations with two unknowns.

Quadratic Equations.
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6.1 SEQUENCE

A sequence is a collection of numbers specified in a definite order by some assigned law,
whereby a definite number a_of the set can be associated with the corresponding positive
integer n. The different notations used for a sequence are.

1. a,a,a,..,4a,.. 2.a,n=123,.. 3. {a}
Let us consider the following sequences :
1. 1,2,4,8,16,32, .. 2. 1,4,9,16, 25, ...
, L1234 , Li1111
T 2'3'4'5" 77 ' '2'3'4'5'6’

In the above examples, the expression for n term of the sequences are as given below :

n 1
= An-1 =n2 = — = —
W a=2 (@a=r @az=_—" (4)a,=—
for all positive integer n.
Also for the first problem inthe introduction, the terms can be obtained from the relation
a=1a=14a=a,+a,,,nh>3

Afinite sequence has a finite number of terms. An infinite sequence contains an infinite number
of terms.

6.2 ARITHMETIC PROGRESSION

Let us consider the following examples of sequence, of numbers :

3,5
1,—,2,—, ...
(1) 2,4,6,8, (2) 255
1 3 5
—,-1-=-2,—, ...
3) 10,8,6,4, 4) > > >

Note that in the above four sequences of numbers, the first terms are respectively 2, 1, 10, and

1 ) .
- The first term has an important role in this lesson. Also every following term of the sequence

has certain relation with the first term. What is the relation of the terms with the first termin
Example (1) ?Firstterm=2, Secondterm =4 =2+1x2

Third term =6 =2+2x%x2
Fourth term =8 =2+ 3 x2andsoon.

The consecutive terms in the above sequence are obtained by adding 2 to its preceding term.
.e., the difference between any two consecutive terms is the same.
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Afinite sequence of numbers with this property is called an arithmetic progression.
A sequence of numbers with finite terms in which the difference between two consecutive
terms is the same non-zero number is called the Arithmetic Progression or simply A. P.

The difference between two consecutive terms is called the common defference ofthe A. P.
and is denoted by 'd".

In general, an A. P. whose first term is a and common difference is d is written as
a,a+da+2d,a+3d, ---

Also we use t_to denote the nth term of the progression.
6.2.1 GENERALTERM OFANA.P.
Let us considerA.P.a,a+d,a+2d,a+3d, ---
Here, first term (t) =a
secondterm (t)=a+d=a+(2-1)d,
thirdterm (t)=a+2d=a+(3-1)d
By observing the above pattern, n term can be writtenas:t =a+(n—-1)d

Hence, if the first term and the common difference of an A. P. are known then any term of
A. P. can be determined by the above formula.

Note.:

(i) 1fthe same non-zero number is added to each termofan A. P. the resulting sequence
isagainanA. P.

(i) Ifeach term ofan A. P. is multiplied by the same non-zero number, the resulting
sequence isagainanA. P.

SET|o] CIGHE Find the 10" term ofthe A. P.: 2,4, 6, ...

Solution : Here the first term (a) = 2 and common differenced =4-2=2

Using the formulat =a+ (n-1) d, we have
t,=2+(10-1)2=2+18=20

Hence, the 10th term of the given A. P. is 20.

SETlo] WA The 10" term of an A. P. is— 15 and 31% term is =57, find the 15" term.

Solution : Let a be the first term and d be the common difference of the A. P. Then from the
formula: t =a+ (n-1)d, we have

t,=a+(10-1)d=a+9dandt, =a+(3l-1)d=a+30d
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We have, a + 9d =-15...(1), a+30d =-57 ...(2)
Solve equations (1) and (2) to get the values ofaand d.

Subtracting (1) from (2), we have

-42
=_ = — L d=—==2

21d=-57+15=-42 .. 1
Again from (1),a=-15-9d=-15-9(-2)=-15+18=3
Nowt,=a+(15-1)d=3+14(-2)=-25
S Elo] R \Which term of the A. P.: 5,11, 17,...i1s119 ?
Solution : Herea=5,d=11-5=6

t =119
We know thatt =a+(n-1)d
119-5

6

= 119=5+(n-1)x6 = (n-1)= =19

n=20
Therefore, 119 is the 20th term of the given A. P.

SEo] RN |s 600 a termofthe A. P.: 2,9, 16, ...?

Solution : Here,a=2,andd=9-2=7.
Let 600 be the n" term of the A. P. We havet =2+ (n-1)7

According to the question,

2+(n-1)7=600 s (n=1)7="598
or n:@+l n=86§

Since n is afraction, it cannot be a term of the given A. P. Hence, 600 is not a term of the given
A P

a b C
SE RN Ifa+b+c=0and ; ; are. in A. P, then prove that
b+c c+a a+b

1 1 1
b+c'c+a a+b

are also inA. P.

Solution. : Since are inA. P., therefore

b+c c+a a+b
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b a ¢ b
c+a b+c a+b c+a

BT ETE T

a+b+c a+b+c a+b+c a+b+c

or,

c+a b+c a+b c+a
1 1 1 Si +b+ 0
r - = - in
O t+a b+c a+b c+a (Since & ¢#0)
1 1 )
or, are inA. P.

b+c c+a a+b

Q
\ & f CHECK YOUR PROGRESS 6.1

1. Find the n™ term of each of the following A. P’s. :
(8)1,3, 5,7,"' (b)31 5171 9"”
2. Ift =2n+1, thenfind the A. P.
) 1 1 . .
3. Whichtermofthe A. P. 25, 4, 55, ..... is 31? Find also the 10" term?
4, Is-292atermofthe A.P.7,4,1,-2,...7
5. Them™"termofanA.P.isnand the n™ termis m. Show that its (m + n)"" termis zero.

6.  Three numbers are in A. P. The difference between the first and the last is 8 and the
product of these two is 20. Find the numbers.

7. Then™termof a sequence is na + b. Prove that the sequence is an A. P. with common
difference a.

6.3 TO FIND THE SUM OF FIRST n TERMS IN AN A. P.

Let a be the first term and d be the common difference of an A. P. Let | denote the last term, i.e.,
the n"termofthe A.P. Then, 1=t =a+ (n-1)d . (i)

Let S denote the sum of the first n terms of the A. P. Then
S =a+(@+d+(@+2d)+..+(I-2d)+(1-d)+1 .. (i)
Reversing the order of terms inthe R. H. S. of the above equation, we have

S =l+(-d)+(I-2d)+..+(a+2d)+(a+d)+a ... (iii)
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Adding (i) and (iii) vertically, we get

25 =(@a+)+(@a+I)+(a+1)+..containingnterms=n (a+I)

n
i S =—(a+l
ie, S, 2( )

Also Sn:g[2a+(n—1)d] [From (i)]

Itisobviousthatt =S -S|

SEo] NN Find thesumof 2+4 +6 +... nterms.

Solution.: Herea=2,d=4-2=2
n
Using the formula S, = E[Za +(n-1) d], we get

5,=012x2+ (-2 =012+ 201= 220D 4

SN WA The 35" termofan A. P. is 69. Find the sum of its 69 terms.
Solution. Let a be the first term and d be the common difference of the A. P.
We havet, =a+(35-1)d=a+ 34d.

a+34d=69 .. (D
n
Now by the formula, S, = 5[23+ (n-1)d]

69
We have Seg = 7 [2a + (69 _1) d]

=69 (a + 34d) [using (i)]
=69 x 69 = 4761

SElo) RN The first termofanA. P.is 10, the last term is 50. If the sum of all the terms

is 480, find the common difference and the number of terms.

Solution : We have: a=10, =t =50, S =480.
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By substituting the values of a, t and S_inthe formulae

S, :2[2a+(n—1)d] and t = a+ (n—1)d, we get

480:2[20+(n—1)d] o ()

50=10+(n—1) d o (i)
From (ii), (n—1) d = 50 — 10 = 40 (!

n
From (i), we have 480 = > (20+40) using (i)
2 x480
o, 60n=2x480 .. n= =16
60
From (iii),
40 8

=15 3 (@3 n-1=16-1=15)

SN0 EXMEN | et the n™ term and the sum of n terms of an A. P. be p and q respectively.

L . (29-pn
Prove that its first term is 0 .

Solution: Inthiscase, t =pand S =q
Let a be the first term of the A. P.

n n
Now, Sn=§(a+tn) or, E(a+ p)=d

Q
\ & § CHECK YOUR PROGRESS 6.2

1. Find the sum of the following A. P’s.
() 8,11, 14,17,...upto 15 terms (b) 8,3,-2,-7,-12,...up to n terms.
2. How manytermsofthe A. P.: 27,23, 19, 15, ... have a sum 95?
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3. Amantakes an interest-free loan of Rs. 1740 from his friend agreeing to repay in monthly
instalments. He gives Rs. 200 in the first month and diminishes his monthly instalments by
Rs. 10 each month. How many months will it take to repay the loan?

4.  How many terms of the progression 3, 6, 9, 12, ...
must be taken at the least to have a sum not less than 20007

5. Inachildrenpotato race, n potatoesare placed 1 metre apart in a straight line. Acompetitor
starts froma point in the line which is 5 metre from the nearest potato. Find an expression
for the total distance run in collecting the potatoes, one at a time and bringing them back
one at a time to the starting point. Calculate the value of n if the total distance run is 162
metres.

6.  Ifthe sumoffirst nterms of asequence be an®+ bn, prove that the sequence isan A. P.
and find its common difference ?

6.4 ARITHMETIC MEAN (A. M.)

When three numbers a, Aand b are in A. P., then Ais called the arithmetic mean of numbers a
and b. We have, A—a=b-A

A= a+b
or, =

a+b
Thus, the required A. M. of two numbers aand b is - Consider the following A. P :

3,8,13,18, 23, 28, 33.

There are five terms between the first term 3 and the last term 33. These terms are called
arithmetic means between 3 and 33. Consider another A. P. : 3, 13, 23, 33. Inthis case there
are two arithmetic means 13, and 23 between 3 and 33.

Generally any number of arithmetic means can be inserted between any two numbers aand b.
LetA, A, A, ..., A benarithmetic means between a and b, then.

a,A A A, ..., A, bisanA.P.
Let d be the common difference of this A. P. Clearly it contains (n + 2) terms

b=(n+2)"term

za+(n+1)d
g-b-2
n+1
b—a )
Now, A =a+d=A, =F3+mk ()
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A=a+2d=A, =Fa+ 2(:;16‘)& i)
n(b-a
An:a+nd :AnFa+ (n+1)k ..(n)

These are required n arithmetic means between a and b.
Adding (i), (i), ..., (n), we get

b-a
- —|1+2+...n
A +A+ . A =na+ ..+ [l+2+.0]

:”a+(b_aj(n(n+l)J=na+ n(b-a) _n(a+b)
n+1 2 2 2

=n[Single A. M. between a and b]

= ETlo) CISMIR Insert five arithmetic means between 8 and 26.

Solution : LetA, A, A, A, and A, be five arithmetic means between 8 and 26.
Therefore, 8, A, A, A, A, A, 26areinA. P.witha=8,b=26,n=7
We have 26 =8+ (7-1)d .. d=3

A=a+d=8+3=11,A =a+2d=8+2x3=14

A,=a+3d =17,A)=a+4d=20,A,=a+5d=23

Hence, the five arithmetic means between 8 and 26 are 11, 14, 17, 20 and 23.

SE MR The 'n’, A. M's between 20 and 80 are such that the ratio of the first mean
and the last meanis 1: 3. Find the value of n.

Solution : Here, 80 is the (n+2)" term of the A. P., whose first term is 20. Let d be the
common difference.

60
80=20+ (n+2-1)d o, 80-20=(n+1)d or, d= a1

60  20n+20+60  20n+80
n+1 n+1 " n+1

The first A. M. = 20+

60  80n+20
n+l  n+1

The last A. M. = 20+ n x

MATHEMATICS



Sequences and Series

20n+80 80n+20 n+4

1
n+l  n+1 3 or, "3

We h
¢ have an+1

o, 4n+1=3n+120r, n=11
The number of A. M's between 20 and 80 is 11.

Q
X CHECK YOUR PROGRESS 6.3

1.  Prove that if the number of terms of an A. P. is odd then the middle termis the A. M.
between the first and last terms.

2. Between 7 and 85, m number of arithmetic means are inserted so that the ratio of
(m=3)"and m" means is 11 : 24. Find the value of m.

3. Prove that the sum of n arithmetic means between two numbers is n times the single A.

M. between them.

4.  Ifthe A. M. between p"and g" terms ofan A. P., be equal and to the A. M. between r
and s terms of the A. P., then show thatp+q=r+s.

6.5 GEOMETRIC PROGRESSION

Let us consider the following sequence of numbers :

111
3'9'27
3 1,-3,9,-27,--. (4) x, x3, x3, x4, ...

If we see the patterns of the terms of every sequence in the above examples each term is related
to the leading term by a definite rule.

For Example (1), the first termis 1, the second term is twice the first term, the third term is 22
times of the leading term.

1) 1,2 4,816, - @) 3.1,

1
Again for Example (2), the first termis 3, the second term s 3 times of the first term, third term

1
is 3—2 times of the first term.

Asequence with this property is called a gemetric progression.

A sequence of numbers in which the ratio of any term to the term which immediately precedes
is the same non zero number (other thanl), is called a geometric progression or simply G. P.
This ratio is called the common ratio.

Secondterm  Thirdterm
Firstterm  Secondterm

Thus, is called the common ratio of the geometric

progression.
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Examples (1) to (4) are geometric progressions with the first term 1, 3, 1, x and with common

.1 .
ratio 2,5,—3 , and x respectively.

The most general form of a G. P. with the first terma and common ratio ris a, ar, ar? ar3, ...

6.5.1 GENERAL TERM

Let us consider a geometric progression with the first term a and common ratio r. Then its
terms are given by a, ar, ar?, ar?, ...

Inthis case, t, =a = ar"! t,=ar=ar*"

t,= ar’=ar®*! t,= ar’= ar+!

On generalisation, we get the expression for the n" termast =ar™ ... (A)
6.5.2 SOME PROPERTIESOFG. P.

() Ifallthetermsofa G. P. are multiplied by the same non-zero quantity, the resulting series
isalso in G. P. The resulting G. P. has the same common ratio as the original one.

Ifa,b,cd,..areinG.P.
then ak, bk, ck, dk ...arealsoin G.P.  (k#0)

@) Ifallthetermsofa G. P. are raised to the same power, the resulting series is also in G. P.
Leta, b,c,d...areinG. P.

the a*, b, c*, d¥, ... are also in G. P. (k#0)

The common ratio of the resulting G. P. will be obtained by raising the same power to the
original common ratio.

SETylo] CIRPA  Find the 6" term of the G. P.: 4, 8, 16, ...

Solution : Inthis case the first term (a) =4 Commonratio (r) =8 +4=2
Now using the formula t = ar™*, we gett =4 x 21 =4 x 32 =128
Hence, the 6" term of the G. P. is 128.

DEXHER The 4™ and the 9" term of a G. P. are 8 and 256 respectively. Find the G. P.

Solution : Let a be the first term and r be the common ratio of the G. P., then
t,=ar*=ar*t, =ar*' = ar’

According to the question, ar® = 256 - (1)

and ar’=8 - (2)
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8
ar 256
—3=——o0r r=32=2> ..r=2
ar 8

8
Again from (2),ax 2°=8 azgzl

Therefore, the G.P.is 1, 2, 4, 8, 16, ...

=Elo] NS \Which term of the G. P.: 5,-10, 20, — 40, ... is 320?

. ) -10
Solution : Inthiscase,a=5; I = ? =-2,

Suppose that 320 is the n" term ofthe G. P.
Bythe formula,t =ar™*, we gett =5. (-2)™*

5. (-2)~t=320 (Given)
(-27t=64= (-2
n-1=6.. n =7 Hence, 320 is the 7" term of the G. P.

SEMNCXNER Ifa, b, ¢, and d are in G. P., then show that (a + b)?, (b + ¢)?, and (c + d)?
arealsoinG. P.

Solution. Sincea, b, c,andd areinG.P,, ... g = %
b?=ac, ¢*=hd, ad = bc (1)
Now, (a + b)? (c + d)? =[(a+b)(c+d)]2 = (ac + bc + ad + bd)?
= (b? + ¢ + 2bc)? ...[Using (1)]
= [(b+0)?]

(c+d)° _(b+c)2 , , ,
(b+c)> _(a+b)2 Thus, (a+ b)? (b +c)? (c+d)?areinG. P.

Q
X CHECK YOUR PROGRESS 6.4

1
1.  Thefirst termand the common ratio ofa G. P. are respectively 3 and E Write down

the first five terms.
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2. Whichtermofthe G.P. 1, 2, 4, 8, 16, ... is 10247 1s 520 a term of the G. P.?

3. Three numbersare in G. P. Their sumis 43 and their product is 216. Find the numbers in
proper order.

4.  Then"termofaG. P.is2 x3"forall n. Find (a) the first term (b) the common ratio of the
G.P

6.6 SUM OF n TERMS OF A G. P.

Let adenote the first term and r the common ratio of aG. P. Let S represent the sum of first
n terms ofthe G. P. Thus, S =a+ar+arr+.. +ar?+arrt .. (1)

Multiplying (1) by r,we getrS =ar+ar’*+ ... +ar?+ar*' +ar" ... (2)
1)-(2)=S,-rS =a-arorS (1-rn=a(l-r)

_a(l-r")
S, ==l ...(A)
_a(r"-1
=1 ....(B)

Either (A) or (B) gives the sum up to the n" termwhen r = 1. It is convenient to use formula
(A)when|r|<1land(B)when|r|>1.

SEINEREGR Find the sumofthe G.P.: 1, 3,9, 27, ... up to the 10" term.

3
Solution : Here the first term (a) = 1 and the common ratio (T) =1 =3

a(r"-1) 1(3°-1) 3°-1
’ e r>1 e et S = =
.1 ( ) We get Sy 3.1 2

Now using the formula, S, =

1
=Eo] CNYA Find the sum of the G. P.: ﬁlﬁ , -+, 81

1
i . a=—47=,I= w/3 ==
Solution : Here, 3 and t 1=81

Now t =81 :% (\/§)n—1 _ (@)n_z

(f3)"2=3"=(y3)* ~.n-2=8or n=10
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1 10 10
B ()
" B-1 3-43

S Elo] NN Find the sum of the G. P.: 0.6, 0.06, 0.006, 0.0006, ---to n terms.

Solution. H =0.6=— dr—@—i
olution. Here, a=0.6 = 7 an 06 10
a(l-r"
Using the formula S, = ( ) , we have [-- r<1]

1-r

11 9

3]

10 10

Aol ) i
10 3 10"

10

reasumis 3155+
Hence, the required sum is 3 ot

1
SENCREY How many terms of the G. P.: 64, 32, 16, --- has the sum 12757

32 1 1 255
ion : a=64,r=""== S, =127-=""7
Solution : Here, 64 2 (<1) and o, 5~

a(l-r")
1

e

Using the formula S, = , We get

n= = ... (given)
1 1 2
2 2
1Y'| 255 1" 255
128|1-| = | |=22 1_H _ 2%
o { (2” 2 "ot T 2se
PR [ S 1
oF Mok "5 256 M2h - N7

Thus, the required number of terms is 8.
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SEN WA Find the sum of the following sequence :

2,22,222, ......... to nterms.
Solution : Let S denote the sum. Then
S=2+22+222+ ... tonterms =2 (1 + 11 + 111 + ... to nterms)

2
= 9 (9+99+999 + ... to nterms)

zg{(10—1)+(102 —1)+(1O3 —1)+ .ton terms)}

{(10—102 +10°+ ..ton terms)—(1+1+1+ ..ton terms)}

N

2 Q(10"-1)
“9Y 10-1 -n [-10-10% +10% +--- isa G P withr = —10<1]

=3M10n_1—9n8 =£(10”—1—9n)
81

9 9
SE[ AR Find the sum up to n terms of the sequence:
0.7,0.77,0.777, --.

Solution : Let S denote the sum, then
S=07+0.77+0.777+ ... to nterms
=7(0.1+0.11 +0.111 + ... to nterms)

7
=9 (0.9 +0.99 +0.999 + ... to nterms)

7
=9 {(1-0.1) + (1-0.01) + (1 -0.001) + --- to nterms}

7
=9 {(l+1+1+..nterms)—(0.1+0.01+0.001+ ... tonterms)}

7 1 1 1
=— n—(—+—2+—3+"'t0 ntermS)
9 10 10° 10
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1 (Sincer<1)

7 1ﬁ 1 7k9n-1+10"F 7
- —mnN —— 1— | —_— = —K = — —n
_9$ 5 10n|1w_ QM 5 8_81[9n 1+107"]

CHECK YOUR PROGRESS 6.5

Find the sum of each of the following G. P's :

6,12,24,..t010t blll}i— to20t
(a) 6,12, 24, ... to 10 terms ()’24816 .. to 20 terms.
2. How manytermsofthe G. P. 8, 16, 32, 64, --. have their sum 8184 ?
_ bl-a?
3. Showthat thesumoftheG.P. a+b+...+1is b_a
4.  Find the sumof each of the following sequences up to nterms.
@ 8, 88, 888, ... () 0.2,0.22,0.222, ...

6.7 INFINITE GEOMETRIC PROGRESSION

So far, we have found the sum of a finite number of terms ofa G. P. We will now learn to find out

11
the sum of infinitely many terms ofa G P such as. 1 816

11
!2!4!

1
We will proceed as follows: Here a=1, r = 7

1
Then"termofthe G.P.ist = = and sumto n terms
-l
g2 2[1__j 1
n n = < 2.
Le., 1- ; 2 on-1

So, no matter, how large n may be, the sum of n terms is never more than 2.

So, if we take the sumof all the infinitely many terms, we shall not get more than 2 as answer.
Also note that the recurring decimal 0.3 is really 0.3 + 0.03 + 0.003 + 0.0003 + ...

I.e., 0.3 is actually the sum of the above infinite sequence.
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On the other hand it is at once obvious that if we sum infinitely many terms of the G. P.
1,2,4,8, 16, ... we shall get a infiinite sum.

So, sometimes we may be able to add the infinitely many terms of G. P. and sometimes we may
not. We shall discuss this question now.

6.7.1 SUM OF INFINITE TERMS OFAG. P.

Let us consider a G. P. with infinite number of terms and common ratio r.
Case1l:Weassumethat|r|>1

The expression for the sum of n terms ofthe G. P. is then given by

_arr'-1) _ar" a
" r—1 r-1 r-1

S (A

Now as n becomes larger and larger r" also becomes larger and larger. Thus, when n is
infinitely large and | r | > 1 then the sum is also infinitely large which has no importance in
Mathematics. WWe now consider the other possibility.

Case?2:Let|r|<1

n

a(l-r") _a ar
1-r 1-r 1-r

Formula (A) can be writtenas S =

Now as n becomes infinitely large, r" becomes infinitely small, i.e., asn — «, r"— 0, then

a

the above expression for sum takes the form S = 1-r

Hence, the sum of an infinite G. P. with the first term a and common ratio r is given by

§=_12 i
—ﬁ,when|r|<l (1)

. e 1 2 4 8
=S E[o) w8 Find the sum of the infinite G. P. 3' 9 27 81

2
- . . e = . l r = —9 = — E
Solution : Here, the first term of the infinite G. P. is a=§, and 1 3
3
2| 2
Here, |r| =| ~3 =§<1
MATHEMATICS
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a S =
Using the formula for sum S= 1_r Wwe have

| =
|
+ lwl
|
gl

wl| N

—==F]
|
'_\

)
-4

1

Hence, the sum of the given G. P. is E'

S0 WER Express the recurring decimal g 3 as an infinite G. P. and find its value in
rational form.

Solution. 93 =0.3333333....
= 0.3 +0.03 + 0.003 + 0.0003 + ....

3 3 3 3
=—+t—+——"+—+
10 10* 10° 10*

3
The above is an infinite G. P. with the firstterm a = 10 and 3 10
3 3
: a 03=-10 _10 3 1
Hence, by using the formula S = 1_y We get 19 = 3 = 3
10 10

[

Hence, the recurring decimal 9-3= 3

SEnl] W28 The distance travelled (in cm) by a simple pendulum in consecutive seconds
are 16,12, 9, ... How much distance will it travel before coming to rest ?

Solution : The distance travelled by the pendulum in consecutive secondsare, 16, 12, 9, ... is

3

12
an infinite geometric progression with the first terma=16andr = 16 =7 <1

a
Hence, using the formula S= 1_r Wwe have

w
I
I

16 e
1 .. Distance travelled by the pendulum is 64 cm.
4
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8
el XoWAN The sum of aninfinite G. P. is 3 and sum of its first two terms is 3 Find the

first term.
Solution: In this problem S = 3. Let a be the first term and r be the common ratio of the given
infinite G P.

8
Then according to the question. a +ar = 3

or, 3a(l+r)=8 .. ()

S = , __a
Allso from © =7 we have 3 1T

o, a=3@1-r) -2
From (1) and (2), we get.
33(1-n(@+r)=8

8 1
1-r’=—p¢or, r’==
or, 5 O 9

w| -

o, r==%

1 1
From (2),a=3 (11 gJ: 2 or4 accordingas r =+ 3

Q
\ & f CHECK YOUR PROGRESS 6.6

(1) Find the sum of each of the following inifinite G. P's :

1+l+l+i+...oo b 24_34_34_14_...00
@379 2 O 575 5 5

2. Express the following recurring decimals as an infinite G. P. and then find out their values
as a rational number. (a) 0.7 (b) 0.315
3. Thesumofan infinite G. P. is 15 and the sum of the squares of the terms is 45. Find the

GP.

1 1
4.  Thesumofan infinite G. P. is § and the first termis Z . Find the G.P.
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6.8 GEOMETRIC MEAN (G. M.)

Ifa, G bareinG. P, then G is called the geometric mean between a and b.

Ifthree numbersare in G. P, the middle one is called the geometric mean between the other two.
if aG,G,..,G,bareinGP,

then G, G, ... G arecalledn G. M.'s between a and b.

The geometric mean of n numbers is defined as the n root of their product.

Thus if a,a,..aaren numbers, then their

Sl

GM=(@,a,..a)

n

Let G bethe G. M. betweenaand b, thena, G, bareinG. P -,

G_b
a G

o, G2=abor, G=+ab

Geometric mean = \/ Product of extremes

Given any two positive numbers a and b, any number of geometric means can be inserted
betweenthem Leta, a, a,...,a_be n geometric means between aand b.

Thena,a, a, ... a,bisaG.P.

Thus, b being the (n + 2)" term, we have

b=arm

1

b b ot
or, r"t==or, r=—
a a

1 2

b Jn+t b \n
Hence,a1=ar:a>< — ,azzarzzax_

a a

n

o (b
a =ar"=ax| —

a

Further we can show that the product of these n G. M.'s is equal to n™ power of the single
geometric mean between aand b.

Multiplyinga,. a,, ... a , we have
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1.2 n n(n+1)

a,a,---a =a" 9 R =an(9) HZFTTM =a" E 2(n+1)
1 Ao n a a a

=a" ﬁ—k = (ab)? :d@i" =G" = (single G. M. between a and b)"

3 27
S'Eo] SRWAN Find the G. M. between 5 and o

Solution : We know that if a is the G. M. between a and b, then G = /ab

G M. between - and = [~ x 2 =
- M. between - and = 5 5 75

Insert three geometric means between 1 and 256.
Solution : Let G,, G,, G,, be the three geometric means between 1 and 256.
Thenl, G, G, G, 256 are in G. P.
If  rbethecommonratio, thent, =256 i.e, ar* =256 = 1. r*=256
o, r¢=16or, r=+4
Whenr=4,G,=1.4=4,G,=1.(4)’=16and G, = 1. (4)° = 64
Whenr=-4,G,=-4,G,=(1) (-4)*=16and G, = (1) (-4)°=-64
G.M. between 1 and 256 are 4, 16, 64, or, — 4, 16, —64.

Senlo]Xewasl 14, 36, 324 are in G, P. insert two more numbers in this progression so that
it again formsa G. P.

Solution : G. M. between4 and 36 = /4 « 36 = /144 =12

G. M. between 36 and 324 = /36 x 324 = 6 x 18 = 108

If we introduce 12 between 4 and 36 and 108 betwen 36 and 324, the numbers
4,12, 36, 108, 324 forma G. P.

The two new numbers inserted are 12 and 108.

n+1 n+1

i a .
=gl Wil Find the value of n such that PO may be the geometric mean between

aandb.
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. 11
Solution : Ifxbe G. M. betweena and b, then , _ .2, 12

a4 pn 1 1 11

= a2 b2 a”*1+b”*1=(a2 sz a"+b"
a"+b" or. ( )

l 1 1 1 1
o, M ipi_g" 2h2 42 20r1a”*1 a 2. bz—azb T2 _pnt

el f L L el
or, a *ya*-b?*J=>b ?ja

1
or, —-or, — =
n+% b b

N[

H el opel
-boor, g"a_p'2

6.8.1 RELATIONSHIPBETWEENA. M. AND G.M.
Let aand b be the two numbers.
Let Aand G be the A. M. and G. M. respectively betweenaand b

a;-b G- \/—

b g bl d*g' AR NN

A-G

A>G

SEN[o) RN The arithemetic mean between two numbers is 34 and their geometric mean
is 16. Find the numbers.

Solution : Let the numbers be a and b. Since A. M. between a and b is 34,

a+b
> =34, or, a+b=68 (1)

Since G. M. betweenaand b is 16,
Jab =16 or, ab =256 we know that (a—b)*=(a+b)’-4ab (2
= (68)? -4 x 256 = 4624 — 1024 = 3600
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a-b= /3600 =60 -+ (3)
Adding (1) and (3), we get, 2a=128 .. a=64

Subtracting (3) from (1), we get
2b=8 or, b=4

Required numbers are 64 and 4.

SElo] KN The arithmetic mean between two quantities b and c is a and the two
geometric means between themare g, and g,. Prove that g.* + g,> = 2 abc

c
=a,or, b+c=2a

+
Solution : The A. M. betweenbandcisa .. B

Againg, and g, are two G. M.'sbetweenbandc .. b, g, g, careinG.P.

1

If  rbethe common ratio, thenc=bror, r= ﬁ%‘b ’

cls c)3
g,= br= bﬁm‘ and g,=br*= b(Ej

2
afifi € EA 3 CF ck ) Fb+c
g13+g23:b Mﬁbk-'_ﬁb B:b XE l+B = bc x T"

=bc (2a) [since b + ¢ = 2a]
= 2abc

e[l [XyYA The product of first three terms ofa G. P. is 1000. If we add 6 to its second
termand 7 to its 3rd term, the three terms form an A. P. Find the terms of the G. P.

a

Solution : Let t, = ;

1, =aand t, = ar be the first three terms of G. P.

a
Then, their product = Laars 1000 or, a@®*=1000, or, a=10

By the question, t, t,+6,t, + 7are inA. P. ..(1)

LR
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ie.

or,

or,

a
?,a+6, ar+ 7areinA.P.

(a+6)- % =(ar+7)-(a+6)or, 2(a+6)=%+(ar+7)

10
2(10+6) = " + (10r +7) [using (1)]
32r=10+10r*+7r or, 10r’-=25r+10=0

25+ /625-400 25+15
20 20

r =

1
2

10
Whena =10, r = 2. then the terms are —, 10(2) i.e., 5, 10, 20

2

1 1
Whena =10, I =~ then the terms are 10(2), 10, 10 F—k ie., 20,10,5

r
AS

1.

2 2

1

Gl CHECK YOUR PROGRESS 6.7

-

1
Insert 8 G. M.'s between 8 and e

Ifa, isthe first of n geometric means between a and b, show thata ™*=a"b

1 1

. 1
If G is the G. M. between a and b, prove that Gl_a + T

Ifthe A. M. and G. M. between two numbers are in the ratio m : n, then prove that the

numbers are inthe ratio m + ./m? —=n? : m—/m? — n?

If Aand G are respectvely arithmetic and geometric means between two numbers a and
b, then show that A> G.

13
The sum of first three terms ofa G. P. is I and their product is—1. Find the G. P.

The product of three terms of a G. P. is 512. If 8 is added to first and 6 is added to
second term, the numbers form an A. P., Find the numbers.

e

20
ol L= us sum up

A sequence in which the difference of two cousecutive terms is always constant (2 0) is
called an Arithmetic Progression (A. P.)
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e  ThegeneraltermofanA. P.

a,a+d,a+2d,..isgivenbyt =a+(n-1)d

e S the sum of the first n terms of the A.P a, a+d, a+2d,... is given by

° t =S-S5

n

:g[2a+(n—1)d]

n
> (@a+1),wherel=a+ (n-1)d.

n-1

a+b

° An arithmetic mean betweenaand b is —.

2

e  Asequence in whichthe ratio of two consecutive terms is always constant (« 0) is called
a Geometric Progression (G. P.)

° Then®"termofa G.P.: a, ar, ar?, ...isar"!

° Sum of the first nterms of a G. P.: a, ar, ar?, ... is

S

_ a(r"-1)

for|r|>
=g forlr|>]
a(l-r")
for|r|<1
1-r Il

° The sums of an infintite G. P. a, ar, ar?, ... is given by

a
S=—for|r|<1

1-r

e  Geometric mean G between two numbersaand bis \/ap

e  The arithmetic mean A between two numbers a and b is always greater than the
corresponding Geometric mean G i.e.,A>G.

&

SUPPORTIVE WEB SITES

http://Mmww.youtube.com/watch?v=_cooC3yG_p0
http://www.youtube.com/watch?v=pXo0bG4iAyg
http:/Aww.youtube.com/watch?v=dIGLhLMsy2U
http://www.youtube.com/watch?v=cYw4MFWsB6c
http://Aww.youtube.com/watch?v=Uy_L8tnihDM

http://www.bbc.co.uk/education/asguru/maths/13pure/03sequences/index.shtml
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Sl TERMINAL EXERCISE

e

> W

10.
11.

12.

13.

14.

Find the sum of all the natural numbers between 100 and 200 which are divisible by 7.

The sum of the first n terms of two A. P.'s are inthe ratio (2n—1) : (2n + 1). Find the ratio
of their 10" terms.

Ifa, b, careinA. P.thenshowthatb+c,c+a,a+barealsoinA.P.

Ifa,a, .., a areinA. P, thenprove that

17 72!
1 1 1 1 n-1
+ + ot =
a1 aZ aZ a3 a3 a4 an—l an a1 an

If (b—c)? (c—a)? (a—b)*are inA. P., then prove that

1 1
b-c'c—a'a-b

, arealso inA. P.

If the p™, g™ and r" terms are P, Q, R respectively. Prove that

PQ-R)+Q(R-P)+r(P-Q)=0.

1
Ifa, b, carein G. P. then prove that a? b® ¢? F? + o? + ?k =a’+b’+¢’

Ifa, b, c, dareinG. P, show that each of the following forma G. P. :

1 1 1
€)] (az— bz), (bz— Cz), (Cz— dz) (b) a2 +b2'b?+c?'c?-d>?

If x, y, zare the p™, g™ and r" terms of a G. P., prove that x¢'y?z4=1
Ifa, b,careinA. P.and x, y, zare in G. P. then prove that xX*¢y*2z¢° =1

Ifthe sum of the first n terms of a G. P. is represented by S , then prove that
S (S,,-S,)=(5,-S,)°

Ifp, g, rare inA. P. then prove that the p™, g™ and r" terms of a G. P. are also in G. P.

1
IfS =1+ PR TRIRT=E find the least value of n such that
2-5,< L
100

If the sumofthe first n termsof a G. P. is S and the product of these terms is p and the sum

S n
of their reciprocals is R, then prove that p* = EE&
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8] wswers

CHECK YOURPROGRESS6.1
1. (a 2n-1 (b) 2n+1
4. no 5. m+n

CHECK YOUR PROGRESS 6.2

1. (a) 435 (b) 2[21—5n2]

4, 37 5 n®+9n,9

CHECK YOUR PROGRESS6. 3
2. 5
CHECK YOUR PROGRESS6. 4

33 .33
'"2'4 7816 - no
4. (a) 6 (b) 3
CHECK YOUR PROGRESS 6.5
EP"L_
1. (a) 6138 (b) 3 L~ Saof
80 8n
Zlho -1-=2
4 @ gt ; O

CHECK YOUR PROGRESS 6. 6

L@ ) 2
- @5 () >, :
10 20 40
3 5—, —,—,...®
379 27
g, +t 15
T4 74774840
CHECK YOUR PROGRESS 6.7
1111 1
4,21,=,=,=,—,—,
1 2'4'8'16'32 0
TERMINAL EXERCISE
1. 2107 2. 37:39

Sequences and Series

2. 3,5,7,9, ... 3. 20, 16
6. 10, 6, 2,

2. 5 3. 12

6. 2a

3. 36,6,10r1,6,36

@_3P"Lk
9 81 10"

5 52
(b) 165

. 7. 4,8,16
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SOME SPECIAL SEQUENCES

Suppose you are asked to collect pebbles every day in such a way that on the first day if you
collect one pebble, second day you collect double of the pebbles that you have collected on the
first day, third day you collect double of the pebbles that you have collected on the second day,
and so on. Then you write the number of pebbles collected daywise, you will have a sequence,
1,2,22, 2% ...

From a sequence we derive a series. The series corresponding to the above sequence is
1+2+22+23+ ...
One well known series is Fibonacciseries1+1+2+3+5+8+ 13+ ...

In this lesson we shall study some special types of series in detail.

)| oBIECTIVES

After studying this lesson, you will be able to :
e  define aseries;

. calculate the terms of a series for given values of nfromt ;

e evaluate Zn,ZnZ,ZnS using method of differences and mathematical

induction; and

e  evaluate simple series like 1.3+ 3.5+ 5.7 +..... nterms.

EXPECTED BACKGROUND KNOWLEDGE

e  Concept ofasequence
° Concept of A. P. and G. P., sum of n terms.

. Knowldge of converting recurring decimals to fractions by using G. P.

7.1 SERIES

An expression of the formu, +u, +u,+...+u_+....is called a series, where u , u, ,u, ..., u_

n
.. Is a sequence of numbers. The above series is denoted by zur. If n is finite
r=1
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then the series is a finite series, otherwise the series is infinite. Thus we find that a series is
associated to asequence. Thus a series is a sum of terms arranged in order, according to some
definite law.

MODULE - I

Sequences and
Series

Consider the following sets of numbers :

LN
12

Wl
ol
O|

Notes (a) 1,611, ..., (b)

©  48,24,12,... (d) 12223 ..

(@), (b), (c), (d) form sequences, since they are connected by a definite law. The series associated
withthemare :

1 1 1
+6+11+ ..., -+t +t—-+— + +24+ 12+ 2422+ 3%+
1+6+11+.., 3769 a48+24+12+ ., 1P+ 22+ 3+ .

Write the first 6 terms of each of the following sequences, whose n term is
given by
(@ T =2n+1, (b)a =n*-n+1 f =15

Hence find the series associated to each of the above sequences.

Solution: (@) T, =2n+1,Forn=1,T, =21+1=3,Forn=2,T,=22+1=5
Forn=3,T,=23+1=7,Forn=4,T,=24+1=9
Forn=5T,=25+1=11,Forn=6,T =26+1=13

Hence the series associated to the above sequenceis3+5+7+9+11+13 +...

(b) a=n*-n+1 Forn=1a=01"-1+1=1
Forn=2,a,=2°-2+1=3,Forn=3,a,=3-3+1=7
Forn=4,a,=4-4+1=13Forn=54a=5-5+1=21
Forn=6,a,=6"-6+1=31

Hence the series associated to the above sequenceis1+3+7 + 13 +...

() Heref =(-1)"5"Forn=1,f =(-1)'5'=-5
Forn=2,f =(-1)?5%= 25, Forn=3, f = (-1)*5%=-125
Forn=4,f =(-1)*5%= 625, Forn=5, f_= (-1)°5°=- 3125
Forn=6,f = (-1)°5°%= 15625

The corresponding series relative to the sequence
f = (=1)"5"is =5 + 25 — 125 + 625 — 3125 + 15625~
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Write the n™" term of each of the following series :
@-2+4-6+8-.. (b)1-1+1-1+ ...
(C)4+ 16+ 64 + 256 +.... (d)V2+V3+2+5+....

Solution : (a) Theseriesis—2+4-6+8.......

Here the odd terms are negative and the even terms are positive. The above series is obtained
by multiplying the series.-1+2-3+4—....by 2

T =2(-1)"n=(-1)"2n
(b) Theseriesis1-1+1-1+1—......
T = (-1
() The seriesis 4 + 16 + 64 + 256 + ....
The above series can be writenas4 + 4%+ 43+ 44+ ...
ie., n"term, T =4"
(d) The seriesis V2 + V3+2+V5+ ...i.e, V2 + V3 + V4 + 5 + ..

n"termis T = \/n+1.

Q
\ & § CHECK YOUR PROGRESS 7.1

1. Write the first 6 terms of each of the following series, whose n term is given by

_n(n+1)(n+2) n® -1

@ T O =y

2. IfA =1andA =2, findA,ifA = :1 (n>2)

-2

3. Write the n" term of each of the following series:

@ oo ) 3-6+9-12+...

7.2 SUM OF THE POWERS OF THE FIRST n NATURAL NUMBERS

(@) The series of first n natural numbers is
1+2+3+4+... +n.
Let S,=1+2+3+..+n

This is an arithmetic series whose the first term is 1, the common difference is 1 and the number
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oftermsisn. .. S, =g[2.1+(n—l)l] =2[2n—1]

n(n+1)
ie., S, =
2
n(n+1
We canwrite 2n= ( 5 )
(b) Determine the sum of the squares of the first n natural numbers.
Let S,=1P+22+3+ ... +n?

Consider the identity : n®*~ (n-1)*=3n>-3n+1

By giving the valuesforn =1, 2, 3, ...., n—1, n in the above identity, we have.
13-03=312-31+1
28-13=3.22-32+1
3P-23=3.32-33+1

n-(n-1)2=3n*-3n+1

Adding these we get
NnP—03=3(1°+22+3F+.+n)-3(L+2+3+...+n)+
(1+1+1+... ntimes)

o, n*=3S -3 M%H+nh2n:#8

B Y B L UL.E R ACTIE S LV
2 2
:n(n+1)Fn—1+§k = n(n+1) (2n+1)
2 2
Srl:n(n+l)6(2n+l) e, an:n(n+l)6(2n+l)

(c) Determine the sum of the cubes of the first n natural numbers.
Here S =13+ 22+ 3%+ ... +n°

Consider the identity : n*— (n-1)*=4n3-6n*+4n-1

MATHEMATICS
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Putting successively 1, 2, 3, .... for n we have
14-0=4.13-6.12+41-1
20=14=423-6.2°+42-1
3 -2=43-6.32+43-1

nf-(n-1*=4n-6.n>+4n-1
Adding these, we get

nt—0%= 4(13+2°+...+n%)-6(1°+2°+...+n)+4(1+2+3+...+n)
- (1+1+..ntimes)

= n4=4.Sn—6Mn(n+l)6(2n+l)H+4n—n+l—n

= 4S =n‘+n(n+1)@2n+1)-2n(n+1)+n
=n*+n(2n’+3n+1)-2n*-2n+n
=n*+2n+3n2+n-2n’-2n+n=n*+2n*+n>=n?(n*+2n+ 1)

ie, 4S  =n’(n+1)

S

:nz (n+1)° n(n+1)w2

N
" 4 Tz

Znsz[n(n2+l)} or, anz(zn)z

Note : In problems on finding sum of the series, we shall find the nth term of the
series (t ) and thenuse S = >'t, .

SElo] AR Find the sum of first n terms of the series 1.3 +3.5+5.7 + ...

Solution :
Let S =13+35+57+..
The n" term of the series
t ={n"termof1,3,5,..} x{n"termof3,5,7,..}
=(2n-1)(2n+1)=4n*-1

MODULE - I
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some Special Sequences
S,= 3t = [4an* -1

nin+1)(2n+1) _n
6

= 42[’12—2(1) =4

_2n(n+)(2n+1)-3n 2[2(2n2+3n+1)—3j|
- 3 ~ 3

= %[4n2 +6n-1]

= Elo) R Find the sum of first n terms of the series

1.22+2.32+3.4%+ ... ...
Solution : Heret =n{2+(n-1)}¥=n(n+1)*=n.("*+2n+1)
ie., t =n*+2n*+n
Let S,=122+23+23+34+....+n (n+1)
S, =2t =X (n*+2n?+n)=2n*+23%¥n?+ 3n.

n(n+1)wz+2hn(n+l) (2n+Df  n(n+1)
2 6 2

=n(n+1) Mn (n4+1) + 2n3+1+%8

SEo] BN Find the sum of first n terms of the series

2.3.5+3.5.7+4.7.9+ ...
Solution: LetS =2.3.5.+3.5.7+4.7.9+....
n' term of the series
t = {n"termof2, 3,4, ..} x{n"termof3,5,7, ..} x {n" termof 5,7, 9, ...}
=(n+1)x(2n+1)x(2n+3)
=(n+1)[4n’+8n+ 3] =4n*+12n?+ 11n +3
S, =2t =2 [4n*+12n*+ 11n + 3]
=43n3+123n2+11Xn+>(3)

MATHEMATICS
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=4

4 6 2

=n? (n+1)2+2n(n+l)(2n+1)+w+3n

- g[Zn (N+1?+4(n+1) (2n+1)+11(n +1) +6]
= g[Zn (n*+2n+1) + 4 (2n? +3n+1)+11n+17]
= 2l2n® 11207 + 250 + 21]

2

S E[) WA Find the sum of first n terms of the following series :

t, 1,1
13 35 57
1

o t =
Solution : "~ 2n=1) (2n + 1)

ELENEY
2M12n-1 2n+1

Now putting successivelyforn=1, 2,3, ....
-

%

1M1 1 j

t == -
" 20@n-2 (2n+1)Q
. ) PR S
Addlng, t1+t2+ +tn_2[l 2n+l:| (2n+l)

2 2
n“(n+1 +12n(n +1) (2n+1) +11n(n +1) L3N
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N
&

@)

(b)
©

1 1 1
_— _ _F

+——+
14 4.7

7.10

Some Special Sequences

CHECK YOUR PROGRESS 7.2

1. Find the sum of first n terms of each of the following series :
1+(1+3)+(1+3+5)+...

LD+(Q+3)+(1+3+3)+(L+3+32+3F)+..

2. Find the sum of n terms of the series. whose n" termis n(n + 1) (n + 4)

3. Findthesumoftheseries1.2.3+2.3.4.+3.4.5+...

L2
@o7dl L =T Us sum uP
e  An expression of the form u, + u,+ u, +
u, Uy, U,.... U, .... isa sequence of numbers

n n (n +1)

. 2r=
r=1

. S - n(n +1)6(2n +1)
r=1

e\ SUPPORTIVE WEB SITES

http://en.wikipedia.org/wiki/Sequence_and_series

http://mathworld.wolfram.com/Series.html

qi]

@)

TERMINAL EXERCISE

1. Findthe sumofeach of the following series :
2+4+6+...

up to 40 terms.

+u +

upto nterms

.. is called a series, where

MATHEMATICS
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(b) 2+6+18+ .. upto6terms.
2. Sumeach of thefollowing seriesto nterms :

@ 1+3+7+15+31+.....

b 1 + ! + L +
(b) 135 357 579 7
3 5 7 9
© —t—+——+——+....
14 49 916 1625

3.  Find the sum of first n terms of the series 1 + 32+ 52+ ....

4, Find the sum to n terms of the series5+7+ 13+ 31 +....

4 10
5. Find the sumto n terms of the series l+§+ 5—2+¥+

6. Findthe sumof 22+ 42+ 62+ ... + (2n)?
7. Show that

1x224+2x3 +.....+nx(n+1)® 3n+5
Px2+2°%x3+....+n°x(n+1) 3n+1
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AN

&

CHECK YOURPROGRESS 7.1

1. (a) 1,4,10,20,35 56

1
)=
3. (@ (-1 -
CHECK YOURPROGRESS 7.2
1
1. (@@ En(n+1) (2n+1)
M[w +23n+34]
12

TERMINAL EXERCISE
1. (a) 1640

2. (@) 2"t-n-2

n
—(4n* =1
3. 5l )
5 SeB5h
" 4 16

1
5n—l

k

3n-2

4.5

(b)

(b)

(b)

(b)

(b)

6.

Some Special Sequences

(_1)n +1 3n

n
3n+1

() %(3n+1 -2n-3)
%n(n+1)(n+2)(n+3)

728

1 1 1
12 4@n+)@2n+3) © 7 (nr1?

1
Z(3"+8n-1
2( )

2n(n+1) (2n+1)
3

MATHEMATICS
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COMPLEX NUMBERS

Notes

We started our study of number systems with the set of natural numbers, then the
number zero was included to form the system of whole numbers; negative of natural
numbers were defined. Thus, we extended our number system to whole numbers and
integers.

To solve the problems of the type p+Qq we included rational numbers in the system of
integers. The system of rational numbers has been extended further to irrational numbers
as all lengths cannot be measured in terms of lengths expressed in rational numbers.
Rational and irrational numbers taken together are termed as real numbers. But the
system of real numbers is not sufficient to solve all algebraic equations. There are no
real numbers which satisfy the equation x>+1 = 0 or x> = — 1. In order to solve such
equations, i.e., to find square roots of negative numbers, we extend the system of real
numbers to a new system of numbers known as complex numbers. In this lesson the
learner will be acquinted with complex numbers, its representation and algebraic

operations on complex numbers.

r
| oBIECTIVES

After studying this lesson, you will be able to:

e describe the need for extending the set of real numbers to the set of complex
numbers;

e define a complex number and cite examples;
e identify the real and imaginary parts of a complex number;
e state the condition for equality of two complex numbers;

e recognise that there is a unique complex number x + iy associated with the point
P(x, y) in the Argand Plane and vice-versa;

e define and find the conjugate of a complex number;
e define and find the modulus and argument of a complex number;
e represent a complex number in the polar form;

e perform algebraic operations (addition, subtraction, multiplication and division) on
complex numbers;

e state and use the properties of algebraic operations ( closure, commutativity,
associativity, identity, inverse and distributivity) of complex numbers; and
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e state and use the following properties of complex numbers in solving problems:

(i) |z2l=0<2z=0and z, =z, =|z,|=|Z,|

i |=|-7=[ i) |z, +2,/<|2,|+ |2,
. z| [z

(iv) rAAESFARFA (v) AN (z, #0)

e to find the square root of a complex number.

EXPECTED BACKGROUND KNOWLEDGE

e Properties of real numbers.
e Solution of linear and quadratic equations
e Representation of a real number on the number line

e Representation of point in a plane.

8.1 COMPLEX NUMBERS

Consider the equation x? + 1 = 0. ..(A)
This can be written  as x2=-1lor x=+-1

But there is no real number which satisfy x> = —1.In other words, we can say that
there is no real number whose square is — 1.In order to solve such equations, let us
imagine that there exist a number 'i* which equal to ./_1 .

In 1748, a great mathematician, L. Euler named a number 'i' as lota whose square is
— 1. This lota or 'i' is defined as imaginary unit. With the introduction of the new
symbol 'i', we can interpret the square root of a negative number as a product of a real
number with 1i.

Therefore, we can denote the solution of (A) as x = £ i
Thus, -4 = 4(-1)

V=4 = J(-D(@4) =i*.2* =i2

Conventionally written as 2i.

So, we have ./—4 =2i, J=7 =/7i
V-4, +/=7 are all examples of complex numbers.

Consider another quadratic equation: x> —-6x + 13 = 0
This can be solved as under:
(x=-3)+4=0or (x-3)*=-4

or, X—-3=x2ior,bx=3%2i

MATHEMATICS



Complex Numbers

We get numbers of the form x + yi where x and y are real numbers and i= ,/_1.

Any number which can be expressed in the form a + bi where a,b are real
numbers and i = ,/_1, is called a complex number.

A complex number is, generally, denoted by the letter z.

i.e. z=a+ bi, 'a' is called the real part of z and is written as Re (a+bi) and 'b' is
called the imaginary part of z and is written as Imag (a + bi).

Ifa=0and b = 0, then the complex number becomes bi which is a purely imaginary
complex number.

1. . .
—T7i, EI’ J3iand =i are all examples of purely imaginary numbers.
If a=0 and b = 0 then the complex number becomes 'a' which is a real number.
5, 2.5 and /7 are all examples of real numbers.

Ifa=0and b =0, then the complex number becomes 0 (zero). Hence the real
numbers are particular cases of complex numbers.

el RSB Simplify each of the following using .

OJNAE i 254
Solution: () y=36 = 4/36(-1) = 6i

(i) 25.4/—4 = 5x2i= 10i

8.2 POSITIVE INTEGRAL POWERS OF i

We know that
?=-1 = ii=-1i=-i

= (2= (-1)2=1, = (P2i=1i=i

i = ()° = (-1)? = -1, ' = (%) = i, i# = (?)* =1

Thus, we find that any higher powers of 'I' can be expressed in terms of one of four values
i, -1, -, 1

If nis a positive integer such that n>4, then to find i", we first divide n by 4.
Let m be the quotient and r be the remainder.

Thenn=4m +r. where 0 < r < 4,
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Complex Numbers

MODULE-III | Thus, i"= i™) = i = (f)™i" = i (- i*=1)

Algebra-I
Note : For any two real numbers a and b, /3 x+/b =+/ab is true only when
atleast one of a and b is either 0 or positive.
If fact J=a x+/-b
Notes

ivaxivb = i?Jab
= _Jab where a and b are positive real numbers.

SElo WA Find the value of 1 + i + 20+ ¥

Solution: 1 + i + 20+ ¥
=1+ (D + (D9+ (D)® =1+ (-1)5 + (-1)0+ (-1)®
=1+(-1D)+1+(-1)=1-1+1-1=0

Thus, 1 + i + 2 + ¥ = Q.

e CRFEN Express 8i° + 6i'° — 12i* in the form of a + bi

Solution: 8i® + 6i'® — 12i* can be written as 8(i?).i + 6(i*)® — 12(i?)°.i
= 8(=1).i + 6(=1)® — 12(=1)5.i = -8i + 6 — 12(-1).i
=-8i+6+12i=6 + 4i

which is of the form a + bi where 'a' is 6 and 'b' is 4.

Q
\ & § CHECK YOUR PROGRESS 8.1

1. Simplify each of the following using 'i'.
@ V=27 () -v-9 (¢ V-18

2. Express each of the following in the form of a + bi
(@ 5 (b) -3i (c) O

3. Simplify 101 + 6i** 12

4, Show that i™ + i™! + ™2 + ™3 = (0 for all meN -

8.3 CONJUGATE OF A COMPLEX NUMBER

The complex conjugate (or simply conjugate) of a complex number z = a + bi is
defined as the complex number a — bi and is denoted by 7.
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Complex Numbers

Thus, if z=a + bi then 7 = a - bi.

Note : The conjugate of a complex number is obtained by changing the sing
of the imaginary part.

Following are some examples of complex conjugates:

() If z =2+ 3i, then z = 2 — 3i
(i) Ifz=1-, then 7 =1 +i
(iii) If z = -2 + 10i, then 7 = -2-10i

8.3.1 PROPERTIES OF COMPLEX CONJUGATES

(1) If z is a real number then z = Z i.e., the conjugate of a real number is the
number itself.

For example, let z = 5

This can be written as z = 5 + Qi
Z =5-0i =5, Z=5=7%.
(in) Ifzisa purely imaginary number then z= —z
For example, if z = 3i. This can be writtenas Z=0 + 3i
z=0-31 =-3i=-2
7 =-1
(i) Conjugate of the conjugate of acomplex number isthe number itself.
e, (z)=2
For example, ifz=a+ bithen z =a—hi

Again 6:(a—bi) =—a+bhi=z

(2)=z
2'¢1glo] CRNN Find the conjugate ofeach ofthe following complex numbers:
()] 3-4i (in) (2+i)?

Solution : (i) Letz=3—4ithen z=(3—4i| =3+ 4i

Hence, 3 + 4iis the conjugate of 3—4i.
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Complex Numbers

MODULE-III | (iii) Let z=(2+i)
Algebra-| ie. 2= (22+()2+2Q2)(i) =4-1+4i =3+4i

Then 2=(ﬂ) =3_4j

Hence, 3 —4i is the conjugate of (2 +i)?

8.4 GEOMETRICAL REPRESENTATION OF A COMPLEX NUMBER

Let z = a + bi be a complex number. Let two mutually
perpendicular lines xox' and yoy' be taken as x-axis and y-axis
respectively, O being the origin. o)

Notes

y
/

Let P be anypoint whose coordinatesare (a,b). We say that the

complex number z=a + biis represented by the point P (a, b) x<—— >x
asshownin Fig. 8.1 | Fig. 8.1

y
Ifb=0, thenzisrealandthe point representing complex number A

z=a+ Oiisdenotedby (a, 0). This point (a, 0) liesonthe x-axis.

So, xox' is called the real axis. In the Fig. 8.2 the point
Q (a, 0) represent the complex number z=a + Oi.

X

(0] Q(a0)

Ifa=0, thenzis purely imaginary and the point representing
complex number z = 0 + bi is denoted by (0, b). The point
(0, b) lies on the y-axis.

Fig. 8.2

S< <

R(0b)

So, yoy'is called the imaginaryaxis. In Fig.8.3, the point
R (0, b) represents the complex number z=0 + bi.

ogk——o—>

The plane of two axes representing complex numbersas points
is called the complex plane or Argand Plane. Fig. 8.3

<<

The diagramwhich represents complex number inthe Argand
Planeis called Argand Diagram.

Example 8.5 Y

4_.
Represent complex numbers 2 + 3i, —2-3i, 2-3i P(2,3)
- 31-. e e @
inthe same Argand Plane ) :
Solution: (a) 2+3i is represented by the point 11
p (2, 3) " [T W > X
X - Ol 1 23 4
(b) —2-3iis represented by the point Q (~2,-3) S B
(c) 2-3iisrepresented by the point R (2, -3) P E R(2,-3)
Q(=2-3) Y Fig. 8.4
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8.5 MODULUS OF A COMPLEX NUMBER

We have learnt that any complexnumberz=a
+bi can be represented by apoint inthe Argand N
Plane. How canwe find the distance ofthe point L
from the origin? Let P(a, b) be a point in the T
planerepresenting a+ bi. Draw perpendiculars b
PM and PL on x-axis and y-axis respectively. l
Let OM =aand MP =b. We have to find the 0
distance of P fromthe origin.

. OP=+OM? +MPp?
a2+ p2

OP is called the modulus or absolute value of the complex number a + bi.

Modulus of any complex number z such that z=a + bi, acR, beR is denoted by

|z|and is givenby /32 4 p2
|z|=]a+ib|= /3% +p?

8.5.1 Propertiesof Modulus
(@) |z]|=0 < z=0.
Proof: Letz=a+bhi, aecR,beR
then |z|=a2+bp%.|z7l=0=a’+b*=0

& a=0and b =0 (since a? and b? both are positive), < z=0

(o) [7=7]

Proof : Let z=a+ bithen |Z|= /3% + b2

Now, z=a—bi .  |z=+/a’+(-b?) =+/a+b’
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Complex Numbers
Thus, |z]=+a®+b® =7 (D)
©
Proof : Letz=a+bithen|z|= /32 4 p2
—z=-a-bithen |-z |= \/(—a)2+(—b)2 = /a2 1 p?
Thus, |z|= V&’ +b* =| |

By (i) and (ii) it can be proved that | z | = |-z |=| Z |

|z]=]-z]

(D))
..(ii)
Now, we consider the following examples:

S'ENlo] NN Find the modulus of z, —z and 7 where z=1 + 2i

Solution:z=1+2ithen-z=-1-2iand 7 =1-2i

1Z|= V12 +22 =5, FZ|=/(-1)? +(-2)? =6

and 2= +(-2)* =5
Thus, |z|=|-z|=~/5Z|

SE o WA Find the modulus of the complex numbers shown inan Argand Plane (Fig. 8.6)

Solution: (i) P(4, 3) represents the complex
number z=4+3i

!
V
1Z|= /42 +32 = 25 1. PEd
or |z|=5 AL :
SD_ . +QZ(I_4 2)representsthecomplexnumber X' <t—+— ﬂ;lo T2 é i
R(_l _?g) dececoe + 3(3,_3)
7 =J(C4)+2° = 16+4= V20 |

A 4 F|g 8.6

or |Z| =245
MATHEMATICS
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(iin) R(-1, -3) represents the complex number z =-1 - 3i

|Z]=(-1)% + (=3)2 =41+ 9
or |z|=+10
(v)  S(3, =3) represents the complex number z =3 -3

W 1z=J37+ (<37 =9+ 9
or |z]|=418=3y2

CHECK YOUR PROGRESS 8.2

Flnd the conjugate ofeach ofthe following:

(a)-2i (b)-5-3i (c) -2 (d) (=2 +i)?
2. Represent the following complex numberson Argand Plane :
@ ()2+0i (ii)-3+0i (i) 0—0i (iv) 3-0i
() ()o+2i (i)0-3i (iii) 4i (iv)-5i
(© (i) 2+5iand 5 + 2i (i) 3-4iand -4 + 3i
(i) -7+2iand2-7i (iv) -2-9iand -9 - 2i
@ @ l1+iand-1-i (i) 6+5iand—6-5i
(i) -3 +4iand3-4i (iv) 4-iand-4+i
() (i) l1+iand1-i (i) -3 +4iand-3-4i
(i) 6-7iand6 +7i (iv) -5—-iand-5+i
3. (a) Find the modulus offollowing complex numbers :

() 3 (i) (@(+1)(2-1) (i) 2-3i (iv) 4+ /5
(b)  Forthefollowing complex numbers, verifythat |z|=| Z |
() -6+8i @@ =37

() For the following complex numbers, verify that|z|=|-z |
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(i) 14 +i (i) 11-2i
(d) For the following complex numbers, verify that |z |=|-z|=]| Z |
()] 2-3i (i) —6 -1 @ 7-2i

8.6 EQUALITY OF TWO COMPLEX NUMBERS

Two complex numbersare equalifandonly if their real partsand imaginary partsare respectively
equal.

Ingenerala+bi=c+diifandonlyifa=candb=d.

SEnlo] CRRSM For what value of x and y, 5x + 6yi and 10 + 18i are equal?
Solution : Itis giventhat 5 x + 6yi=10 + 18i

Comparing real and imaginary parts, we have
5x=10 orx=2
and 6y=18 ory=3

Forx=2andy = 3, the given complex numbers are equal.

8.7 ADDITION OF COMPLEX NUMBERS

Ifz, =a+biand z,= c + diare two complex numbers then their sumz, + z, is defined by
z,+z,=(@+c)+(b+d)i
For example, ifz =2+ 3iand z, = —4 + 5i,

then z +z =[2+(-4)]+[3+5]i=-2+8i.

SECREN Simplify

i) (3+2i) + (4-3i) (i) (2 +5i) + (=3 -7i) + (1 -1i)
Solution: (i) 3+2i)+(4-3i)=(3+4)+(2-3)i=7-i
(i) (@+5)+(3-7)+(1-i)=(2-3+1)+(5-7-1)i=0-3i
or  (2+5i)+(-3-7i) + (1-i) =-3i
8.7.1 Geometrical Represention of Addition of Two Complex Numbers
Let two complex numbers z, and z, be represented by the points P(a, b) and Q(c, d).

Theirsum, z, +z, is represented by the point R (a + ¢, b+ d) inthe same Argand Plane.

MATHEMATICS
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Join OP, OQ, OR, PR and QR.

Draw perpendiculars PM, QN,
RLfromP, Q, R respectvelyon
X-axis.

Draw perpendicular PK to RL

In AQON
Y
ON=c [
and QN = d. R(atc, b+d)
InAROL In APOM Q(cg)///
RL=b+d PM=b
andOL=a+c OM=a P(ab) :
Ao PK=ML=0L-0M ) .
=a+c-a =c=0ON . N ML 7
RK=RL-KL=RL-PM Fig. 8.7

=b+d-b=d=0QN.

In AQON and ARPK,

ON = PK, QN = RK and ZQNO = ZRKP = 90°
AQON = ARPK
OQ=PRand OQ || PR

= OPRQ isaparallelogramand OR itsdiagonal.

Therefore, we can say that the sumoftwo complex numbers is represented by the diagonal of

aparallelogram.

SE RN Prove that |z, + 2, | < |z [+]Z,]

Solution: We have proved that the sumof
two complex numbers z, and z, represented
bythe diagonal ofaparallelogram OPRQ
(seefig. 8.8).

In AOPR, OR<OP + PR

X
or OR < OP+0Q (since OQ =PR)

or |21+Zz|5|21|+|22|

Y
(atc,b+d)
~
QC
P(ab)K
0 M L X
Y Fig. 8.8
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SECEHER Ifz =2 +3iand z,=1 +1,

verify that |z, +z,| <|z,|+|z,]|

Solution: z, =2 +3iand z,= 1 + irepresented by the points (2, 3) and (1, 1) respectively.
Theirsum (z, +z,) will be represented by the point (2+1, 3+1) i.e. (3, 4)

Verification

|z,| = V2% +3* = V13 = 3.6 approx.
|z,| = V1? +1* = V2 =1.41 approx.
2, +2,| =3 +4* =25 =5

|z, |+|z,|=3.6+141=501

lz,+z,|<|z,[+]z,]
8.7.2 Subtraction of Complex Numbers
Let two complex numbers z, =a + biand z, = ¢ + di be represented by the points (a, b) and
(c, d) respectively.

(z,)-(z,)=(@+bi)—(c+di)=(a-c)+(b-d)i

which represents a point (a—c, b—d)

The difference i.e. z—z, is represented by the point (a—c, b—d).

Thus, to subtractacomplex number fromanother, we subtract corresponding
realand imaginary parts separately.

SEJCEHPA Find z, -z, if:
z,=3-4i, z,=-3+T7i
Solution: z,-2,=(3-4i)-(-3+7i)=(3-4i)+(3-7i)
=(B+3)+(-4-7)i=6+(-11i) =6-11i
What should be added to i to obtain 5 + 4i?
Solution: Letz=a+ bibe added to i to obtain 5 + 4i
i+ (a+bi)=5+4i
or, at((b+1)i=5+4i
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Equating realand imaginary parts, we have

a=5andb+1 =4 or b=3, .. z=5+3i isto be added to i to obtain 5 + 4i

8.8 PROPERTIES: WITH RESPECT TO ADDITION OF

COMPLEX NUMBERS.

1. Closure : The sum oftwo complex numbers will always be a complex number.

Let z =a +bhjiandz,=a, +b,, a, b,a,b,eR

Now, z +z,=(a +a)+ (b, +b,)iwhich isagainacomplex nu mber.

Thisprovesthe closure property of complex numbers.

2. Commutative : 1fz and z, are two complex numbers then
2,+2,=2,+2

Let z =a+bhjiandz,=a,+hb,

Now z +z,=(a, +bi)+(a,+b,i)=(a +a)+ (b +b)i
=(a,+a)+(b,+b)i [commutative property of real numbers]
=(a,+bi)+(a,+bi)=2z+2z

Le. z,+2,=2,+z,Hence, addition of complex numbers is commutative.

3. Associative

Ifz =a +bji, z,=a,+biandz, =a,+ b,iare three complex numbers, then
z,+(z,+2)=(z,+2)+z,

Now z +(z,+z)=(a, +bi)+{(a +b,i)+(a,+Dbi)}
= (a, + b,i) + {(a, + a) + (b, + b)i} = {a,+(a, + a)} + {b,+(b, + b)}i
={(a,+a)+ (b, +b)i} + (a,+ b,ji)={(a, + bji) + (a,+ b} + (a, + b,i)
= (z,+2)+z,

Hence, the associativity property holds good inthe case ofaddition of complex numbers.

4. Existence of Additive Identitiy
if z=a+ bi is any complex number, then (a + bi) + (0 + 0i) =a + bi

ie. (0 + 0i) iscalled the additive identity for a + ib.

5. Existence of Additive Inverse

For every complex number a + bi there exists a unique complex number —a — bi such that
(a+bi) +(-a—Dbi) =0+ 0i. -a - ib is called the additive inverse of a + ib.
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MODULE-IIl | Ingeneral, additive inverse ofacomplex number is obtained by changing the signs of real and

Algebra-l | ginary parts.

Q
& J CHECK YOUR PROGRESS 8.3

Notes
1. Simplify:
1 * 2+1 2-—i
@ V2 + 5] + 85 - /2i] O St
©  (L+i)—(1-6i) @  (V2-8i)-(-2-7i)
2. Ifz =(5+i)andz,= (6 + 2i), then:
(a)find z, +z, (b) find z,+ 2z, (©lsz +z,=2,+2?
(d)find z, -z, (e)find z,-z, NlIsz,-z,=2,-2?
3. Ifz =(1+i),z,=(1-1i)and z,= (2 + 3i), then:
(a) find z, +(z,+z,) (b) find (z,+2,) +2,
©lsz, +(z,+z)=(z,+z)+z? (d) findz, - (z,-z,)
(e) find (z,-2) -z, DlIsz,-(z,-2)=(z,-2) -2
4. Find the additive inverse ofthe following:

(@) 12-7i (b) 4 -3i
5. What shoud be added to (-15 + 4i) to obtain (3 -2i)?

6. Showthat 03+ 71) — 5+ 2i)l = 3+ 7i) - (5+ 2i)

8.9 ARGUMENT OF A COMPLEX NUMBER

Let P(a, b) represent the complex number

z=a+t+bi,aeR,beR,and OP makesanangle I
0 with the positive direction of x-axis. Draw P(ab)
PM L OX, Let OP=r /’T
Inright A OMP, OM =2, MP =b r i
L e S
rcos@=a, rsin@=b X oRk—a—W X
Then z = a + bi can be written as
.. . v Fig. 8.9
z=r(cosO+ising)  ..() Y
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where r= /32 y p2 and tan0 = b or 0= taanE”
a + a a

(1) isknown asthe polar formofthe complex number z, and rand 0 are respectively called
the modulusand argument of the complex number.

8.10 MULTIPLICATION OF TWO COMPLEX NUMBERS

Two complex numbers can be multiplied by the usual laws ofaddition and multiplicationasis done
inthe case of numbers.

Let z =(a+bi)andz,=(c+di)then, z.z,= (a+bi).(c +di)
=a(c+di) + bi(c+di

or = ac + adi + bci + bdi?

or = (ac — bd) + (ad + be)i. [since iz =-1]

If (a+bi)and (c+ di)are two complex numbers, their product is defined as the complex

number (ac — bd) + (ad + bc)i

S Ello] CRMEE Evaluate: (1 + 2i)(1 - 3i),

Solution:
1+2)(1-3)={1-(-6)}+(-3+2)i=7-i
8.10.1 Provethat
12,2,1= 12,12,

Letz =r (cosO, +isind,) and z,=r,(cosO, + isinod,)

lz, |=r, \/cosz 9, +sin’0, =1,

Similarly, lz,|=r,

Now, z, z,=r(cos0, +isind,).r,(coso,+isind,)
=r,r,[(cos0,cos0,—sino, sind,) + (coso,sind, + sind,coso, )]
=r,r,[cos(0, +0,) +isin (0, +0,)]

[Since cos(0, +0,) = cos0,cos0, —sind,sind, and
sin(0, + 0,) =sinB,cos0, + coso, sino, |

12,.2,|= rlrz\/cos2 (8, +0,) +sin*(0, +0,) = 1,1,
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|21.2,|= 11, =|z4].|z,]
and argumentofz z, =0, +0, =arg (z))+arg(z,)
Find the modulus of the complex number (1 + i) (4 - 3i)
Solution: Letz=(1+1) (4-3i)
then |z|=|(@+i)(4-3i)
=@+ ] (4-30)| (since [z,2,= |z, Iz,))

But [1+i|= 12412 = J2.14-3i|= /4> +(-3)% =5
|z|=+/25=5{2

8.11 DIVISION OF TWO COMPLEX NUMBERS

Division of complex numbers involves multiplying both numerator and denominator
with the conjugate of the denominator. We will explain it through an example.

Let z, =a+biand z,=c+di, then.

4 a+b! (c+di=0)

o
z, c+di

a+bi _ (atbhi)(c-di)
c+di ~ (c+di)(c—di)

(multiplying numeratorand denominator with the conjugate ofthe denominator)

_ (ac+bd)+(bc—ad)i
B c?+d?

a+bi _ ac +bd +bc—ad.
c+di c?+d?* c?+d?

S ETlo] CRNIN Divide 3+i by 4-2i

3+i (3+1)(4+2i)
4-2i  (4-2i)(4+2i)

Thus,

Solution:

Multiplying numerator and denominator by the conjugate of (4 —2i) we get

MATHEMATICS
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10+10i 1 1.
= =—+Zi
20 2 2
Th 3+i 1+ 1i
us, - ==+ —
4 —2i
8111 P that ﬂ |Zl|
.11.1 Prove tha =
Z,| |z,]

Proof: z =r (cos0, +ising,), z,=r,(cos0, +isind,)

|z,|= rl\/cos2 0, +sin0, =1,
Similarly, lz,|=T,

and  arg(z,)=0, andarg(z,)= 0,

z, ry(cosO, +1isin0d,)

MODULE-III
Algebra-|

Then. 7 I, (cosh, + isin®,)
_ I, (cosd, +isind,)(cosh, —isino,)
r, (cosd, +isin,)(cosd, —isin6,)
_ I, (cos, cosB, —icosb, sinb, +isinb, cosh, +sind,sinb,)
r, (cos® 6, +sin®0,)
=%[(c0301 cos 0, +sin 6, sind, ) +i(sin 6, cos 6, —cos 6, sin 6, ) |
2
~ L [cos(, ~6,) +isin(6, - 0,)]
2
(&l _ 200 _h :m
Thus, =t =1 VoS (6, ~6,) +sin*(6, ~0,) = )
Alg -0
Argument of 2| =arg(z,)-arg(z,)
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2+1
SEo] CENMYA Find the modulus of the complex number —

3—1
. 2+1
Solution: Letz=_—
3—1
|Z|:2—+-i = m sincei:m
3—| |3—|| ZZ |22|

_ N247 =*/§=L . 1
Feoay w0 g

8.12 PROPERTIES OF MULTIPLICATION OF TWO COMPLEX
NUMBERS

1.Closure Ifz =a+biand z,=c+dibe two complex numbers then their product z,z, is also
acomplex number.

2. Cummutative Ifz, =a+biand z, = ¢ + di be two complex numbers thenz.z,=zz..
3. Associativity If z = (a+bi), z,=c+di and z, = (e + fi) then
z(z,2,)=(z2,2) .z,

4. Existence of Multiplicative Identity: For everynon-zero complexnumber z, =a+ bithere
existsa unique complex number (1 + 0i) such that

(@+bi).(1+0i)=(1+0i) (a+bi)=a+bi
Let z =x+yibe the multipicative identityofz=a+biThen z.z =z.
ie. (a+bhi)(x+yi)=a+hi
or (ax—Dby) + (ay + bx)i=a + bi
or ax—-by=aanday+bx="b
pr x=1andy=0,ie z =x+yi=1+0iisthe multiplicative identity.
The complex number 1+ Oiisthe identity for multiplication.

5. Existenceof Multiplicativeinverse: Multiplicative inverse isacomplex number that when
multiplied to a given non-zero complex munber yields one. In other words, for every
non-zero complex number z =a+ bi, there exists a unique complex number (x + yi) such that
their productis (1 +0i).i.e.  (a+bi) (x+yi)=1+0ior (ax—by) + (bx+ay)i=1+0i

Equating real and imaging parts, we have
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ax—by=1landbx+ay=0

Bycross multiplication

a Re(z) b _Im(z)

b~ &+ b’ al+h? 2| and Y =57

X
a

Thus, the multiplicative inverse of anon-zero compelxnumber z=(a+bi) is

Xty =[Re(z)_ Im(z)ijzi

2 )

=S eEllel CRMER Find the multiplication inverse of 2 —4i.

Solution: Let 7z =2—4j Wehave, z=2 +4iand|zf* = ‘22 + (-4)2‘ =20

_ o .z _2+4 _ 1 1,
Required multiplicative inverse is |z|2 20 10 5

6. Distributive Property of Multiplication over Addition
Let z,=a +bi, z,=a+bji andz,=a +b,i

Then z(z,+z)=2z2z2,+22,

Q
\ & JCHECK YOUR PROGRESS 8.4

1. Simplifyeach ofthe following:

@ (1+2)(2-i) ) (V2 +i)? () B+i)(L-i)(-1+]i)
(d) (2+3iQ) =(1-2i) (e)(L+2i)=(1+i) (F)(1+0i)=(3+7i

2. Compute multiplicative inverse ofeach ofthe following complex numbers:
. 3+ 5i
(@) 3-4i (b) /3 +7i (c) ==
2-3i
3. Ifz =4+3i, z,=3-2iandz,=i+5,verifythatz (z,+z)=22,+2z2,
4. Ifz, =2+i,z,=-2+iandz,=2-ithen verify that (z,.2,)2,= z,(z,.,)

i
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8.13 SQUARE ROOT OF A COMPLEX NUMBER

Let a + ib be a complex number and x + iy be its square root

ie., Ja+ib = x+iy
= a+ib= x?_y%42ixy

Equating real and imaginary parts we have

X -y?>=a ...(1)
and 2xy = b ..(2)
Using the algebraic identity (x* + y?)? = (x* — y?)? + 4x%y? we get

(¢ +y?)? =a® + b = x* + y* = [a? 1 p? --(3)

From equations (1) and (3), we get

2x2 = vaZ+b? +a:>x:i\/%(,/a2+b2 +a)
' ()

and 2y® =va’ +b? —a:>y=i\/%(\/a2+b2 —a)
’

Out of these four pairs of values of x and y (given by equation (4) we have to choose the
values which satisfy (1) and (2) both.

From (2) if b is + ve then both x and y should be of same sign and in that case
Ja+ib = \/%(\/az 07 +a) +i\/%(\/a2 b7 —a)
and —\/%(\/az 17 +a) —i\/% (a2 +b? —a)

and if b is —ve then x and y should be of opposite sign. Therefore in that case

\/aT:—\/%(x/az b +a) +i\/%(\/b2 0% —a)

1 .1
and \/E(\/a2+b2+a)—'\/§(\/a2+b2—a)
Hence a + ib has two square roots in each case and the two square roots just differ in sign.

SElo] CRMEY Find the square root of 7 + 24i
Solution : Let J7+24i =a+ib ..(1)
Squaring both sides, we get 7 + 24i = a> — b? + 2 iab
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Comparing real and imaginary parts, we have a2 — b2 = 7 ..(2)
and 2 ab =24 = ab =12 ..(3)

Now (a® +b?)? = (a® —b?)? + 4a%b?

= (a®+b%)’ =49+4x144

= (a®+b%)? =625

= a’+b?=25 ..(4)

Solving (2) and (4), we get 2a2=32 => a’?=16 > a=+4

and 2b? =18 > b2 =9 = b =+3

From (3), ab = 12 which is +ve = a and b should be of same sign
Eithera=4,b=30or=-4,b=-3

Hence, the two square roots of 7 + 24i are 4 + 3i and — 4 -3i

SEglo]CRWAN  Find the square root of — i

Solution : Let \/—j =a+ib

= —i=a?-b%+2iab (1)
Equating real and imaginary parts of (1), we get a> — b? =0 ..(2)
and2ab=-1= ab = —% ..(3)

Now, (a2 + b?)? = (a% - b?)? + 4a?h? = 0+4[%] =1

= at+bh?=1 ..(4)

1 1
2 2 - = -4 =
From (2) and (4), 2b=1=0Db > =b >

and 2a%=1=a? —£:>a +—

Nz

Equation (3) suggests; that a and b should be of opposite sign therefore two square roots of

1 1 1 1
—-iare —=—-—= and ——=+—7
NI 2 12

Q
A& CHECK YOUR PROGRESS 8.5

Find the square root of the following complex numbers :

() -21 - 20i (i) —4 - 3i (i) —48 —14i
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MODULE-III '?.Q'
- 4 '
A OS2 | =1 Us sum up

° z = a+ biisacomplex number in the standard formwherea,b e Randi= /1.

Any higher powers of 'i' can be expressed in terms of one of the four valuesi, -1, —i, 1.

Notes

Conjugate of a complex number z = a + bi is a— bi and is denoted by 7.

Modulus of a complex number z=a+biis \/a® + b? i.e. |z|=|a + bi|= v/a? + b?

@]z]=0 <2z=0 ) lz]=]7] © [2.+2,| <[z]+[2,]

z =r (cos6 + i sinB) represents the polar form of a complex number z = a + bi where
. afbl ..
r=.a? + p? ismodulusand 6 = tan " isitsargument.

Z
Multiplicative inverse of a complex numberz=a+bi is _| z|2

Square root of a complex number is also a complex number.
Two square roots of a complex number only differ in sign.

e\ SUPPORTIVE WEB SITES

http://Aww.youtube.com/watch?v=MEuPzvhOroM
http://Aww.youtube.com/watch?v=kpywdulafas
http://www.youtube.com/watch?v=bPgB9aluk_8
http://Amww.youtube.com/watch?v=SfbjgWQIjk
http://Aww.youtube.com/watch?v=tvXRaZbljO8
http://Amww.youtube.com/watch?v=cWn6g8Qqvs4
http:/AMww.youtube.com/watch?v=Z8j5RDOibV4
http://www.youtube.com/watch?v=dbxJ6LD0344

@
Sl TERMINAL EXERCISE

1. Findrealandimaginary parts of each ofthe following:

(@)2+7i (b) 3+0i © —% (d)5i (e) 513
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2.

10.

11.

12.

13.
14.
15.

Simplifyeach ofthe following:

(@) J-3.4-27 (b) J-3-4./-72 (c) 3 -5+ 1
Formthe complex numbers whose real and imaginary partsare giveninthe formof ordered
pairs.

(a) z(3,-5) (b) z(0,-4) (c) z(8, m)

Find the conjugate ofeach ofthe following:

@1-2i  (0)-1-2i (c)6- 2i (d)4i (e)-4i

Find the modulus ofeach ofthe following:
. . 3. .

(a) 1-i (b) 3 + i (©) =1 (d) =2 +/3i
Express 7it" — 6i° + 3i* — 2i? + 1 in the form of a + bi.
Find the values of xand yif:

@ xX-y)+7-2i=9-i (b)2x+3yi=4-9i (c)x-3yi=7+09i
Simplifyeach ofthe following:

oy o3 ()3
(@ @+i)-(1-)+(-1+i) (b) | 7 7 -

Write additive inverse and multiplicative inverse ofeach ofthe following:

1+5i
@3-7  O11-2  ©3+2 D1-2i @7

Find the modulus ofeach ofthe following complex numbers:
el (b)5+—2i 3+2i)(1-i) (d)(1-3i) (-2 +i*+3
@ 35 2443 ©@+2)(1-n () (1-3)(-2F+F+3)
For the following pairs of complex numbers verify that | 2.z, | =z, ]| z, |
(@) z,= 3-2i,z,=1-5i (b)z=3-/7i.2,= J3 —i
. I 21 B 21
For the following pairsof complexnumbers verify that 2|~ 12,
2 2
(@ z,=1+3i, z,=2+5i (b)z,=-2+5i, z,=3-4i

Find the square root of 2 + 3i
Find the square root of —2+2./-3.
Find the square root of i.
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A
®
CHECK YOUR PROGRESS 8.1
1 (a) 3/3i (b)-3i (c) /13
2. (2) 5+0i (b) 0 —3i (c) 0+ O
3. 12-4
CHECK YOUR PROGRESS 8.2
1 (3)2i (b) =5+ 3i ©) —2 (d) 3+ 4i
2. (& | (—3 0). (0£0) @, 0) (3 0)
X E X
0, 4
) 0, 4)
0, 2)
X < «
(0, -3)
(0, -5)
¥
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(©) y
N
(2,5)
|
(-4.3) [
(=7.2) 1 1 62
N
X’!"I"II'I !IIII!IlII X
[ 1 1 -
o) T T T Tl
| ___rJ(&—q
I
| |
| — — (2,-7)
(-2-9)— -
y
(d)
y
N
(6, 5)
-3 — - - -
( 4}_ 1 I
(-4, 1)T_| LD
X/IIIIiI Iil!!ll:l >X
e 1)‘————|—‘(4, -1)
| [ _ 1334
(-6-5)— — — — -
y
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y
/N
(6,7)
.
(e) (-3,4) B I
1
| 1
(sp, 1 _ T "
X'("""I'.!!!l!"'"' >
R e e R et i
I =
151
(_31_4) __ |
______ _4(6,-7)
¥
3. (@ ()3 (i) V1o (i) V13 (iv) V21
CHECK YOUR PROGRESS 8.3
1@ WEHBHE - ) 6+)
() 7i (d) V2(v2+1)+(7-+3)
2. (@) 11 + 3i (b) 11 + 3i  (c) Yes
(d) -1 -1 ()1 +i (Hh No
3. €)] 4 + 3i (b) 4 + 3i (c) Yes
(d 2 +5i ) —2-i (f No.
4, (@ 12+ 7i (b)) -4 + 3i
5. 18 — 6i
CHECK YOUR PROGRESS 8.4
1. (a) 9\/5 + 2j + 62\/5 - 1ji (b) 1+ 24/2i
MATHEMATICS
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. MODULE-III
() -2+ 6i (d) E(—4+ 7i) Algebra-|
1 . 1 .
e 5B+ ®  ——(3-7i) 7ffix
2 58 Notes
1 . 1 .
2 @ e B 6B
1 .
©) §Zb—9-19@
CHECK YOUR PROGRESS 8.5
. _ _ _ 1 3.-1 3.
() 2-5i,-2 +5i (ii) $—$|,$+$|

@@ 1-7i,-1+7i

TERMINAL EXERCISE

1. €)] 2,7 (b) 3,0

© -30 (@ 05
2 3

©®© 13713

2. (@ -9 (b)  —12./6i
(c) -4 - 3j

3, (@ 3 -5i (b) 0-4i
(c) 8+ i

4, @ 1+ 2i (b) -1+ 2i
© 6+42i (@ 4
(e) 4i
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2
Algebra-| S @ 42 (®) I+
3
@, © 5 @ 7
Notes 6. 9 +4i

7. @) x=2, y=-1 (b) X=2
(©) XxX=7,y=-3

1
|
w

8. (@ 1+3i (b) §+0i

1 . .1 .
9. (@ -3+7i, §(S+7l) (b)  -11+2i, ES(—11+ 2i)
(©) —J§—2i,$(J§—2i) d -1+42i, %(1+ﬁi)
.1 .
(e) 2—3I,E(2+3I)

10. (@)

(b) %JrTs

1
5
© o6 @ 45

o (S

14. 1+/3i,-1-/3i

H

i+ii -1 _ii
SN RN RN N
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QUADRATIC EQUATIONS AND
LINEAR INEQUALITIES

Recall that an algebraic equation of the second degree is written in general form as
ax’ +bx+c=0, a=0.Itiscalled a quadratic equation in x. The coefficient ‘a’ is the first or

leading coefficient, ‘b’ is the second or middle coefficient and ‘c’ is the constant term (or third

5 1
coefficient). For example, 7x2+2x +5 =0, EXZ + Ex +1=0,

1
3x2 —x=0, x2+ 5 =0, /2 X2+ 7x =0, are all quadratic equations.

Some times, it is not possible to translate a word problem in the form of an equation. Let us
consider the following situation:

Alok goes to market with Rs. 30 to buy pencils. The cost of one pencil is Rs. 2.60. If x denotes
the number of pencils which he buys, then he will spend an amount of Rs. 2.60x. This amount
cannot be equal to Rs. 30 as x is a natural number. Thus.
2.60 x < 30 . (i)

Let us consider one more situation where a person wants to buy chairs and tables with Rs.
50,000 in hand. Atable costs Rs. 550 while a chair costs Rs. 450. Let x be the number of
chairs and y be the number of tables he buys, then his total cost =
Rs.(550 x + 450 y)

Thus, in this case we can write, 550x + 450y < 50,000
or 1lx+9y < 1000 ()]

Statement (i) involves the sign ofinequality ‘<’ and statement (ii) consists of two statements:
11x+9y < 1000, 11x+9y = 1000 in which the first one is not an equation: Such statements are
called Inequalities. In this lesson, we will discuss linear inequalities and their solution.

We will also discuss how to solve quadratic equations with real and complex coefficients and
establish relation between roots and coefficients.

r

\Z| OBJECTIVES

After studying this lesson, you will be able to:

e solve aquadratic equation with real coefficients by factorization and by using quadratic
formula;
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find relationship between roots and coefficients;

forma quadratic equation when roots are given;

differentiate between a linear equation and a linear inequality;

state that a planl region represents the solution of a linear inequality;
represent graphically a linear inequality intwo variables;

show the solution of an inequality by shading the appropriate region;

solve graphically a system of two or three linear inequalities in two variables;

EXPECTED BACKGROUND KNOWLEDGE

Real numbers

Quadratic Equations with real coefficients.

Solution of linear equations in one or two variables.

Graph of linear equations in one or two variables ina plane.
Graphical solution of a system of linear equations in two variables.

9.1 ROOTS OF A QUADRATIC EQUATION

The value which when substituted for the variable in an equation, satisfies it, is called a root (or
solution) ofthe equation.

If o be one of the roots of the quadratic equation
ax’+bx+c=0,a=0 . (1)

then  ag® +ba+c=0
Inother words, x— ¢ isa factor of the quadratic equation (i)

In particular, consider a quadratic equation x2+x—6=0 (i)
If we substitute x =2 in (ii), we get LH.S=22+2-6=0
- LHS=R.H.S.
Again put x = -3 in (ii), we get L.H.S.=(-3)?*-3-6=0
LHS=R.H.S.

Againput x= —-11in (ii) ,weget LH.S=(-1)’+(-1)-6=-6 -0 =R.H.S.

.. Xx=2and x= —3 are the only values of x which satisfy the quadratic equation (ii)
There are no other values which satisfy (ii)

.. X=2,x= — 3are the only two roots of the quadratic equation (ii)

Note: If o, B be two roots of the quadratic equation
ax?+bx+c=0a=0 ~(A)
then (x— ) and (x— B) will be the factors of (A). The given quadratic
equation can be written in terms of these factorsas (x—a) x— 8) =0

MATHEMATICS
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9.2 SOLVING QUADRATIC EQUATION BY FACTORIZATION

Recall that you have learnt how to factorize quadratic polynomial of the form

p ( x) =ax’ +bx+c, a= 0, bysplitting the middle termand taking the common factors. Same
method can be applied while solving a quadratic equation by factorization.

If x — 8 and X — 75 are two factors of the quadratic equation

¢ +bx+c=0a -0 then (x — f)(x —§)=0

either x = 8 or, X= {;

The roots of the quadratic equation ax? + bx + c =0 are 8 , 75

el KN Using factorization method, solve the quadratic equation: 6x2+5x — 6=0

Solution: The given quadratic equationis6x2+5x — 6 =0 .. (1)
Splitting the middle term, we have 6x2+9x—-4x — 6=0
or, 3x(2x+3)-2(2x+3)=0or, (2x+3)(3x-2)=0

3 2
- Either2x+3=0= x= - Eor, X-2=0= x= 5

32

2'3

Using factorization method, solve the quadratic equation:
32X+ 7x - 32 =0

Solution: Splitting the middle term, we have 3.,/2 x>+ 9x—2x — 3,/2 =0

or, X (2X+3) — J2(J2x+3)=00r, ({/2Xx+3)(3x —,/2)=0

. Two roots of the given quadratic equation are —

. 3 J2
Either \/ox+3=0= x= - ﬁOI’,?:X—\/E =0= x:?

3 2

.. Two roots of the given quadratic equation are — 2 e

Using factorization method, solve the quadratic equation:
(@+b)?x*+6(@ -b)x+9(a-hb)?>=0

Solution: The given quadratic equationis (a+b)?x*+6 (a? — b’) x+9 (a—hb)?=0

Splitting the middle term, we have

(@+b)?x*+3(@ —-b)x+3@*-b)x+9(a-h)*=0

or, (@+b)x{(a+b)yx+3(a-b)}+3(a-b){(a+b)x+3(a-h)}=0

or, {(a+b)x+3(@a-b)}{(a+b)yx+3(a-b)}=0
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_3(a-b) 3(b-a)
a+b  a+b
-3(a—b) B 3(b-a)
a+b ~ a+b
3(b—a) 3(b-a)
a+b ' a+b

either (a+b)x+3(a-b)=0 = x=

or, (@+b)yx+3(@a-b)=0 = x=

The equal roots of the given quadratic equation are

Alternative Method
The given quadratic equation is (a + b)>x*+ 6(a?> — b?) x + 9(a-b)*>=0
This can be rewritten as
{(a+b)x}?+2.(a+hb)x.3(a-bh)+{3(a-h)}*=0
3(a-b) 3(b-a)
a+b ~ a+b

o, {(a+b)x+3(@-b)}=0o0r, x=-

3(b-a) 3(b-a)
a+b ' a+b

Q
\&" § CHECK YOUR PROGRESS 9.1

1. Solve each of the following quadratic equations by factorization method:
(i) /3 x*+10x+8 ,/3 =0 (i) x¥*-2ax+a’-~b=0

The quadratic equation has equal roots

ab ¢
(iii)x2+(?—£j x=1=0 (iv) X*—4 \Jox+6=0

9.3 SOLVING QUADRATIC EQUATION BY QUADRATIC

FORMULA

Recall the solution of a standard quadratic equation

ax’*+bx+c=0,a «0 bythe “Method of Completing Squares”

Roots of the above quadratic equation are given by

—b++/b?—4ac —b-+/b%*-4ac
X, = and X, = ——————
! 2a 2 2a
_ —b+v/D _ —b-VD
22 T 2a

where D = b?—4ac is called the discriminant of the quadratic equation.

212
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MODULE-II
For a quadratic equation ax* +bx+c =0, a=0 if Algebra-|
(1) D>0, the equation will have two real and unequal roots
(i) D=0, the equation will have two real and equal roots and both roots are
equal to —L Notes
2a

(i)  D<0, the equation will have two conjugate complex (imaginary) roots.

SETlo) RN Examine the nature of roots in each of the following quadratic equations and
also verify them by formula.

() X2 +9x+10=0 (i)  9y’-642y+2=0
(i) Jott-3t+3./2 =0

Solution:

()] The given quadratic equationis x*+9x+10=0

Here, a=1b=9andc=10
D=b*-4ac=81-4.1.10 = 41>0.
The equation will have two real and unequal roots

—9+4/41

Verification: By quadratic formula, we have x = 5

The two roots are which are real and unequal.

—9++4/41 —9-/41
2 2

(i) The given quadratic equationis 9y*—6,/2y+2=0
Here, D=b’-4ac=(-6,2)?-4.92 =72-72=0
The equation will have two real and equal roots.

62 £+/0 2
Verification: By quadratic formula, we have y = [ng = %
V2 2
The two equal roots are 33

(i) The given quadratic equationis ./pt? —3t+3./2 =0

Here, D=(-3)’-4../2.3./2 = -15<0
The equation will have two conjugate complex roots.
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3+./-15 _3+/15i

Verification: B adratic formula, we have t = = » where j—../_—
ificati yqu i ula, we hav 22 2\/5 i=/—1
T ot Irtr3+15i 3-\15i
n m ,
WO conjugate complex roots are 22 22

SR Prove that the quadratic equation x? + px — 1 =0 has real and distinct roots
for all real values of p.

Solution: Here, D = p? + 4 which is always positive for all real values of p.

The quadratic equation will have real and distinct roots for all real values of p.

For what values of k the quadratic equation
(4k+1) x* + (k + 1) x + 1 = 0 will have equal roots ?
Solution: The given quadratic equationis (4k + 1)x*+ (k+1)x+1=0
Here, D=(k+1)*-4.(4k+1).1
Forequal roots,D=0 - (k+1)°-4(4k+1)=0
= k2-14k-3=0

14++/196+12 o k= 14++/208
2 - 2

which are the required values of k.

Prove that the roots of the equation
X% (a%+ b?) + 2x (ac+ bd) + (c*>+ d?) = 0 are imaginary. But if ad = bc,
roots are real and equal.
Solution: The given equation is x?(a? + b?) + 2x (ac + bd) + (c2+d?) =0
Discriminant 4 (ac + bd)?—4 (a> + b?) (c? + d?)
8 abcd —4(a?d® + b?c?) = — 4 (-2 abed + a% d? + b2 ¢?)
— 4 (ad—bc) 2, <0foralla, b, c, d
The roots of the given equation are imaginary.
For real and equal roots, discriminant is equal to zero.
= — 4 (ad—bc)> =0or, ad = bc
Hence, ifad=bc, the roots are real and equal.

Q
\ &' § CHECK YOUR PROGRESS 9.2

1. Solve each of the following quadratic equations by quadratic formula:

0] 2x2-3x+3=0 (i) —X2+\/§X—1=0

=72 130r7+213,7-2.13
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(i)  —4x?++/5x-3=0 (V) 3x*+2x+5=0
2. Forwhat values of k will the equation
y? -2 (1+2k)y + 3 + 2k = 0 have equal roots ?
3. Show that the roots of the equation
(x—a) (x=b) + (x—b) (x—c) + (x—c) (x—a) = O are always real and they can not be equal

MODULE-III
Algebra-I

unlessa=b=c.

9.4 RELATION BETWEEN ROOTS AND COEFFICIENTS OF
A QUADRATIC EQUATION
You have learnt that, the roots of a quadratic equationax®*+bx+c=0,a £ 0

~b++/b*-4ac ~b—+/b*~4ac

are and

2a 2a
2 _h_ 2_
Lot o= Drvbo4ac g p = TPTPTRAE
2a 2a
2% b

Adding (i) and (ii), we have o + g = 22 - a

coefficientof x _ b
Sum of the roots = - coefficient of X2 a ... (1)

+b*—(b*—4ac) _ 4ac ¢

af = 432 422 " a

constantterm ¢ _
Product of the roots = coefficientof x° _ a (V)

(ii) and (iv) are the required relationships between roots and coefficients of a given quadratic
equation. These relationships helps to find out a quadratic equation when two roots are given.

el R If, o, B are the roots of the equation 3x?—5x + 9 = 0 find the value of:

1 1
@ o+ B*? (b) ?-I-F

Solution: (a) Itisgiventhat ¢, 8 are the roots of the quadratic equation 3x?—5x+9=0.

a+ﬁ=§ .. (i)

and af=-=3 ... (i)
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MODULE-II 5\
Algebra -I | Now, «?+p? :(a+ﬁ)2 ~2af = (?J - 2.3 [By(i)and(ii)]
29
9
Notes —
l 1 az +ﬁ2 g . B
(b) Now, 5+ 52 = eyt g [By (i) and (ii)]
_ B
- 81
SETN RN If o, B are the roots of the equation 3y? + 4y + 1 = 0, form a quadratic
equation whose roots are ¢ 2, f32
Solution: Itisgiventhat «, 8 are two roots of the quadratic equation 3y* +4y + 1=0.
Sum ofthe roots
_ coefficient of y 4 _
18, ot B = coefficientofy? - 3 - (1)
_ constant term 1 ~
Product oftherootsi.e.,, o f = coefficient of y? = 3 .. (i)
Now, a?+ B*=(a + B)-2a B
R oy (e
=73) — 25 [ By (i) and (ii)]
16 2 10
9 39
1 .
and a?p2%=(«a ﬁ)2=§ [By(i)]
The required quadratic equationis y?— (¢ 2+ B3y + a?B?=0
10 1
or, y2—§y+§:00r, 9y?-10y+1=0
SET o] XN} 1f one root of the equation ax? + bx + ¢ = 0, a = 0be the square of the other,
prove that b® + ac? + ac = 3abc
Solution: Let o, o ?be two roots of the equation ax? + bx + ¢ = 0.
216
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‘ar= (i)
o o - — a
C
and a.o’=—
a
i.e . (ii)
.e., a°= 3
. b
From (i) we have o (o +1) = — N
b 3 3 3
or, {a(a+1)}3=(—aj =- o a*(a®+3a%+ 3 +1) = - )
c |c b b?
Z 43— |+l = & i i
or, a {a ( aj } o .. [By (i) and (ii)]
¢ 3bc ¢ 3
or, ——-—3 +_—=- 3 orac’-3abc+a’c=- b
a a a a
or, b®+ac?+ a*c = 3abc, which is the required result.

el R NEN Find the condition that the roots of the equation ax? + bx + ¢ =0 are in the
ratiom:n

Solution: Let mg and ng be the roots of the equation ax? +bx + ¢ =0

b
Now, mg +na =- N .. (1)
C -

and mnag?= — .. (i)

. b b?
From (i) we have, a(m+n):—; or,o¢2(m+n)2:{JTZ

C b? -
or, — (Mm+n)=mn — [ By (ii)]

a a
or, ac (m+n)?=mn b?, which is the required condition

e\
G

CHECK YOUR PROGRESS 9.3

1. If o, B aretheroots of the equation ay? + by + ¢ =0 then find the value of :
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o1 1 1 1
il ==
(i) o’ + B’ (i) o B
2. If a, B are the roots of the equation 5x* — 6x + 3 = 0, form a quadratic equation
whose roots are:
() a? B? (i) «°B,a p’®
3. If the roots of the equation ay? + by + ¢ = 0 be in the ratio 3:4, prove that
12b? =49 ac
4, Find the condition that one root of the quadratic equation px? —gx + p = 0

may be 1 more than the other.

9.5 SOLUTION OF A QUADRATIC EQUATION WHEN D <0

Let us consider the following quadratic equation:
(@) Solvefort:t?+3t+4=0

~3+49-16  -3++/-7
2 2
Here, D=-7<0

t=

—-34+-7 -3—-7
Therootsare ——— and —
2 2
o —3+71 —3-7i
’ 2 ' 2

Thus, the roots are complex and conjugate.
(b) Solve fory:

- 3y*+ 5y-2=0
_ —\5+.5-4(-3.(2  —.5x.-19
Y= 2-3) YT 6
Here, D= -19<0

The roots are

—J5+4191 519
6 ' -6

Here, also roots are complex and conjugate. From the above examples , we can make the
following conclusions:

()] D < 0inboth the cases

(in) Roots are complex and conjugate to each other.
Is italways true that complex roots occur in conjugate pairs ?
Let us form a quadratic equation whose roots are 2 + 3iand 4 —5i
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The equation will be {x— (2 + 3i)} {x-(4-5i)}=0 MODULE-III
or, X2 —(2+3i)x—(4-5)x+(2+3i) (4-5))=0 Algebra-I
or, X%+ (-6 + 2i)x + 23 + 2i = 0, which is an equation with complex coefficients.

Note : If the quadratic equation has two complex roots, which are not conjugate of
each other, the quadratic equation is an equation with complex coefficients.

Notes

9.6 Fundamental Theorem of Algebra

You may be interested to know as to how many roots does an equation have? Inthis regard the
following theorem known as fundamental theorem of algebra, is stated (without proof). ‘A
polynomial equation has at least one root’.

As aconsequence of this theorem, the following result, which is of immense importance is arrived
at.

‘A polynomial equation of degree n has exactly nroots’

Q
& | CHECK YOUR PROGRESS 9.4

Solve each ofthe following equations.

1
2 —
1. X’ +x+2=0 2. f3x?-2x+3J3=0 3. X +$X+1—0

4. V52 +x+/6=0 4 x*+3x+5=0

AN N =@]10 AN SR\ =@I0A RO Now we will discuss about linear inequalities
and their applications from daily life. A statement involving a sign of equality (=) is an equation.
Similarly, a statement involving a sign of inequality, <, >, <, or > iscalled an inequalities.

Some examples of inequalities are:

(i) 2x+5>0 (i) 3x-7<0
(iax+b>0,a-0 (viax+b <c,a- 0
(V) 3x +4y < 12 (Vi) x> =5x+6<0

(vi)ax+by+c>0
(v) and (vii) are inequalities intwo variables and all other inequalities are in one variable. (i) to (v)
and (vii) are linear inequalities and (vi) is a quadratic inequalities.

In this lesson, we shall study about linear inequalities in one or two variables only.

9.8 SOLUTIONS OF LINEAR INEQUALITIES IN ONE/TWO VARIABLES

Solving an inequalities means to find the value (or values) of the variable (s), which when substituted
in the inequalities, satisfies it.
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For example, for the inequalities 2.60x<30 (statement) (i) all values of x < 11 are the solutions.
(x isawhole number)

For the inequalities 2x + 16>0, where X is a real number, all values of x which are > — 8 are the
solutions.

For the linear inequation in two variables, like ax + by + ¢ > 0, we shall have to find the pairs of
values of x and y which make the given inequalities true.

Let us consider the following situation :

Anil has Rs. 60 and wants to buy pens and pencils from a shop. The cost ofa penisRs. 5 and
that of a pencil is Rs. 3 If x denotes the number of pensand y, the number of pencils which Anil
buys, then we have the inequality 5x + 3y < 60 ()

Here, x =6, y = 10 is one of the solutions of the inequalities (i). Similarly x =5,y =11; x =4,
y =13;x =10, y = 3 are some more solutions of the inequalities.

In solving inequalities, we follow the rules which are as follows :

1. Equal numbers may be added (or subtracted) from both sides of an inequalities.
Thus (i) ifa>bthena+c>b+canda-c>b-c
and (ii) ifa < bthena+d < b+danda-d < b-d

2. Bothsides of an inequalities can be multiplied (or divided) by the same positive number.

a_ b
Thus (i) ifa>band ¢ >0thenac>bcand E>E

<

o |
o |T

and (ii) ifa<band c >0thenac < bcand

3. When both sides of an inequalities are multiplied by the same negative number, the sign
of inequality gets reversed.

a b
Thus (i) ifa>band d < 0thenad <bdand H<E

2
c

o |T

and (ii) ifa<band c <0thenac>bcand

X+1

3x—-4
Example 9.12 gSl]\= > 2 e —1. Show the graph of the solutions on number line.

Solution: We have

or 2(3x—4)=(x-3)or px—8>x-3 Or5x>50r x>1
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The graphical representation of solutions is given in Fig. MODULE-III
< @ > Algebra-I
01
SElo] CRMEN The marks obtained by a student of Class X1 in first and second terminal
examination are 62 and 48, respectively. Find the minimum marks he should get in the annual Notes

examination to have an average of at least 60 marks.
Solution: Let x be the marks obtained by student in the annual examination. Then

62 +48+ X
—— 260 0r 110+ x>180 or x>70

Thus, the student must obtain a minimum of 70 marks to get an average of at least 60 marks.

SETlo) CRMEN A manufacturer has 600 litres of a 12% solution of acid. How many litres of a
30% acid solution must be added to it so that acid content in the resulting mixture will be more
than 15% but less than 18%?

Solution: Let x litres of 30% acid solution is required to be added. Then
Total mixture = (x + 600) litres
Therefore 30% x + 12% of 600 > 15% of (x + 600)

and 30% x + 12% of 600 < 18% of (x + 600)
30x 12 15
SUX 22 (600) > —(x+ 600
or 100 T 100890 > 100 )
30x 12 18
SUX 22 (600) < =2 (x + 600
and 100 100890 < 100 )
or 30 x+ 7200 > 15 x + 9000
and 30 x + 7200 < 18 x + 10800
or 15 x> 1800 and 12 x < 3600
or x> 120 and x < 300,
ie. 120 < x < 300

Thus, the number of litres of the 30% solution of acid will have to be more than 120 litres but less
than 300 litres.

6.3 GRAPHICAL REPRESENTATION OF LINEAR INEQUALITIES IN ONE
ORTWO VARIABLES.

In Section 6.2, while translating word problem of purchasing pens and pencils, we obtained the
following linear inequalities in two variablesxand y :

SX+3y<60 0]
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Let us now find all solutions of this inequation, keeping in mind that x and y here can be only
whole numbers.

To start with, let x=0.
Thus, we have 3y < 60 or y < 20, i,e the values of y corresponding to

x=0canbe0,1,2,3............ , 20 only Thus, the solutions with x =0 are
(0,0),(0,1),(0,2) eocvvvieeiiiiieee e (0, 20)

Similarly the other solutions of the inequalities, whenx=1,2, ...12 are
(1,00 (11 (1L,2) e (1,18)
(200 (21 (22) e, (2,16)

........................................................................... X
20

........................................................................... 16

(10,0) (10,1) (10,2), (10,3)
(11,00 (11,1 12
(12,0)

You may note that out of the above ordered pairs, some
pairs such as (0,20), (3, 15), (6, 10), (9, 5), (12,0) satisfy
the equation 5x + 3y = 60 which is a part of the given
inequation and all other possible solutions lie on one of
the two half planes in which the line 5x + 3y = 60, 0o
divides the xy - plane.

If we now extend the domain of x and y from whole
numbers to real numbers, the inequation 5x + 3y <60
will represent one of the two half planes in which the line

5x + 3y = 60, divides the xy-plane. A

Thus we can generalize as follows : 4-

Ifa,b,c, are real numbers, then ax + by + c =0 is called A 3 > !
a linear equalities in two variables x and y, where as ax + 5] tx 2

by+c<Qorax+by+c >0,ax+by+c>0and ax +
by + ¢ < Oare called linear inequations in two variables x

@
andy. S PRI
The equation ax + by + ¢ = 0 is a straight line which 11t B

divides the xy plane into two half planes which are 12
represented by ax+ by +c>0and ax + by + ¢ < 0. yv
For example 3x + 4y — 12 = 0 can be represented by line Fig. 9.2

AB, inthe xy - plane as shown in Fig. 9.2
The line AB divides the cordinate plane into two half -plane regions :
() half plane region | above the line AB
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(i) half plane region Il below the line AB. One of the above region represents the inequality
3x+4y -12 <0...(i) and the other region will be represented by 3x + 4y — 12 > 0. ... (i)

To identify the half plane represented by inequation (i), we take any arbitrary point, preferably
origin, ifit does not lie on AB. If the point satisfies the inequation (i), then the half plane in which
the arbitrary point lies, is the desired half plane. In this case, taking origin as the arbitrary point
we have

0+0-12<0 i.e —=12<0. Thus origin satisfies the inequalities 3x + 4y — 12 < 0. Now, origin lies in
half plane region 11. Hence the inequalty 3x + 4y —12 < 0 represents half plane 11 and the
inequality 3x + 4y — 12 >0 will represent the half plane |

SEnlo] RN  Show on graph the region represented by the inequalities x + 2y > 5.
Solution : The given inequalities isx + 2y >5

Let us first take the corresponding linear equation x + 2y = 5and draw its graph with the help of
the following table :

X 1 3 5
y 2 1 0

Since (0,0) does not lie on the line AB, so we can select (0,0) as the arbitrary point. Since
0+0>5isnot true

The desired half plane is one, in which origin does not lie
The desired half plane is the shaded one (See Fig. 9.3)

< A

Fig. 9.3

Before taking more examples, it is important to define the following :

() Closed Half Plane: Ahalf plane is said to be closed half plane if all points on the line
separating the two half planes are also included in the solution of the inequation. The Half
plane in Example 6.1 is a closed half plane.

(i)  An Open Half Plane : Ahalf plane in the xy plane is said to be an open half plane if the
points on the line separting the planes are not included in the half plane.
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MODULE-III =Sl CRMIR Draw the graph of inequation x —5y >0

Algebra -I _ o
Solution : The given inequation is x—5y >0 A
The corresponding linear equation is *]
x — 5y =0 we have the following table. : |
Notes X 0 5 -5 21 A
1- ece Y
y 0 1 -1 - I PPEFEINANA

SR S AN
The line AOB divides xy - plane into two half ~ <-- &\ \ 3\\\
planes | and I1. As the line AOB passes A\ N\ 5
through origin, we consider any other arbitrary ) ) 7
point (say) P (3,4) which is in half plane I. Let \

us see whether it satisfies the given inequation
x-5y>0 Fig. 9.4
. Then3-5(4)>00r3-20>0, or

—17 >0 which is not true

. The desired half plane is 11 2
Again the inequation is a strict inequation x — o3
5y>0 YA

Line AOB is not a part of the graph and
hence has been shown as a dotted line.
Hence, the graph of the given inequation is the

shaded region half plane Il excluding the line
AOB.

\ 4
SEnlo CRMYE Represent graphically the

<
inequlities3x—-12>0 nyC

A
O
U\
<V

Solution : Given inequation is 3x —12 >0 Fig. 9.5

and the corresponding linear equation is 3x—

12 =0 or x — 4 =0 or x = 4 which is AY

represented by the line ABC on the xy - 2y+4>0
plane (See Fig. 9.5). Taking (0,0) as the
arbitrary point, we can say that 0« 4 and
S0, half plane 11 represents the inequation > X

312 > 0 \w N,
S Elo] CRNEN  Solve graphically the < z . >y =-2

inequation2y +4 > 0 I

Solution : Here the inequation is Fig. 9.6
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2y +4 > 0and the corresponding equationis 2y +4=0o0ry=-2

The line ABC represents the line
y =—2 which divides the xy - plane into two half planes and the inequation
2y + 4 > 0is represented by the half  plane I.

MODULE-III
Algebra-I

Q
\ & § CHECK YOUR PROGRESS 9.5

Represent the solution of each of the following inequations graphically in two dimensional plane:

1. 2x+y>8 2.x-2y<0
3. 3x+6>0 4.8-2y>2
5 3y>6-2x 6.3x>0

7. y<4 8.y>2x-8
9. -y<x-5 10. 2y <8 - 4x

6.4 GRAPHICALSOLUTION OFASYSTEM OF LINEAR INEQUATIONS IN

TWO VARIABLES.

You already know how to solve a system of linear equations in two variables.

Now, you have also learnt how to solve linear inequations in two variables graphically. We
will now discuss the technique of finding the solutions of a system of simultaneous linear inequations.
By the term solution of a system of simultaneons linear inequations we mean, finding all ordered
pairs (x,y) for which each linear inequation of the system is satisfied.

A system of simultaneous inequations may have no solution or an infinite number of solutions
represented by the region bounded or unbounded by straight lines corresponding to linear
inequations.

We take the following example to explain the technique.
Solve the following system of inequations graphically:
X+y>6; 2x -y >0.
Solution : Given inequations are

and 2x—=y>0..... (i)

We draw the graphs of the lines x + y = 6 and 2x 0.6) 8
-y=0(Fig.9.7) 4+
The inequation (i) represent the shaded region 2-

above the line x + y = 6 and inequations (i) _ (0,0)
represents the region on the right of the line y

y C
B
N
-y o g \\ ™
The common region represented by the double / \ N6
.

shade in Fig. 9.7 represents the solution of the
given system of linear inequations.
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= ENlo] CRWAR Find graphically the

solution of the following system of linear x=4

inequations : " \
X+y <5, ax+y > 4, «—PS E > y=3
X+ 5y > 5, X<4, y<3 N

Solution : Given inequations are oy =5 D
X+y<5 .. (i) i N,
Ax+y >4 L. (i) N o203 53
X+5y>5 .. (iii) Z BN 3
X<4 L (iv) A
andy <3 ... (V) >

We draw the graphs of the lines Fig. 9.8

X+y=5 4x+y=4, x+5y=5,

x=4andy =3 (Fig. 9.8)

The inequlities (i) represents the region below the line x +y = 5. The inequations (ii) represents
the region on the right of equation 4x +y =4 and the region above the line x + 5y =5
represents the inequation (iii). Similarly after shading the regions for inequations (iv) and (v) we
get the common region as the bounded region ABCDE as shown in (Fig. 9.8) The co-ordinates
of the points of the shaded region satisfy the given system of inequations and therefore all these
points represent solution of the given system.

SEERWAR Solve graphically the 4
following system of inequations : . M

X+2y <3,3x+4y > 12, x>0,y > 0. y>0

Solution : We represent the inequations
X+2y <3,3x+4y >12,x >0,y > 0 by
shading the corresponding regions on the
graph as showninFig. 9.9

Here we find that there is no common region
represented by these inequations.

We thus conclude that there is no solution of
the given system of linear inequations.

SEo] SR Solve the following system of

linear inequations graphically :

X-y<2, 2x+y<6;x>0,y >0.
Solution : The given inequations are

X-y<2 ()]
2Xx+y<6 .. (i)
Xx>0;y>0 ... (i)

After representing the inequations
X—y<2,2x+y<6,x>0andy>0onthe graph
we find the common region which is the bounded
region OABC as shownin Fig. 9.10

Fig. 9.10
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Solve each of the follwing systems of linear inequations in two variables graphically :

X>3, y>1

y>2%y<2 Notes
2x+y-3>0,x-2y+1 < 0.

3x+4y < 12, 4x+3y<12, x>0, y>0

2x+3y > 3,3x+4y <18, 7x-4y+14>0, x-6y <3, x>0,y>0
X+y>9,3x+y>12,x>0, y>0

X+y>12x+3y<6,x>0,y >0.

L N o o B~ w0 D -

X+3y >10;x+2y < 3,x-2y <2, x>0;y>0

52
GeZdl | ET Us sum UP

Y Roots of the quadratic equation ax? + bx + ¢ = 0 are complex and conjugate of each
other, whenD < 0. and a,b,c e R.

Y If o, B bethe roots of the quadratic equation

b C
axt+bx+c=0then ¢ + B :—5 and aﬁ=g

° If ¢and g are the roots of a quadratic equation. then the equation is:
X' —(a+B)x+af =0

Y The maximum number of roots of an equation is equal to the degree of the equation.
A statement involving a sign of inequality like, <, >, <, >, is called an inequation.

e Theequationax + by + ¢ =0 is a straight line which divides the xy-plane into two half
planes which are represented by ax + by + ¢ > 0 and
ax+by+c<0

e  Bytheterm, solution of a system of simultaneous linear inequalities we mean, finding all
values of the ordered pairs (x,y) for which each linear inequalities of the system are satisfied.

e\ SUPPORTIVE WEB SITES

http:/Amww.youtube.com/watch?v=EoCeL4SPIcA
http://www.youtube.com/watch?v=FnrgBgot3jM
http://Aww.youtube.com/watch?v=-aTylED1m5I
http://Aww.youtube.com/watch?v=Y BYu5aZPLeg
http:/Aww.youtube.com/watch?v=20GsLdAWxlk
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1. Show that the roots of the equation
2(a?+b? )x?+ 2(a + b)x + 1=0 are imaginary,whena = b
2. Show that the roots of the equation

Notes bx2+ (b —c)x = ¢ + a—b are always real if those of

ax?+ b(2x + 1) =0 are imaginary.
3. If o, B be the roots of the equation 2x?—6x + 5 =0, find the equation whose
rootsare:

N . 1 - 1 1
Q) EE (i) a+’3,ﬂ+g (i) a2+ﬁ2,?+ B
Solve the following inequalities graphically.
4, X>-2 5. y<2. 6. Xx<3

~

y=>-

>1.

gl w

X
8. 5-3y>-4 0. 2x-5<3. 10. 3x-2y<12 11 §+

12. 2x-3y>0 13 X+2y<O0.
Solve each of the following systems of linear inequalities in two variables graphically.

14. -1<x<3,1<y<4, 15.2x + 3y <6, 3x+ 2y <6.
16. 6x + 5y < 150, 17.3x+2y<24,x+ 2y <16
X+ 4y <80 X+y<10,x>0,y>0

x<15,x>0,y>0.
18. X+y>3, 7x+6y<42

X <5, y<4
x>0, y>0
Solve that inequalities:
3(x-2) 5(2-
19. (X5 )s (3X) 20.  37-(3x+5)29x—8(x-3)
2x-1) (3x-2) (2-
21. ( X3 )2( X4 )—( SX) 22. 5X+1>-24,5x-1< 24

23. 3x—7>2(x—6),6—x>11-2x 24. 5(2x~7)—-3(2x+3) <0,2x+19 < 6x+47.

25.  Asolutionof 8% boric acid is to be diluted by adding a 2% boric acid solution to it. The
resulting mixture is to be move than 4% but less than 6% boric acid. If we have 640
litres of the 8% solution, how many litres of the 2% solution will have to be added?

26. How many litres of water will have to be added to 1125 litres of the 45% solution of
acid so that the resulting mixture will contain more than 25% but less than 30% acid
content?
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AN
& M| ANSWERS
CHECK YOUR PROGRESS9.1
—4 ab ¢
- _2@’ _ - -ma __, . -
1. () 3 (i) a—+/b, a++/b (i) ' W 342, V2
CHECK YOUR PROGRESS 9.2
. 3+.15i e . \5+/43i _ —2+.58i
1. Q) @) —= @)y —— (iv) —————
4 2 8 6
2 1 1
' 2
CHECK YOUR PROGRESS 9.3
_ b® — 2ac _ (b® —2ac)® —2a*c®
1 0] 2 (D) ¢
2. () 25%-6x+9=0 (i) 625-90x+81=0
4. q*-5p*=0
CHECK YOUR PROGRESS 9.4
. ~1++7i ) J2 +/34i
' 2 ' 2
. ~1++7i . ~1+ 10
' 22 ' 2
5 —3+/11i
' 2
CHECK YOUR PROGRESS 9.5
AY
8\ 2X+y>8
6_
4_
2_
. O 24 x 2
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y
« A, 8- 2=y =2
T
otes N /] x
3. 4, 8_2y>2
\ 4
3x+6=0
y
y Y\ “/ 3x>0
S.
7.
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CHECK YOUR PROGRESS 9.6

YA A

A
<V
A
/ |
/
\4
<
Il
N

</ '
RSB
1 V:):Q;Q;Q;Q‘:‘Q'

X

)

RNCKK 3x +4y=12

LK KK

K 2x +y - 350 _ < >
0,\:,0 X2y r1<0 4x+3y=12 Xx<0,y=0
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y

7X-4y+14=0

2*"3 3X+4y=18 3x+y=12 X+y=9
Se x20,y>0 x>0,y>0
8.
A
........... R = y:5

2 3
;;YOT;>0 2x + 3y =6
x+3y=10
X;ZZyO:S No Solution
x>0

TERMINAL EXERCISE

3.

() 5x2—8x+5=0 (i) 10x2-42x+49=0 (i) 25x2 -116x+64=0
y
A
/; X=>-2 A
//
// < ;/ > y=2
- b 49 X >
//
/
X=-2
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A

VBN

yl
e
X<3/
ey
1
e

)

\ 4

4 X

>
1
w

4
xa <

10.

2x - 3y

1
o

A

12.

=<V o

9.

13.

»
>

A

'
=

&b

'
ESN

4
3
2
1

=<V

x+2y=0
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g < A 41\ A > y=4
5
< — > y=1
- q4o| 1 2 T X
Notes | 11. 12.
\ A / \ 3x+2y<6 3o
x=-1 X=3 2x+3y<6 S6

X+2y =16

x+y=10

6 AX=5
5
\\4 y-s

3

2
15. L \

:O,,lési"“7x
Xx+y=3 7x+6y=24

19. (—oo, 2] 20. (—oo, 2]
2. (-»,2] 22.  (-5,5) 23.  (5%) 24.  [-711]
25. More then 320 litre but less then 1280 litres
26. More then 562.5 litres but less then 900 litres

234
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PRINCIPLE OF MATHEMATICAL
INDUCTION

In your daily life, you must be using various kinds of reasoning depending on the situation you
are faced with. For instance, if you are told that your friend just has a child, you would know
that it is either a girl or a boy. In this case, you would be applying general principles to a
particular case. This form of reasoning is an example of deductive logic.

Now let us consider another situation. When you look around, you find students who study
regularly, do well in examinations, you may formulate the general rule (rightly or wrongly) that
“any one who studies regularly will do well in examinations”. In this case, you would be formulating
a general principle (or rule) based on several particular instances. Such reasoning is inductive, a
process of reasoning by which general rules are discovered by the observation and consideration
of several individual cases. Such reasoning is used in all the sciences, as well as in Mathematics.

Mathematical induction isa more precise form of this process. This precision is required because
a statement is accepted to be true mathematically only if it can be shown to be true for each and
every case that it refers to.

In the present chapter, first of all we shall introduce you with a statement and then we shall
introduce the concept of principale of Mathematical induction, which we shall be using in proving
some statements.

| oBIECTIVES

After studying this lesson, you will be able to:

e Tocheckwhether the given sentence is a statement or not.
e state the Principle of Mathematical Induction;

e Verifythe truth or otherwise of the statement P(n) for n=1;
e Verify P(k+1) is true, assuming that P(K) is true;

e use principle of mathematical induction to establish the truth or otherwise of mathematical
statements;

EXPECTED BACKGROUND KNOWLEDGE

e  Number System

e  Fourfundamental operations on numbers and expressions.
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10.1 WHAT IS A STATEMENT ?

In your daily interactions, you must have made several assertions in the form of sentences. Of
these assertions, the ones that are either true or false are called statement or propositions.
For instance,

“l'am 20 yearsold” and “If x = 3, then x? = 9” are statements, but “When will you leave ?” And
‘How wonderful!” are not statements.

Notice that a statement has to be a definite assertion which can be true or false, but not both.
For example, ‘x -5 =7’ is not a statement, because we don't know what x, is. If x =12, it is
true, but if x =5, ‘it is not true. Therefore, ‘x —5 =7’ is not accepted by mathematicians as a
statement.

But both ‘x—5=7 = x=12" and x—5 =7 for any real number x’ are statements, the first one
true and the second one false.

=T o] SHIOME \Which of the following sentences is a statement ?
(1) India has never had a woman President. , (ii) 5 is an even number.

(iii) x> 1, (iv) (a + b)2= a2+ 2ab + b2

Solution : (i) and (ii) are statements, (i) being true and (ii) being false. (iii) is not a statement,
since we can not determine whether it is true or false, unless we know the range of values that
x and n can take.

Now look at (iv). At first glance , you may say that it is not a statement, for the very same
reasons that (iii) is not. But look at (iv) carefully. It is true for any value of a and b. It is an
identity. Therefore, in this case, even though we have not specified the range of values for aand
b, (iv) is a statement.

Some statements, like the one given below are about natural numbers in general. Let us look at
the statement :

1+2+..4+n= n(n+1)

This involves a general natural number n. Let us call this statement P (n) [P stands for proposition].

1(1+1)
ThenP (1) would be 1= >
o 2(2+1)
Similarly, P (2) would be the statement , 1+2 = and so on.

Let us look at some examples to help you get used to this notation.

= ET o) MOV |f P (n) denotes on > n-1, write P (1), P (k) and P (k+1), where k ¢ N -
Solution : Replacing n by 1, kand k + 1, respectively in P (n), we get

MATHEMATICS
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P(l):2'>2-1,ie,2>1,P(k):2x>k-1
Pk+1):2x+1>(k+1)-1,ie.,2x"1>k

SElo] EMIOREN I P (n) is the statement , ‘1 +4+7+(3n-2) = w

write P (1), P(k) and P(k + 1).

Solution : To write P(1), the terms on the left hand side (LHS) of P(n) continue till
3x1-2, i.e., 1.So, P (1) willhave only one termin its LHS, i.e., the first term.

. . 1x(3x1-1) .
Also, the right hand side (RHS)of P(1) = — 5 =1 Therefore, P(1)is1=1.
Replacing n by 2, we get
2x(3x2-1) .
P(2): 1+4:f’ e, 5=5.

Replacing n by kand k + 1, respectively, we get

k(3k — 1)

PIO:1+4+ T+, +(3k=2)= =

(k +D[3(k +1) —1]
2

P(k+1):1+4+7+...+(3k=2)+[3(k+1)-2]=

(k+D[(3k +2)
2

Q
\ & f CHECK YOUR PROGRESS 10.1

1.  Determine which of the following are statements :
@1+2+4 ... +2">20 (b)1+2+3+...... +10=99

e, 1+4+7+..+@Bk+1)=

(c) Chennai is much nicer than Mumbai. (d) Where is Timbuktu ?

1 1 n
+...+ = _
© 12 n(n+1) n+l forn=15 (f) coseco <1

2. Giventhat P(n) : 6 is a factor of n®+ 5n, write P(1), P(2), P(k) and P(k+1) where k is
a natural number.

3. Write P(1), P(k) and P(k + 1), if P(n) is:
@2">n+1 (b) (1 +x)">1+nx
() n(n+1) (n+2)isdivisible by 6. (d) (x"—y") is divisible by (x-Y).
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(e) (ab)"=a"b" (f) isa natural number.
4.  Write P(1), P(2), P(k) and P(k +1), if P(n) is :

1 1 n
@) 1><2+"'+n(n+1) “hi1 (B) 14345+ +(2n-1) = n?
©) (I1x2)+ (2% 3)+..+n(n+1) <n(n+1)*

1 N 1 N 1 _on
(d) 3 3x5 T BT TD ~ el

Now ,when you are given a statement like the ones given in Examples 10.2 and 10.3, how
would you check whether it is true or false ? One effective method is mathematical induction,
which we shall now discuss.

10.2 The Principle of Mathematical Induction:
Let P(n) be a statement involving a natural number n. If
() itistrue forn=1,i.e., P(1) istrue; and
(i) assuming k > 1 and P(k) to be true, it can be proved that P(k+ 1) is true; then
P(n) must be true for every natural number n.
Note that condition (ii) above does not say that P(K) is true. It says that whenever P(k)
is true, then P(k + 1) is true’.

Let us see, for example, how the principle of mathematical induction allows us to conclude that
P(n) istrue for n=11.

By (i) P(1) istrue. As P(1) is true, we can put k = 1 in (ii), So P(1 + 1), i.e., P(2) istrue. As
P(2) is true, we can put k = 2 in (ii)) and conclude that
P(2+1),i.e.,P(3)istrue. Now put k = 3in (ii), so we get that P(4) is true. It is now clear that
if we continue like this, we shall get that P(11) is true.

It isalso clear that in the above argument, 11 does not play any special role. We can prove that
P(137) is true in the same way. Indeed, it is clear that P(n) is true for alin > 1.

n .
=S¢l o MFS Prove that, 1+2+3+---+n= ) (n+1), where n is a natural number.
n
Solution: We have ,P(n):1+2+3+..+n= E(n +1)

1
Therefore, P(1) is ‘1 = > (1+1)’, whichistrue,. Therefore, P(1) is true.

Let us now see, is P(k + 1) true whenever P(k) is true.

MATHEMATICS
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k
Let us, therefore, assume that P(K) istrue, i.e.,1+2+3 ... +k= E(kﬂ) ()

(k+D(k+2)

Now, Pk + 1)is1+2+3+ ... +k+ (k+ 1) = >

It will be true, if we can show that LHS = RHS
k ]
The LHSof P(k+1)=(1+2+3..+k)+(k+1) = E(kﬂ) +(k+1) ...[From (i)]

k (k+21)(k +2)
=(k+1)|5+1) =" =RHSofP (k+1)
So, P(k + 1) is true, if we assume that P(K) is true.

Since P(1) is also true, both the conditions of the principle of mathematical induction are fulfilled,
we conclude that the given statement is true for every natural number n.

As you can see, we have proved the result in three steps — the basic step [i.e., checking (i)],
the Induction step [i.e., checking (ii)], and hence arriving at the end result.

= o) XIRR For every natural number n, prove that (XZ"’1 - yz”’l) is divisible by (x+Y),
where X,y e N.

Solution: Let us see if we can apply the principle of induction here. Let us call P(n)the

statement * (X*"* + y*")is divisible by (x+y)",

ThenP(1)is* ( Xy y*t ) is divisible by (x+Y)’, i.e., ‘(x +Y) is divisible by (x +y)’, which is true.
Therefore, P(1) istrue.

Let us now assume that P(K) is true for some natural numberk, i.e., (x** + y**)isdivisible
by (x +y).

This means that for some natural number t, x> + y*** = (x + y)t
Then, x?** = (x+ y)t — y**

We wish to prove that P (k +1) istrue, i.e., ‘ [x*®**) 4 y2*D2]is divisible by (x+y)’is true.

Now,

XZ(k+1)—1 2(k+1)-1 _ \,2k+1 2k+1

+Yy X +Yy

2k-1+2 2k+1
X

Ty

— XZ.sz—l + y2k+l
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=X*[(x+y)t—y*1+y
_ XZ(X +y)t— X2y2k71 " y2k+1

2.,2k-1 | \,2,,2k-1
y

+y’y
x> —y?)

Zkfl]

=X*(X+y)t—x
=X (X+y)t—y
= (x+y)[Xt-(x-y)y

Zk—l(

which is divisible by (x + ).
Thus, P (k+1) is true.

Hence, by the principle of mathematical induction, the given statement is true for every natural
number n.

=E101o] MK Prove that 2" > n for every natural number n.

Solution: We have P(n) : 2" >n.
Therefore, P(1) : 2'>1,i.e., 2> 1, which is true.

We assume P(K) to be true, that is,
2k >k .. (i)

We wish to prove that P(k + 1) is true, i.e. 2¢* 1>k + 1.
Now, multiplying both sides of (i) by 2, we get, 2*1> 2k
= 2¢*1>k+ 1, since k > 1. Therefore, P(k + 1) is true.

Hence, by the principle of mathematical induction, the given statement is true for every natural
number n.

Sometimes, we need to prove a statement for all natural numbers greater than a particular
natural number, say a (as in Example 10.7 below). In such a situation, we replace P(1) by
P(a + 1) in the statement of the principle.

= Elo) CHIVVA Prove that

n’>2(n+ 1) for all n> 3, where n is a natural number.

Solution: For n > 3, let us call the given statement, P(n) : n?>2 (n+ 1)
Since we have to prove the given statement for n > 3, the first relevant statement is P(3).
We, therefore, see whether P(3) is true.
P(3):3?>2 x 4,i.e.9>8. So, P (3) istrue.

Let us assume that P(k) is true, where k >3, that is , k*>2(k+1) ... 0]
We wish to prove that P (k + 1) is true.

Pkk+1):(k+1)?>2(Kk+2)

LHSof P(k+1)=(k+1)> =k*+2k+ 1

MATHEMATICS
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>2(k+1)+2k+1 . [By(i)]

>3+2k+1,since2 (k+1)>3.=2(k+2),
Thus, (k+ 1)2>2(k + 2). Therefore, P(k + 1) is true.
Hence, by the principle of mathematical induction, the given statement is true for every natural
number n > 3.

=eTglo) CHERN Using principle of mathematical induction, prove that
n° n°> 7n
5 + 3 + 15 | isanatural number for all natural numbers n.

_ n° n® 7n
Solution : Let P(n): €+? 15 | beanatural number.

11

.
SPQ ==+ —
@ (5 3 15} is a natural number.

1 1 7 3+5+7 15

— 4 —= ___1 H H . .
or, st3% s 15 15 , Which is a natural number P(1) is true.

k® k®

7k
Let P(k) : [—JF? Ej is a natural number be true ... (i)

(k+1)° N (k+1)° N 7(k+1)

N

WS 3 15

——[k5+5k4+10k3+10k2+5k+1]+ [k3+3k2+3k+1]+( k+%}
5 3

- LSS +(k4+2k3+3k2+2k)+[l+£+lj
5 3 15 5 3 15
5 3

- LSS +(k4+2k3+3k2+2k)+1 (ii)
5 3 15
k> k® 7k

By (i), — ?+E|sanaturalnumber

also k* + 2k +3k? + 2k Isanatural number and 1 is also a natural number.

(i) being sum of natural numbers is a natural number.
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Mathematical Induction

P(k + 1) is true, whenever P(K) is true.

P(n) is true for all natural numbers n.

n° n® 7n

Hence, (g + 3 + Ej is a natural number for all natural numbers n.

1.

1

G
\ & § CHECK YOUR PROGRESS 10.2

-

Using the principle of mathematical induction, prove that the following statements hold for
any natural number n:

@) P+2°+3 +........ +n2:%(n+l)(2n+l)

(b) P+22+3 4. +n®=(1+2+....4+n)?
() 1+3+5+...... +(2n-1)=n?

d) 14+44T ... +(3n—2):g(3n—1)

Using principle of mathematical induction, prove the following equalities for any natural
number n:

1 1 1 n
(@) + +ot -

1x2 2x3 n(n+1) n+1

1 1 1 1 N
(b) —t—t——+...t _

1.3 35 57 (2n-1)(2n+1) 2n+1
() (1><2)+(2><3)+....+n(n+1):w

3
For every natural number n, prove that

(@) n*+5n is divisible by 6. (b) (x"—1) isdivisible by (x—1).
(c) (n* + 2n) isdivisible by 3. (d) 4 divides (n*+ 2n3+ n?).

Prove the following inequalities for any natural number n:

1
(@3 >2n+1 (b) 4 > 15n (c) 1+2+....+n<§(2n+1)2

Prove the following statements using induction:

@ 2">n2for n > 5, where n is any natural number.

1 1 1 13
+——>—— for any natural number n greater than 1.

— 4.
(b) n+l1 n+2 2n 24
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Principle of Mathematica

6.  Provethat n(n?-1) is divisible by 3 for every natural number n greater than 1.

To prove that a statement P(n) is true for every n € N, both the basic as well as the induction
steps must hold.

If even one of these conditions does not hold, then the proof is invalid. For instance, if P(n) is'
(a+b)" <a"+b"" forallrealsaand b, then P(1) is certainly true. But, P(k) being true does
not imply the truth of P (k+ 1). So, the statement is not true for every natural number n. (For

instance, (2+3)° <2 +3%).
n
As another example, take P(n) to be n > 7t 20,

Inthis case, P(1) is not true. But the induction step is true. Since P(K) being true.

:>k>g+20 :k+l>%+20+l>%+20+%=%+20 = P(k +1) is true.

4{4&
Wszdll ET US SUM UP

e Sentenceswhichare either true or false are called statement or propasitions.

\N

e Theword induction means, formulating a general principle (or rule) based on several
particular instances.

e  Thestatement of the principle of mathematical indction.

P (n), a statement involving a natural number n, is true for all n >1, where nis a fixed
natural number, if

()] P (1) istrue, and

(in) whenever P (k) is true, then P (K+1) istrue for k e n

9\ SUPPORTIVE WEB SITES

http:/Aww.bbc.co.uk/education/asguru/maths/13pure/01proof/01proof/05induction/index.shtml
www.mathguru.com/result/principle-of-mathematical-induction.aspx
http://en.wikipedia.org/wiki/Mathematical_induction

@
S| TERMINAL EXERCISE

1. Verify each of the following statements, using the principle of mathematical induction :

(@) The number of subsets of a set with n elements is 2",

2 (@+b)">a"+b" vn > 2, where aand b are positive real numbers.
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@)

)

©)

(10)

f Mathematical Induction
a(r"-1)

a+ar+ar®+..+ar! :—1 .wherer >1and a is areal number.

(x*"-1) is divisible by (x +1) wx e N .
(101 + 1) isa multiple of 11, where ne N
(4.10 + 9.10°"* +5) is a multiple of 99. where ne N

(1 +x)" >1+nx,wherex>0and ne N

1.2+22°+32°+42° +---+n.2" =(n-1).2"" ,where ne N

2
n(n+1
13+23+33+---+n3={ (2+ )} ,neN

§+57+7_.9+..-+(2n+1)(2n+3)=3(2n+3) where neN

1 1 1 1 n
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Principle of Mathema

AN

&

CHECKYOU

1.

ANSWERS

RPROGRESS 10.1

(b), (e) and (f) are statements; (a) is not, since we have not given the range of values of n,

and therefore we are not ina position to decide, if it is true or not. (c) is subjective and

hence not

Note that

a mathematical statement. (d) is a question, not a statement.

(Nis universally false.

P(1): 6isafactor of 13+ 5.1, P(2): 6isafactor of 23+5.2

P(k) : 6 is a factor of k®+ 5k, P(k+1): 6 is a factor of (k + 1)3+ 5(k + 1)

@)
()

©

(d)

©)

()

@)

P(1):2>2,PKk):2*>k+1,P(k+1):2% > k+2
PQ):1+x>1+xPK) :(1+x)*>1+kx

P(k+1): (1+x)**1> 1+ (k+ 1)x

P(1): 6 is divisible by 6. P(Kk) : k(k + 1)(k + 2) is divisible by 6.
P(k+1): (k +1) (k+2) (k+ 3) is divisible by 6

P(1): (x-y) is divisible by (x —y). P(k): (xx—y¥) is divisible by (x—y)
P(k + 1): (x**1—y**1) is divisible by (x —y)

P(1): ab =ab, P(k): (ab)*=a*b*

P(k+1): (ab)kt=ak bkt

5 3

7k
is a natural number. P(Kk): 5 + 3 + I3 isa natural number.

11 7

PO 5¥37 s

(k+1)° N (k+1)° N 7(k+1)

P(k+1): 5 3 15

is a natural number.

1
1x2

1 1
—
1x2 2x3

2
3

P(L): % P(2)
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()

©

(d)

Mathematical Induction

P(k):i+i+...+ ! _ kK
1x2 2x3 k(k+1) k+1

P(k+1):i+...+ ! + L _ K+l
1x2 k(k+1) (k+1)(k+2) k+2

PQ): 1=1%, P(2): 1+3=22

P(k): 1+3+5+..+ (2k -1) =k

P(k+1): 1+3+5+...+ (2k 1) +[2(k +1) —1] = (k +1)
P():1x2<1(2)?, P(2): (1x2)+(2x3) < 2(3)?

P(K): (1x2)+(2x3) +...+ k(k +1) < k(k +1)°,

P(x+1): (I1x2)+(2x3) +..+ (k+1)(k +2) < (k +1)(k + 2)*

p: L L py L, L2
1x3 3 1x3 3x5 5
1 1 k

P(k):i+ +..+ =
1x3 3x5 (2k-1)(2k+1) 2k+1

P(k+1): ! + ! +..+ L _ K+l
1x3 3x5 (2k+1)(2k +3) 2k +3
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One day, | wanted to travel from Bangalore to Allahabad by train. There is no direct train from
Bangalore to Allahabad, but there are trains from Bangalore to Itarsi and from Itarsi to Allahabad.
From the railway timetable I found that there are two trains from Bangalore to Itarsi and three
trains from Itarsi to Allahabad. Now, in how many ways can | travel from Bangalore to Allahabad?

There are counting problems which come under the branch of Mathematics called
combinatorics.

Suppose you have five jars of spices that you want to arrange on a shelf in your kitchen. You
would like to arrange the jars, say three of them, that you will be using often in amore accessible
position and the remaining two jars in a less accessible position. In this situation the order of jars
IS important. In how many ways can you do it?

In another situation suppose you are painting your house. Ifa particular shade or colour is not
available, you may be able to create it by mixing different colours and shades. While creating
new colours this way, the order of mixing is not important. It is the combination or choice of
colours that determine the new colours; but not the order of mixing.

To give another similar example, when you go for a journey, you may not take all your dresses
with you. You may have 4 sets of shirts and trousers, but you may take only 2 sets. Insuch a
case you are choosing 2 out of 4 sets and the order of choosing the sets doesn’t matter. In these
examples, we need to find out the number of choices in which it can be done.

In this lesson we shall consider simple counting methods and use them in solving such simple
counting problems.

| OBIECTIVES

After studying this lesson, you will be able to :
e find out the number of ways in which a given number of objects can be arranged;

state the Fundamental Principle of Counting;
define n! and evaluate it for defferent values of n;

state that permutation is an arrangement and write the meaning of "P, ;

n!

(n—=n)!

statethat ' P =

and apply this to solve problems;
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show that (i) (n+1)"P, ="*P (i) "P.,=(n—-r1)"P;

state that a combination is a selection and write the meaning of "C ;

distinguish between permutations and combinations;

. n
derive C,

n!
= m and apply the result to solve problems;

derive therelation "P, =r!"C_;

verifythat "C. ="C,_, and give its interpretation; and

derive "C_+"C,_ =""C, and apply the result to solve problems.

EXPECTED BACKGROUND KNOWLEDGE

° Number Systems

° Four Fundamental Operations

11.1 FUNDAMENTAL PRINCIPLE OF COUNTING

Let us now solve the problem mentioned in the introduction. e will write t , t, to denote trains
from Bangalore to Itarsiand T , T,, T, for the trains from Itarsi to Allahabad. Suppose | take
t to travel from Bangalore to Itarsi. Then from Itarsi | cantake T or T, or T.. So the possibilities
aret T, t T, andt T, wheret T, denotestravel fromBangalore to Itarsi byt and travel from

11
Itarsi to Allahabad by T,. Similarly, if I take t, to travel from Bangalore to Itarsi, then the
possibilitiesare t,T., t.T,and t,T.. Thus, inall there are 6 (2x 3) possible ways of travelling

from Bangalore to Allahabad.

Here we had a small number of trains and thus could list all possibilities. Had there been 10
trains from Bangalore to Itarsi and 15 trains from Itarsi to Allahabad, the task would have been
very tedious. Here the Fundamental Principle of Counting or simply the Counting Principle
comesinuse :

If any event can occur in m ways and after it happens in any one of these ways, a
second event can occur in n ways, then both the events together can occur in mxn
ways.

= ¢l MRS How many multiples of 5 are there from 10 to 95 ?

Solution : As you know, multiples of 5 are integers having 0 or 5 in the digit to the extreme right
(i.e. the unit’s place).

The first digit from the right can be chosen in 2 ways.
The second digit can be any one of 1,2,3,4,5,6,7,8,9.
i.e. There are 9 choices for the second digit.

Thus, there are 2x 9 =18 multiples of 5 from 10 to 95.
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='E1o] MR [N a city, the bus route numbers consist of a natural number less than 100,
followed by one of the letters A,B,C,D,E and F. How many different bus routes are possible?

Solution : The number can be any one of the natural numbers from 1 to 99.
There are 99 choices for the number.

The letter can be chosen in 6 ways.

.. Number of possible bus routes are 99x 6 =594.

Q
WX CHECK YOUR PROGRESS 11.1

1. (a) How many 3 digit numbers are multiples of 5?
(b) Acoin is tossed thrice. How many possible outcomes are there?

(c) Ifyou have 3 shirtsand 4 trousers and any shirt can be worn with any oftrousers, in
how many ways can you wear your shirts and trousers?

2. (a) In how many ways can two vacancies be filled from among 4 men and 12 women if
one vacancy is filled by a man and the other by a woman?

(b) Atourist wants to go to another country by ship and return by air. She has a choice of
5 different ships to go by and 4 airlines to return by. In how many ways can she
perform the journey?

So far, we have applied the counting principle for two events. But it can be extended to
three or more, as you can see from the following examples :

e CMERER There are 3 questions in a question paper. If the questions have 4,3 and 2
solutions respectively, find the total number of solutions.

Solution : Here question 1 has 4 solutions, question 2 has 3 solutions and question 3 has 2
solutions.

By the multiplication (counting) rule,
total number of solutions= 4x3x2 = 24
='¢1o] CMERE Consider the word ROTOR. Whichever way you read it, from left to right or

from right to left, you get the same word. Such a word is known as palindrome. Find the

maximum possible number of 5-letter palindromes.

Solution : The first letter from the right can be chosen in 26 ways because there are 26 alphabets.
Having chosen this, the second letter can be chosen in 26 ways

. Thefirst two letters can be chosen in 26x 26 = 676 ways

Having chosen the first two letters, the third letter can be chosen in 26 ways.
. Allthe three letters can be chosenin 676x 26 =17576 ways.
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It implies that the maximum possible number of five letter palindromes is 17576 because the
fourth letter is the same as the second letter and the fifth letter is the same as the first letter.

Note : In Example 11.4 we found the maximum possible number of five letter
palindromes. There cannot be more than 17576. But this does not mean that there
are 17576 palindromes. Because some of the choices like CCCCC may not be
meaningful words in the English language.

How many 3-digit numbers can be formed with the digits 1,4,7,8 and 9 if the
digits are not repeated.

Solution : Three digit number will have unit’s, ten’s and hundred’s place.

Out of 5 given digits any one can take the unit’s place.

This can be done in 5 ways. .. (1)

After filling the unit’s place, any of the four remaining digits can take the ten’s place.

This can be done in 4 ways. .. (i)

After filling in ten’s place, hundred’s place can be filled from any of the three remaining digits.
This can be done in 3 ways. .. (i)

. By counting principle, the number of 3 digit numbers = 5x4x3 = 60

Let us now state the General Counting Principle

If there are n events and if the first event can occur in m_ ways, the second event can

occur in m, ways after the first event has occured, the third event can occur in m,
ways after the second event has ocurred, and so on, then all the n events can occur in

m,xm, x ...xm,_, xM, ways.

Suppose you can travel froma place A to a place B by 3 buses, from place B
to place C by 4 buses, from place C to place D by 2 buses and from place D to place E by 3
buses. In how many ways can you travel from Ato E?

Solution : The bus from A to B can be selected in 3 ways.

The bus from B to C can be selected in 4 ways.

The bus from C to D can be selected in 2 ways.

The bus from D to E can be selected in 3 ways.

So, by the General Counting Principle, one can travel from Ato E in 3x4x 2x3 ways=72
ways.
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Q
\ & ] CHECK YOUR PROGRESS 11.2

1. (a) What is the maximum number of 6-letter palindromes?

(b) What is the number of 6-digit palindromic numbers which do not have 0 in the first
digit?

2. (a) Inaschool there are 5 English teachers, 7 Hindi teachers and 3 French teachers. A
three member committee is to be formed with one teacher representing each language. In
how many ways can this be done?

(b) Ina college students union election, 4 students are contesting for the post of President.
5 students are contesting for the post of Vice-president and 3 students are contesting for
the post of Secretary. Find the number of possible results.

3. (a) How many three digit numbers greater than 600 can be formed using the digits 1,2,5,6,8
without repeating the digits?

(b) Aperson wants to make a time table for 4 periods. He has to fix one period each for
English, Mathematics, Economics and Commerce. How many different time tables can
he make?

11.2 PERMUTATIONS

Suppose you want to arrange your books on a shelf. If you have only one book, there is only
one way of arranging it. Suppose you have two books, one of History and one of Geography.

You can arrange the Geography and History books in two ways. Geography book first and the
History book next, GH or History book first and Geography book next; HG. In other words,
there are two arrangements of the two books.

Now, suppose you want to add a Mathematics book also to the shelf. After arranging History
and Geography books in one of the two ways, say GH, you can put Mathematics book in one
of the following ways: MGH, GMH or GHM. Similarly, corresponding to HG, you have three
other ways of arranging the books. So, by the Counting Principle, you can arrange Mathematics,
Geography and History books in 3x 2ways = 6 ways.

By permutation we mean an arrangement of objects ina particular order. Inthe above example,
we were discussing the number of permutations of one book or two books.

In general, if you want to find the number of permutations of n objects n >1, how can you do
it? Let us see if we can find an answer to this.

Similar to what we saw in the case of books, there is one permutation of 1 object, 2x1
permutations of two objects and 3x 2 x1 permutations of 3 objects. It may be that, there are
nx(n—1)x(n-2)x...x 2x1 permutations of n objects. In fact, it is so, as you will see when
we prove the following result.
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gl MM T he total number of permutations of n objectsisn(n-1) ....2.1.
Proof : We have to find the number of possible arrangements of n different objects.

The first place in an arrangement can be filled in n different ways. Once it has been done, the
second place can be filled by any of the remaining (n—1) objects and so this can be done in
(n—1) ways. Similarly, once the first two places have been filled, the third can be filled in (n-2)
ways and so on. The last place in the arrangement can be filled only in one way, because in this
case we are left with only one object.

Using the counting principle, the total number of arrangements of n different objects is
n(n-1)(n-2)........ 21 .. (11.1)

The product n (n—1) ... 2.1 occurs so often in Mathematics that it deserves a name and
notation. It is usually denoted by n! (or by |n read as n factorial).

n'=n(n-1)..321

Here isan example to help you familiarise yourself with this notation.

=E1lo] CHEA Fvaluate (a) 3! (b) 2! + 41 (c) 21x 3!

Solution: (a) 31=3x2x1=6
(b) 21=2x1=2, 41=4x3x2x1=24
Therefore, 20+ 41=2+24=26

© 2!x 31=2x6=12

Notice that n! satisfies the relation, n! = nx(n-1)! .. (11.2)
Thisisbecause,n(n—-1)!=n[(n-1).(n-2)... 2.1]
=n.(n-1).(n-2)..21=nl

Of course, the above relation is valid only for n > 2 because 0! has not been defined so far. Let
us see if we can define 0! to be consistent with the relation. In fact, if we define

or=1

then the relation 11.2 holds for n =1 also.

S'ETlo] CHERER Suppose you want to arrange your English, Hindi, Mathematics, History,
Geography and Science books on a shelf. In how many ways can you do it?

Solution : We have to arrange 6 books.
The number of permutations of n objectsisn!'=n.(n-1).(n-2) ... 2.1

Here n =6 and therefore, number of permutations is 6.5.4.3.2.1 =720

MATHEMATICS



Permutations And Comb

N MODULE-II
@4 CHECK YOUR PROGRESS 11.3 Algebra-|
1. (a)Evaluate: (i) 6! (i) 7! (i) 71+ 3! (iv) 6! x 4! (V) %

(b) Which of the following statements are true?
()] 213! =6! (in) 2! + 41 = 6!
(i) 3ldivides4! (v) 41-21=2I

Notes

2. (a) 5students are staying in a dormitory. In how many ways can you allot 5 beds to
them?

(b) In how many ways can the letters of the word ‘“TRIANGLE’ be arranged?

(c) How many four digit numbers can be formed with digits 1, 2, 3 and 4 and with distinct
digits?

11.3 PERMUTATION OF r OBJECTS OUT OF n OBJECTS

Suppose you have five story books and you want to distribute one each to Asha, Akhtar and
Jasvinder. Inhow many ways can you do it? You can give any one of the five books to Asha
and after that you can give any one of the remaining four books to Akhtar. After that, you can
give one of the remaining three books to Jasvinder. So, by the Counting Principle, you can

distribute the books in 5x4x3ie.60 ways.

More generally, suppose you have to arrange r objects out of n objects. In how many ways can
you do it? Let us view this in the following way. Suppose you have n objects and you have to
arrange r of these in r boxes, one object in each box.

n ways n—1 ways n—-r+1ways

r boxes

Fig. 11.1

Suppose there is one box. r = 1. You can put any of the n objects in it and this can be done in
n ways. Suppose there are two boxes. r = 2. You can put any of the objects in the first box and
after that the second box can be filled with any of the remaining n — 1 objects. So, by the
counting principle, the two boxes can be filled inn (n— 1) ways. Similarly, 3 boxes can be filled
inn (n-1) (n—2) ways.

In general, we have the following theorem.
Gl MEBR The number of permutations of r objects out of n objects is

n(n-1)..-(n-r+1).
The number of permutations of r objects out of n objects is usually denoted by "P..

Thus, "P. =n(n-1)n-2).(n-r+1) - (11.3)
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Proof : Suppose we have to arrange r objects out of n different objects. In fact it is equivalent
to filling r places, each with one of the objects out of the given n objects.

The first place can be filled in n different ways. Once this has been done, the second place can
be filled by any one of the remaining (n—1) objects, in (n-1) ways. Similarly, the third place
can be filled in (n—2) ways and so on. The last place, the rth place can be filled in [n—(r-1)] i.e.
(n—r+1) different ways. You may easily see, as to why this is so.

Using the Counting Principle, we get the required number of arrangements of r out of n objects
isn(n-1)(n-2)........... (n-r+1)

4

P
SN CRERCR Evaluate : (a) P, (b) P, (c) —3; (d) °P,x P,
2

Solution : @ ‘P, =4(4-1) =4x3=12.

()  °P,=6(6-1) (6—2)=6x5x4=120.

3 _A4(4-1)(4-2) 4Ax3x2

© 5 T 3o 32

d) °P,x °P, = 6 (6—1) (6—2)x5 (5-1), =6x5x4x5x4 = 2400
If you have 6 New Year greeting cards and you want to send them to 4 of
your friends, in how many ways can this be done?
Solution : We have to find number of permutations of 4 objects out of 6 objects.
This number is °P, = 6 (6 —1) (6—2) (6—3) = 6.5.4.3 =360
Therefore, cards can be sent in 360 ways.

Consider the formula for "P , namely, "P =n(n-1) ... (n—r+ 1). This can be obtained by
removing thetermsn—r,n—r-1,...,2, 1 from the product for n!. The product of these terms
is(n-r)(n-r-1)..21,ie, (n-r)l.

n! nin-)(n-2)...(n-r+)(n-r)..2.1
Now, (n=n)! = (n-r)(n-r-1)..2.1

= nn-)(n-2)..(n-r+1) = "P.

So, using the factorial notation, this formula can be written as follows : P = (n—

=y [ol CHENKE Find the value of "P,.
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Solution : Here r =0. Using relation 11.4, we get P, = o 1

=clyJCHENPA Show that (n +1) "P, = ™P

(n+1) ni (n+2)n!
(n—r)! = (n—r)!

(n+1! N
= [(h+1)-(r+1)]: [writingn—ras[(n+1)—-(r+1)]

Solution : (n+1)"P,

mip (By definition)

r+1

Q
\ & § CHECK YOUR PROGRESS 11.4

4

1. (1) Evaluate : (i) P, (i) °R,  (iii) 3—23 (iv) °P,x°P, (V) "P,

(b) Vferify each of the following statements :

0 6P, = °P, i) axm=7R,
(“i) 3Pz X 4Pz = 12P4 (N) SPZ + 4P2 = 7P4

2. (a) () What is the maximum possible number of 3- letter words in English that do not
contain any vowel?

(if) What is the maximum possible number of 3- letter words in English which do not have
any vowel other than ‘a’?

(b) Suppose you have 2 cots and 5 bedspreads in your house. In how many ways can
you put the bedspreads on your cots?

(c) Youwant to send Diwali Greetings to 4 friends and you have 7 greeting cards with
you. In how many ways can you do it?

3. Showthat "R, ="P,.

4. Showthat (n—r) "P="P,.

11.4 PERMUTATIONS UNDER SOME CONDITIONS

We will now see examples involving permutations with some extra conditions.

='¢Nglo] MERER Suppose 7 students are staying in a hall in a hostel and they are allotted 7
beds. Among them, Parvin does not want a bed next to Anju because Anju snores. Then, in
how many ways can you allot the beds?
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Solution : Let the beds be numbered 1 to 7.

Case 1 : Suppose Anju is allotted bed number 1.

Then, Parvin cannot be allotted bed number 2.

So Parvin can be allotted a bed in 5 ways.

After alloting a bed to Parvin, the remaining 5 students can be allotted beds in 5! ways.
So, in this case the beds can be allotted in 5x5!ways= 600 ways.

Case 2 : Anju is allotted bed number 7.

Then, Parvin cannot be allotted bed number 6

As in Case 1, the beds can be allotted in 600 ways.

Case 3 : Anju s allotted one of the beds numbered 2,3,4,5 or 6.

Parvin cannot be allotted the beds on the right hand side and left hand side of Anju’s bed. For
example, if Anju is allotted bed number 2, beds numbered 1 or 3 cannot be allotted to Parvin.

Therefore, Parvin can be allotted a bed in 4 ways in all these cases.
After allotting a bed to Parvin, the other 5 can be allotted a bed in 5! ways.

Therefore, in each of these cases, the beds can be allotted in 4x5! = 480 ways.
The beds can be allotted in
(2x 600+ 5x 480) ways = (1200 + 2400) ways= 3600 ways.

ST o] CHEREZN In how many ways can an animal trainer arrange 5 lions and 4 tigers ina row
so that no two lions are together?

Solution : They have to be arranged in the following way :

L T L T L T L T L

The 5 lions should be arranged inthe 5 places marked ‘L’. This can be done in 5! ways.
The 4 tigers should be in the 4 places marked “T’. This can be done in 4! ways.

Therefore, the lions and the tigers can be arranged in 5! x 4! ways= 2880 ways.

There are 4 books on fairy tales, 5 novels and 3 plays. In how many ways
can you arrange these so that books on fairy tales are together, novels are together and plays
are together and in the order, books on fairytales, novels and plays.

Solution : There are 4 books on fairy tales and they have to be put together.
They can be arranged in 4! ways. Similarly, there are 5 novels.

They can be arranged in 5! ways. And there are 3 plays.

They can be arranged in 3! ways.

So, by the counting principle all of them together can be arranged in 4!x51x 3! ways = 17280
ways.
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Suppose there are 4 books on fairy tales, 5 novels and 3 plays as in Example
11.15. They have to be arranged so that the books on fairy tales are together, novels are
together and plays are together, but we no longer require that they should be in a specific order.
In how many ways can this be done?

Solution : First, we consider the books on fairy tales, novels and plays as single objects.
These three objects can be arranged in 3!ways = 6 ways.

Let us fix one of these 6 arrangements.

This may give us a specific order, say, novels — fairy tales — plays.

Given this order, the books on the same subject can be arranged as follows.

The 4 books on fairy tales can be arranged among themselves in 4! = 24 ways.

The 5 novels can be arranged in 5! = 120 ways.

The 3 plays can be arranged in 3! = 6 ways.

For a given order, the books can be arranged in 24x120x 6 =17280 ways.

Therefore, for all the 6 possible orders the books can be arranged in 6x17280 =103680
ways.

=¢glo) CHEMFA In how many ways can 4 girls and 5 boys be arranged in a row so that all the
four girls are together?

Solution : Let 4 girls be one unit and now there are 6 units in all.
They can be arranged in 6! ways.
In each of these arrangements 4 girls can be arranged in 4! ways.
Total number of arrangements in which girls are always together
=6! x 4! =720 x 24 =17280

SElo] CHEBER How many arrangements of the letters of the word ‘BENGALI’ can be

made if the vowels are always together.
Solution : There are 7 letters in the word ‘Bengali; of these 3 are vowels and 4 consonants.
Considering vowels a, e, i as one letter, we can arrange 4+1 letters in 5! ways in each of

which vowels are together. These 3 vowels can be arranged among themselves in 3!
ways.

Total number ofwords = 51 « 31=120 x 6 =720

Q
\ & § CHECK YOUR PROGRESS 11.5

1. Mr. Guptawith Ms. Gupta and their four children are travelling by train. Two lower
berths, two middle berths and 2 upper berths have been allotted to them. Mr. Gupta has
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undergone a knee surgery and needs a lower berth while Ms. Gupta wants to rest during
the journey and needs an upper berth. In how many ways can the berths be shared by the
family?

2. Consider the word UNBIASED. How many words can be formed with the letters of the
word inwhich no two vowels are together?

3. Thereare 4 books on Mathematics, 5 books on English and 6 books on Science. In how
many ways can you arrange them so that books on the same subject are together and
they are arranged in the order Mathematics — English — Science.

4.  Thereare 3 Physics books, 4 Chemistry books, 5 Botany books and 3 Zoology books.
In how many ways can you arrange them so that the books on the same subject are
together?

5. 4boysand 3 girls are to be seated in 7 chairs such that no two boys are together. In how
many ways can this be done?

6.  Find the number of permutations of the letters of the word “TENDULKAR’, in each of
the following cases :

(1) beginning with T and ending with R. (ii) vowels are always together.

(ii1) vowels are never together.

11.5 COMBINATIONS

Let us consider the example of shirts and trousers as stated in the introduction. There you have
4 sets of shirts and trousers and you want to take 2 sets with you while going on atrip. Inhow
many ways canyou do it?

Let us denote the setshy S, S,, S,, S,. Then you can choose two pairs in the following ways

1 {5,S,} 2. {5,,S;} 3. {S,,S,}
4. {s,,S,} 5. {S,,S,} 6. {S,,S,}

[Observe that {Sl, SZ} is the same as {SZ, Sl}]. So, there are 6 ways of choosing the two sets

that you want to take with you. Of course, if you had 10 pairs and you wanted to take 7 pairs,
it will be much more difficult to work out the number of pairs in this way.

Now as you may want to know the number of ways of wearing 2 out of 4 sets for two days, say
Monday and Tuesday, and the order of wearing is also important to you. We know from

section 11.3, that it can be done in “P, =12 ways. But note that each choice of 2 sets gives us
two ways of wearing 2 sets out of 4 sets as shown below :

1. {S.S,} > S ,onMondayandS,onTuesday or S,on Monday and S, on Tuesday
2. {S,S.;} —» S onMondayand S, onTuesday or S, on Monday and S, on Tuesday
3. {S,S,} —» S,onMondayand S, onTuesday or S, on Monday and S, on Tuesday
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4. {S,S,} — S,onMonday and S, on Tuesday or S, on Monday and S, on Tuesday
5. {S,S,} —» S,onMondayand S, on Tuesday or S, on Monday and S, on Tuesday
6. {S,S,} —» S,onMondayandS, onTuesday or S, on Monday and S, on Tuesday
Thus, there are 12 ways of wearing 2 out of 4 pairs.

This argument holds good in general as we can see from the following theorem.

I MNRRR [ et n>1 be aninteger and r < n. Let us denote the number of ways of
choosing r objects out of n objects by "C_. Then
n "P

C = .. (11.5)

Proof : We can choose r objects out of n objects in "C_ ways. Each of the r objects chosen

can be arranged in r! ways. The number of ways of arranging r objects is r!. Thus, by the
counting principle, the number of ways of choosing r objects and arranging the r objects chosen

can be done in "C_r! ways. But, this is precisely "P. . In other words, we have
"P =rl"C, ... (11.6)
Dividing both sides by r!, we get the result inthe theorem.

Here is an example to help you to familiarise yourselfwith "C .

=SET o) [SHEMECR Evaluate each of the following :

6
C
@°c. mc,  ©csT, @O
5 5
s~ P54 s~ Py 543
Solution : (a) CZ—E—E_lo. (b) Cg_j_m_w,

4 4
(©) 4CS+4CZ=£+i=ﬂ+E=4+6=1O
3 2 123 12

6
o _°P, 654 w4
@ "C=g T =T,
°C,_20_10
‘C, 6 3
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='¢Nlo] MEBA0R Find the number of subsets of the set {1,2,3,4,5,6,7,8,9,10,11} having 4
elements.

Solution : Here the order of choosing the elements doesn’t matter and this is a problem in
combinations.

We have to find the number of ways of choosing 4 elements of this set which has 11 elements.

11.10.9.8
By relation (11.5), this can be done in*'C, = 1234 - 330 ways.

S'ETlo] CHERAN 12 points lie ona circle. How many cyclic quadrilaterals can be drawn by
using these points?

Solution : For any set of 4 points we get a cyclic quadrilateral. Number of ways of choosing 4
points out of 12 points is **C, = 495. Therefore, we can draw 495 quadrilaterals.

= ETglo) CHEBZA |n a box, there are 5 black pens, 3 white pens and 4 red pens. In how many
ways can 2 black pens, 2 white pens and 2 red pens can be chosen?

Solution : Number of ways of choosing 2 black pens from 5 black pens

5
=°C, =i=ﬂ=1ol
2! 1.2
. . . 3 P, 3.2
Number of ways of choosing 2 white pens from 3 white pens, =C, = =212 3.
. 4 ‘P, 4.3
Number of ways of choosing 2 red pens from 4 red pens, ='C, = > = 17 =0.

By the Counting Principle, 2 black pens, 2 white pens, and 2 red pens can be chosen in
10x3x 6 =180 ways.

Aquestion paper consists of 10 questions divided into two parts A and B.
Each part contains five questions. A candidate is required to attempt six questions in all of
which at least 2 should be from part A and at least 2 from part B. In how many ways can the
candidate select the questions if he can answer all questions equally well?

Solution : The candidate has to select six questions in all of which at least two should be from
Part A and two should be from Part B. He can select questions in any of the following ways :

Part A PartB
(i) 2 4
@) 3 3
(i) 4 2
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If the candidate follows choice (i), the number of ways in which he can do so is
°C,x °C, =10x5=50

If the candidate follows choice (ii), the number of ways in which he can do so is
°C,x °C, =10x10=100.

Similarly, if the candidate follows choice (iii), then the number of ways in which he cando so is
°C,x°C,=50.

Therefore, the candidate can select the question in 50 + 100 + 50 = 200 ways.

=S el CHEWZE A committee of 5 persons is to be formed from 6 men and 4 women. In
how many ways can this be done when

(i) at least 2 women are included?

(i) atmost 2 women are included?
Solution : (i) When at least 2 women are included.
The committee may consist of

2 women, 3 men: It can be done in *C, x °C, ways.
or, 3women, 2 men: It canbedonein “C,x °C, ways.

or, 4women, 1 man:Itcanbedonein ‘C, x °C, ways.
Total number of ways of forming the committee
=‘C,°C,+'C,.°C,+'C,.°C, =6x20 + 4x15 +1x6 =120 + 60 + 6 =186

(i1) When atmost 2 women are included
The committee may consist of

2 women, 3men : It can be done in *C,.°C, ways
or, 1woman, 4 men: Itcanbedonein ‘C.°C, ways

or, 5men: Itcanbedonein °C, ways

Total number of ways of forming the committee
=‘C,°C,+'C,.°C,+°C, =6x20 + 4x15+ 6 =120 + 60 + 6 = 186

The Indian Cricket team consists of 16 players. It includes 2 wicket keepers
and 5 bowlers. In how many ways can a cricket eleven be selected if we have to select 1
wicket keeper and atleast 4 bowlers?

Solution : We are to choose 11 players including 1 wicket keeper and 4 bowlers

or, 1wicket keeperand 5 bowlers.
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Number of ways of selecting 1 wicket keeper, 4 bowlers and 6 other players
=°C,°C,’°C,

Ex4x3x2.1 9x8x7x6x5x4 9x8x7
X X =2x5x
43.2.1. 6x5x4x3x2x1 3x2x1

=840

Number of ways of selecting 1 wicket keeper, 5 bowlers and 5 other players

9><8><7><6><5_2 1 9><8><7><6_

Coxax3x2xl Axaxaxi 292

=%C,5C,.°C, =2x1

Total number of ways of selecting the team =840 + 252 = 1092

Q
\ & @ CHECK YOUR PROGRESS 11.6

1. (3 Evaluate :
9C3
(i) ©°C, (ii) °C, (ii) °C, + °C, (iv) G_Ce,
(b) \erify each of the following statement :
(l) SCZ — 5C3 (li) 4C3 % 3C2 — 12C6
(i) ‘C,+'C,=°C, (v) *C,+°C,="C,

2. Find the number of subsets of the set {1, 3, 5, 7, 9, 11, 13, ..., 23}each having 3
elements.

3. Thereare 14 points lying on a circle. How many pentagons can be drawn using these
points?

4.  Inafruit basket there are 5 apples, 7 plums and 11 oranges. You have to pick 3 fruits of
each type. Inhow many ways can you make your choice?

5. Aquestion paper consists of 12 questions divided into two parts A and B, containing 5
and 7 questions repectively. A student is required to attempt 6 questions in all, selecting at
least 2 from each part. In how many ways can a student select the questions?

6.  Out of 5 menand 3 women, a committee of 3 persons is to be formed. In how many
ways can it be formed selecting (i) exactly 1 woman. (ii) atleast 1 woman.

7. Acricket team consists of 17 players. It includes 2 wicket keepers and 4 bowlers. In
how many ways can a playing eleven be selected if we have to select 1 wicket keeper
and atleast 3 bowlers?

8.  Tofillup 5 vacancies, 25 applications were recieved. There were 7 S.C. and 8 O.B.C.
candidates among the applicants. If 2 posts were reserved for S.C. and 1 for O.B.C.
candidates, find the number of ways in which selection could be made?
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11.6 SOME SIMPLE PROPERTIES OF"C

Inthis section we will prove some simple properties of "C_ which will make the computations
of these coefficients simpler. Let us go back again to Theorem 11.3. Using relation 11.6 we can

n!
H n . nC =
rewrite the formulafor "C_as: “r ri(n—r)! (12.7)
=ENlo) MR Find the value of "C
o : T ni 1
Solution : Herer =0. Therefore, €, = om0

since we have defined 0! = 1.

The formula given in Theorem 11.3 was used in the previous section. As we will see shortly, the
formula given in Equation 11.7 will be useful for proving certain properties of "C. .

"C,="C,. ..(11.8)

r

This means just that the number of ways of choosing r objects out of n objects is the same as
the number of ways of not choosing (n —r) objects out of n objects. In the example described
in the introduction, it just means that the number of ways of selecting 2 sets of dresses is the
same as the number of ways of rejecting 4 — 2 = 2 dresses. In Example 11.20, this means that
the number of ways of choosing subsets with 4 elements is the same as the number of ways of
rejecting 8 elements since choosing a particular subset of 4 elements is equivalent to rejecting
its complement, which has 8 elements.

Let us now prove this relation using Equation 11.7. The denominator of the right hand side of
this equation is r! (n—r)!. This does not change when we replace rby n—r.

(n=n)ln-(n-n'=(n-r)Lr!
The numerator is independent of r. Therefore, replacing r by n—r in Equation 11.7 we get result.

How is the relation 11.8 useful? Using this formula, we get, for example, **C_ is the same as
19C,. The second value is much more easier to calculate than the first one.

Example 11.27 JRVEIIEUER

(@ C (b) *C, (¢) C, (d) *C,

Solution : (a) Fromrelation 11.8, we have

'c,='C,,='C,=—>=21

7.6
1.2

(b) Similarly ~ *°C,="C,, ,="C, =10
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MODULE-III 11.10
Algebra-| ©) HC,="'C, ,="C, = [, =58
(d 1cho :12012710 :1202 = —152 L =66

Notes | There is another relation satisfied by "C. whichisalso useful. We have the following relation:

"C 4+"C.="C, ..(11.9)
n-1 n-1 _ (n _1)| n (n —1)|
Cat G T oDt (n-r-ir

(n-1)! N (n-1)!

(n=r)(n-r-i(r-!' r(n-r-1)Y(r-1)!

_ (n-1)! 1 +;}
T o(n=-r=-DY(r-D!n-r r

(n=1! [ n
(n=r-Di(r-D! (n=n)r

n(n-21)!
(n=r)(n=r-=-r(r-1)!

n!
Evaluate :
(@) °c,+°c, (b) ’c,+°C, (c) °C,+°C, (d) *c,+°C,
Solution : (a) Let us use relation (11.9) withn=7,r=2.So, °C,+°C,='C, =21

(b) Heren=9, r = 2. Therefore, °C, + °C, = °C, = 36
(c) Here n =6, r = 3. Therefore, °C,+°C,="C, = 20

(d) Here n =11, r = 3. Therefore, °C, +*° C, =*'C, =165

=S o CHNWAR If "C, ="C,, findn,

Solution : Using "C ="C, . weget n—-10=12 or, n=12+10=22

n-r
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1. (a)Findthevalueof "C_.Is"C ,="C, ? (b) Showthat "C, = "C,

2.  Evaluate:
(a) °C, (b) “C,
(©) ®C, (d *c,,
3. Evaluate:
(@ 'C,+'C, (b) °C, + °C,
(c) °C,+°C, (d) “C, + *C,

4. If C,="C,,,,, find the value ofr. 5.1f c_=*cC,, find 'C,
11.7PROBLEMS INVOLVING BOTH PERMUTATIONS AND COMBINATIONS

So far, we have studied problems that involve either permutation alone or combination alone.
In this section, we will consider some examples that need both of these concepts.

=¢E o] MEBCIN There are 5 novels and 4 biographies. In how many ways can 4 novels and
2 biographies can be arranged on a shelf ?

Soluton : 4 novels can be selected out of 5 in °C, ways. 2 biographies can be selected out of

4in “C, ways.

Number of ways of arranging novels and biographies= °C, x ‘C, =5x6 =30

After selecting any 6 books (4 novels and 2 biographies) in one of the 30 ways, they can be
arranged on the shelfin 6! = 720 ways.

By the Counting Principle, the total number of arrangements = 30x 720 = 21600

=S¢ o] CHEBCYR From 5 consonants and 4 vowels, how many words can be formed using 3
consonants and 2 vowels ?

Solution : From 5 consonants, 3 consonants can be selected in °C, ways.
From 4 vowels, 2 vowels can be selected in *C, ways.
Now with every selection, number of ways of arranging 5 letters is °P,

5x4 4x3
X X
2x1 2x1

= 10x6x5x4x3x2x1=7200

ol

Total number of words = °C,x*C,x°R, =
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Q
\ & | CHECK YOUR PROGRESS 11.8

1. Thereare 5 Mathematics, 4 Physicsand 5 Chemistry books. In how many ways can you
arrange 4 Mathematics, 3 Physics and 4 Chemistry books.

(a) if the books on the same subjects are arranged together, but the order in which the
books are arranged within a subject doesn’t matter ?

(b) if books on the same subjects are arranged together and the order in which books are
arranged within subject matters ?

2. There are 9 consonants and 5 vowels. How many words of 7 letters can be formed using
4 consonents and 3 vowels ?

3. Inhow many ways can you invite at least one of your six friends to a dinner?

4. Inanexamination, an examinee is required to pass in four different subjects. In how many
ways can he fail?

A5
‘%gj//' LET US SUM UP

° Fundamental principle of counting states.

Ifthere are n events and if the first event can occur in m, ways, the second event can
occur in m, ways after the first event has occurred, the third event can occur in m, ways
after the second event has occurred and so on, then all the n events can occur in

m xm, x M, x ........ X mn_lx mnways.
e  The number of permutations of n objects taken all at a time is n!

I
° "P = L
(n=r)!
° "P, =n!
n n!
e The number of ways of selecting r objects out of n objectsis ' Cr = m

° r'lc:r — nCn7

r

° nCr+nCr,1 — n+lc

r

e\ SUPPORTIVE WEB SITES

http://Aww.youtube.com/watch?v=XqQTXW7XfYA
http:/Amww.youtube.com/watch?v=bCxMhncR7PU

www.mathsisfun.com/combinatorics/combinations-permutations.html
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Sl TERMINAL EXERCISE

10.

11.

12.

13.

14.
15.

16.

17.

18.

There are 8 true - false questions in an examination. How many responses are possible ?

The six faces of a die are numbered 1,2,3,4,5 and 6. Two such dice are thrown
simultaneously. In how many ways can they turnup ?

A restaurant has 3 vegetables, 2 salads and 2 types of bread. If a customer wants 1
vegetable, 1 salad and 1 bread, how many choices does he have ?

Suppose you want to paper your walls. Wall papers are available in4 diffrent backgrounds
colours with 7 different designs of 5 different colours on them. In how many ways can
you select your wall paper ?

In how many ways can 7 students be seated inarow on 7 seats ?

Determine the number of 8 letter words that can be formed from the letters of the word
ALTRUISM.

If you have 5 windows and 8 curtains in your house, in how many ways can you put the
curtains onthe windows ?

Determine the maximum number of 3- letter words that can be formed from the letters of
the word POLICY.

There are 10 athletes participating in a race and there are three prizes, 1st, 2nd and 3rd
to be awarded. In how many ways can these be awarded ?

In how many ways can you arrange the letters of the word ATTAIN so that the Tsand
As are together?

A group of 12 friends meet at a party. Each person shake hands once with all others.
How many hand shakes will be there. ?

Suppose that you own a shop which sells televisions. You are selling 5 different kinds of
television sets, but your show case has enough space for display of 3 televison sets only.
In how many ways can you select the television sets for the display ?

A contractor needs 4 carpenters. Five equally qualified carpenters apply for the job. In
how many ways can the contractor make the selection ?

In how many ways can a committe of 9 can be selected from a group of 13?

In how many ways can a committee of 3 men and 2 women be selected froma group of
15 men and 12 women ?

In how ways can 6 persons be selected from 4 grade 1 and 7 grade 11 officers, so as to
include at least two officers from each category ?

Out of 6 boys and 4 girls, a committee of 5 has to be formed. In how many ways can this
be done if we take :
() 2qirls. (b) atleast 2 girls.

The English alphabet has 5 vowels and 21 consonants. What is the maximum number of
words, that can be formed from the alphabet with 2 different vowels and 2 different
consonants?
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19.

20.

sAnd Combinations

From 5 consonants and 5 vowels, how many words can be formed using 3 consonants
and 2 vowels?

Ina schoolannual day function a variety programme was organised. It was planned that
there would be 3 short plays, 6 recitals and 4 dance programmes. However, the chief
guest invited for the function took much longer time than expected to finish his speech. To
finish in time, it was decided that only 2 short plays, 4 recitals and 3 dance programmes
would be perfomed, How many choices were available to them ?

(a) if the programmes can be perfomed in any order ?
(b) ifthe programmes of the same kind were perfomed at a stretch?

(c) ifthe programmes of the same kind were perfomed at a strech and considering the
order of performance of the programmes of the same kind ?
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@Y Answers ’

CHECK YOUR PROGRESS 11.1
1. (a)180 (b) 8 () 12

Notes

2. (a)48 (b) 20

CHECK YOURPROGRESS 11.2

1. () 17576 (b) 900
2. (a) 105 b)) 60
3. () 24 () 24

CHECK YOURPROGRESS11.3

1. (a)(i)720 (i) 5040 (i) 5046 (iv) 17280 (v) 10
(b) (i) False (i) False (ii1) True (iv) False
2. (a)120 (b) 40320 (c)24

CHECK YOUR PROGRESS 11.4

1. ((@(@)12 (i) 120 (i) 4 (iv) 7200 (V) n!
(b) (i) False (i) True (i) False (iv) False
2. (a)(i) 7980 (i1) 9240 (b) 20 (c) 840

CHECK YOUR PROGRESS 11.5
1. 96 2.1152 3.2073600 4. 2488320
5. 144  6.()5040  (i)30240 (i) 332640

CHECK YOURPROGRESS 11.6

1. @ (i) 286 (i) 126 (i) 84 (iv) %
(b) (i) True (i) False (i) False (iv) True

2. 1771  3.2002 4.57750 5. 805

6. () 30 (i) 46

7. 3564  8.7560
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MODULE-IIl | cHECK YOUR PROGRESS 11.7

Algebra-| L (@n, No
2. (a) 126 (b) 1001 (c) 715 (d) 455
3. (a) 56 (b) 126 (c) 120 (d) 286

Notes | 4. 3 5. 56

CHECK YOUR PROGRESS 11.8
1 (a)600 (b) 207 3600
2. 6350400
3. 63 4.15
TERMINAL EXERCISE
1. 256 2. 36 3. 12 4, 140
5. 5040 6. 40320 1. 6720 8. 120
9. 720 10. 24 11. 66 12. 10
13. 5 14, 715 15. 30030 16. 371
17. (a) 120 (b) 186
18. 50400 19. 12000

20. (a) 65318400 (b) 1080 (c) 311040
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BINOMIAL THEOREM

Suppose you need to calculate the amount of interest you will get after 5 years on a sum of
money that you have invested at the rate of 15% compound interest per year. Or suppose we
need to find the size of the population of a country after 10 years if we know the annual growth
rate. Aresult that will help in finding these quantities is the binomial theorem. This theorem, as
you will see, helps us to calculate positive integral powers of any real binomial expression, that
IS, any expression involving two terms.

The binomial theorem, was known to Indian and Greek mathematicians in the 3rd century B.C.
for some cases. The credit for the result for natural exponents goes to the Arab poet and
mathematician Omar Khayyam (A.D. 1048-1122). Further generalisation to rational exponents
was done by the British mathematician Newton (A.D. 1642-1727).

There was a reason for looking for further generalisation, apart from mathematical interest. The
reason was its many applications. Apart from the ones we mentioned at the beginning, the
binomial theorem has several applications in probability theory, calculus, and in approximating
numbers like (1.02)’, etc. We shall discuss them in this lesson.

\Z| OBIECTIVES

After studying this lesson, you will be able to:

° state the binomial theorem for a positive integral index and prove it using the principle of
mathematical induction;

write the binomial expansion for expressions like (x + y)" for different values of xandy
using binomial theorem;
e write the general term and middle term (s) of a binomial expansion;

EXPECTED BACKGROUND KNOWLEDGE

° Number System
° Four fundamental operations on numbers and expressions.

e  Algebraic expressions and their simplifications.
° Indices and exponents.

12.1 THE BINOMIAL THEOREM FOR A NATURAL EXPONENT

You must have multiplied a binomial by itself, or by another binomial. Let us use this knowledge
to do some expansions. Consider the binomial (x + y). Now,
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(x+y) =x+y

(X+y)? = (x+y) (X+y)= X+ 2xy +y?

(X+y)* =(x+y) (x+y)’= x°+ 3y + 3xy*+y’

(X+y)* = (x+y) (x+y)*= X+ Ay + 6xY* + Axy*+ y*

(X +y)P=(x+y) (x+y)= x>+ 5xy + 10x3?+ 10x%3 + 5xy* + y°and so on.

In each of the equations above, the right hand side is called the binomial expansion of the left
hand side.

Note that in each of the above expansions, we have written the power of a binomial in the
expanded form insuch a way that the terms are in descending powers of the first term of the
binomial (which is x in the above examples). If you look closely at these expansions, you would
also observe the following:

1. The number of terms in the expansion is one more than the exponent of the binomial. For
example, in the expansion of (x + y)*, the number of terms is 5.

2. The exponent of x in the first term is the same as the exponent of the binomial, and the
exponent decreases by 1 in each successive term of the expansion.

3. Theexponent of y in the first termis zero (asy°= 1). The exponent of y in the second term
is 1, and it increases by 1 in each successive term till it becomes the exponent of the
binomial in the last term of the expansion.

4.  Thesumofthe exponents of xandy in each termis equal to the exponent of the binomial.
For example, in the expansion of (x + y)*, the sum of the exponents of x and y in each
termis 5.

If we use the combinatorial co-efficients, we can write the expansion as
(x+y)P=3C x*+3Cxy+3Cxy>+°Cy

(x+y) =1Cx*+Cx% +‘Cxy* +Cxy’ + “C,y*

(X +y)* =°Cx° + °Cxy + °Cx%? + °Cx%* + °C xy* + °C_y®, and so on.

More generally, we can write the binomial expansion of (x + y)", where n is a positive
integer, as given in the following theorem. This statement is called the binomial theorem
for a natural (or positive integral) exponent.

(xX+y)"="Cx"+"Cx™yt+"Cx"?y2+ .. +"C_xy"t+"C y"..(A)
where ne N andx,y € R.

Proof : Let ustry to prove this theorem, using the principle of mathematical induction.
Let statement (A) be denoted by P(n), i.e.,

P(n): x+y)"="Cx "+ "Cx "y +"Cx "2y 2+ "Cx "°y?+..

MATHEMATICS
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Let us examine whether P(1) istrue or not.

+"C xy"™+"Cy" (D)

From (i), we have P(1) : (x +y)' ='Cx +'C y = Ixx+1xy
i.e., (x +y)t=x+yThus, P(1) holds.

Now, let usassume that P(k) is true, i.e.,

P(k): (x + y)k =*Cx* ¥+ Cx Ty + "Cx 2y 2 + KCx 3y 3 + .

‘C Xy H+KC yk (i)

+

Assuming that P(k) is true, if we prove that P(k + 1) is true, then P(n) holds, for all n. Now,

(x+ y)k+1 = (X+Y)(X+Y) = (X+¥) (“Cox* + *C Xy +“C ,x Py +
+*C,_ Xy +C y)

= KC X+ *CxFy +C Xy +¥C X Ty2 + KCx Tty + *Cx Py +
+C XY+ C vy +Coxyf +*C y !

e (x+y)<i= “C X+ (“Cy+ *CHX Y +(“C+ “CHX Y’ +

A (EC L + C Xy +EC y ! ..(ii)
From Lesson 11, you know that “C =1 =*C and ‘C =1 =""C_, (V)
AISO, kCr+kCr_1 - k+1c:r

Therefore, “C,+“C,=""C,, *c,+*c,="*¢c,, "C,+*C,=""C, .. (v)

........................ and so on

Using (iv) and (v), we can write (iii) as
(X+ y)k+1 k+1C Xk k+1C X y+k+1C xK y o, k+1Ckka +k+1Ck+1yk+1

which shows that P(k +1) is true.

Thus, we have shown that (a) P(1) is true, and (b) if P(k) is true, then P(k+1) isalso true.

Therefore, by the principle of mathematical induction, P(n) holds for any value of n. So,

we have proved the binomial theorem for any natural exponent.

This result is supported to have been proved first by the famous Arab poet Omar Khayyam,

though no one has been able to trace his proof so far.
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We will now take some examples to illustrate the theorem.

SE ) CHPRE \Write the binomial expansion of (x + 3y)°.

Solution : Here the first term in the binomial is x and the second term is 3y. Using the binomial
theorem, we have

(x + 3y)® = °C,x° +°C x* (3y)" + °C,x*(3y)* + °C,x*(3y)* + °C,x(3y)* + °C, (3y)°
= 1xX° +5x* x3y +10x3 x (9y?) +10x% x (27y®) +5x x (81y*) +1x 243y°
= x° +15x*y +90x%y? + 270x%y> + 405xy* + 243y°
Thus, (x+3y)° = x> +15x*y +90x°y? + 270x*y> + 405xy* + 243y°
Expand (1+a)" in terms of powers of a, where a is a real number.
Solution : Taking x =1 and y = a in the statement of the binomial theorem, we have
l+ar="C,)"+"C,®""a+"C,()"*a*+..+"C_,(Da"*+"C a"

ie., 1+a)"=1+"Ca+"C,a’+..+"C ,a" " +"Ca"
1 2 n-1 n

..(B)
(B) is another form of the statement of the binomial theorem.

The theorem can also be used in obtaining the expansions of expressions of the type

1¥° (y 1Y) (a 2}5 (Zt 3}6
x+=| | =+=|  |=+=], | 5-=| et
x)'\x y)'\4 a)’\ 3 2t)’

Let us illustrate it through an example.

4
1
SENlo] CHVACE \Write the expansion of (¥+;J , Wherex,y = 0.

Solution : We have :

4 3 2
:1><y—+4><y—><£+6><y—><i+4>< Y ><i+1><i
X4 X3 y X2 y2 X y3 y4
vyt yr 6 4 1
:7+4?+7+7+—4
y y

='¢1go] MRS The population of a city grows at the annual rate of 3%. What percentage
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increase is expected in 5 years ? Give the answer up to 2 decimal places.

Solution : Suppose the population is a at present. After 1 year it will be

3 3
a+—a=a|l+—
100 100

AN U 0 T DY U
After 2 years, it will be 100 ) 100 100

3 5
Similarly, after 5 years, it will be @ (l+ MJ

Using the binomial theorem, and ignoring terms involving more than 3 decimal places,
5
we get a(l+%} ~ afL+5(0.03) +10(0.03)%] = 41 150

159

So, the increase IS 0.159 x100% = 5 x100x ﬁ =15.9% in5 years.

Using binomial theorem, evaluate , (i) 102* (ii) 97°

Solution: (i) 102* =(100 + 2)*
=“C, (100)* + “C,(100)%.2 + “C,(100).2* + “C, (100).2° + *C, .2*
= 100000000 + 8000000 + 240000 + 3200 + 16 = 108243216

(i) (97)*  =(100—3) = °C,(100)* —°C,(100)2.3+ °C,(100).32 - °C,.3°
=1000000 — 90000 + 2700 — 27 =1002700 — 90027 =912673

Q
A\ & @ CHECK YOUR PROGRESS 12.1

1. Write the expansion of each of the following :
(@) (2a+b)y*  (b) (x*-3y)* (c) (4a—>5h)* (d) (ax + by)"

2. Write the expansions of :

@@-x" () (1+§J (©) (1 +20)°

3. Write the expansions of :
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b)® 5 1\ ’
R

4.  Suppose | invest Rs. 1 lakh at 18% per year compound interest. What sum will I get
back after 10 years? Give your answer up to 2 decimal places.

5. The population of bacteria increases at the rate of 2% per hour. Ifthe count of bacteria
at9a.m.is 1 5x10°, find the number at 1 p.m. on the same day.

6.  Using binomial theorem, evaluate each of the following :
(i) (201)* (i) (99)* (iii) (1.02)*  (iv) (0.98)*

12.2 GENERALTERM INABINOMIAL EXPANSION

Let us examine various terms in the expansion (A) of (x + y), i.e., in
(X+Y)" = "Cox"+"C X"ty + "C,x"Py? + "Cx" Py +.+ "Cxy" "+ "C y"
We observe that , the first termis "C,x", i.e., "C_,x"y°;

the second termis "C x" 'y, i.e., "C, x"'y*;

the third termis "C,x"?y?, i.e., "C,,x"?y*;and so on.
From the above, we can generalise that

the (r+1)"termis "C ., ,x""y",i.e, "C x""y".

Ifwe denote thistermby T, wehave, T ="C x""y"

r+1’

T ., isgenerally referred to as the general term of the binomial expansion.

Let us now consider some examples and find the general terms of some expansions.

l n
ST o] CRPAGE Find the (r + 1)'" term in the expansion of (Xz +;J , Where n is a natural

number. Verify your answer for the first term of the expansion.

Solution : The general term of the expansion is given by :

Tr+1 — nCr (Xz)(n—r) (EJ

X

- "C X2n—2ri - nCrXZn—Sr (I)

r Xr
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Hence, the (r + 1)thterm in the expansion is "C x>,

l n
On expanding (Xz + ;J , We note that the first term is (x?)" or x*".

Using (i), we find the first term by putting r = 0.

Since Tl = To e T1 _ nCOXZn—O _ X2n

This verifies that the expression for T iscorrectforr+1=1.

=l HvAA Find the fifth term in the expansion of
6
&)
3

Solution : Using here T =T whichgivesr+1=5,i.e.,r=4.

3

Also n=6 and let x=1and y = ?X :

2 ,Y 16 6x5 16 80
T = 6C —_ 3 = 6C (_X]'ZJ — -~ 12=_ 12
5 4( 3XJ 2 81 5 ><81><X 27X

80
Thus, the fifth term in the expansion is 57 X

Q
WX CHECK YOUR PROGRESS 12.2

1. Foranatural number n, write the (r + 1)" term in the expansion of each of the following:

n n n 1 "
@ (2x+y)" (b) (22°-1) (c) (1-a) (d)[3+7J
2. Find the specified terms in each of the following expansions:

(@) (1+2y)’; 6thterm (b) (2x+3)’;4thterm (c) (2a—b)"*; 7thterm

1Y’ 1Y
(d) (X+;J (dthterm  (e) (X3—7J : 5thterm

12.3MIDDLE TERMS IN ABINOMIAL EXPANSION

Now you are familiar with the general term of an expansion, let us see how we can obtain the
middle term (or terms) of a binomial expansion. Recall that the number of terms in a binomial
expansion is always one more than the exponent of the binomial. This implies that if the exponent
is even, the number of terms is odd, and if the exponent is odd, the number of terms is even.
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Thus, while finding the middle term in a binomial expansion, we come across two cases:

Case 1: Whennis even. To study such a situation, let us look at a particular value of n, say n
= 6. Then the number of terms in the expansion will be 7. From Fig. 12.1, you can see
that there are three terms on either side of the fourth term.

middle term

000,0,000,
| |

3terms 3terms

Fig. 12.1

n . .
In general, whenthe exponent n of the binomial is even, there are 5 terms on either side of the

n n
(E + 1} th term. Therefore, the (E + 1} th term is the middle term.

Case 2: Whennis odd, Let us take n =7 as an example to see what happens in this case. The
number of terms in the expansion will be 8. Looking at Fig. 12.2, do you find any one
middle term init? There is not. But we can partition the terms into two equal parts by a
line as shown in the figure. We call the terms on either side of the partitioning line taken
together, the middle terms. This is because there are an equal number of terms on either
side of the two, taken together.

— 3 terms

— middle terms

— 3 terms

000, 00, 000

Fig. 12.2
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Thus, in this case, there are two middle terms, namely, the fourth,

7+1 7+3
ie., (TJ and the fifth, i.e., (TJ terms

o ] 13+1 13+3 )
Similarly, if n = 13, then the (—J th and the ( Jth terms, i.e., the 7th and 8th terms

2 2
are two middle terms, as is evident from Fig. 12.3.

From the above, we conclude that

ONONONORONONONOLORONONONONO

Fig. 12.3

n+1
When the exponent n of a binomial is an odd natural number, then the (TJ thand

n+3

(TJ th terms are two middle terms in the corresponding binomial expansion.

Let us now consider some examples.

el CHPRE Find the middle term in the expansion of (x2+ y?)®

Solutuion : Here n = 8 (an even number).

8
Therefore, the (E +1J th, i.e., the 5th term is the middle term.

Putting r = 4 in the general term T = °C,()y", Ts= Ca(x)" " (¥")" =70x°y"

l 9
Example 12.9 Find the middle term(s) in the expansion of (ZX2 + ;J .

9+1

9+3
th ~—— |th i
> J and( > j are middle

Solution : Here n =9 (an odd number). Therefore, the(

terms. i.e. T, and T are middle terms.

r+l1-

1
For finding T.and T, putting r =4 and r =5 inthe generalterm , T =°C (2x?)*" (;)6,

1 ! Ox8x7x6 1 !
T.=°C,(2x%)** = = 2T T (32X —| = 6
5= C,(2x%) (XJ 130 x( )x(XJ 4032 x
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1 5
and T, =°C, (2 x%)*® (;J = 2016 x3

Thus, the two middle terms are 4032 x®and 2016 x3.

Q
\ & @ CHECK YOUR PROGRESS 12.3

1. Find the middle term(s) in the expansion of each of the following :

(@) (2x+y)* (b) [1+§X3J (©) [X%J (d) @-x)"

2. Find the middle term(s) in the expansion of each of the following :

|
3x 4y ! 1\
@ (a+b)’ (b) (2a-b)° (¢) [;—;} (@) [“7}

52
OeZdl | ET Us sum UP

° For a natural number n,

n

(x+y)'="C,x"+"C,x"'y+"C, x" 2 y*+...+"C , xy""+"C, y
This is called the Binomial Theorem for a positive integral (or natural) exponent.

e Another form of the Binomical Theorem for a positive integral exponent is
(1+ar="C +"C a+"C,a®+...+"C_ a~'+"C a"

e Thegeneral terminthe expansion of (x +y)"is"C x "'y "and inthe expansion of (1 + a)"
is"C a', where n isa natural number and0 < r <n.
. If n is an even natural number, there is only one middle term in the expansion of

(x+y)".Ifnisodd, thereare two middle trems in the expansion.

e  The formula for the general term can be used for finding the middle term(s) and some
other specific terms in an expansion.

280

e\ SUPPORTIVE WEB SITES

http:/Aww.youtube.com/watch?v=Cv4Y hiMfbeM
http://www.youtube.com/watch?v=-fFWWt1m9ok0

http://Aww.youtube.com/watch?v=xF_hJaXUNTfE
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Sl TERMINAL EXERCISE

=

Write the expansion of each of the following :
(@ @x+2yy° () (p-a)° (c) 1-x)°

(d) (l+%x} (e)(x+%} (f)(3x—y2)5

x2 2 4 L1 7 N 5 1 . 4
(g)[T;j m(x-%] o] ofE]

Write the (r + 1)th term in the expansion of each of the following, wherene N :

@ Gx-y?" o [¢+2)

Find the specified terms in the expansion of each of the following :

l 6
(@) (1 -2x)": 3rd term [Hint : Here r=2] (b) (X + ZJ > middle term (s)

(c) (3x—4y)°: 4th term (o)) (yz —%J : middle term (s)

(e) (x*—y?)*2: 4thterm () (1-3x?)™: middle term (s)
(9) (-3x—4y)®°: 5thterm (h) Write the rth termin the expansion of (x — 2y)°®.

If T , denotes the rth term in the expansion of (1 + x)" in ascending powers of X (n being
a natural number) , prove that

rr+ T, ,,=(n=r+1) (n-n)x*T_[Hint:T="C_x™andT __,="C , x"]

k_is the coefficient of x " in the expansion of (1 + 2x)* in ascending powers of x and
k., =4k . Find the value of r. [Hint : k =*°C _ 2"*and k_, =*C_,2™]

r+l
The coefficients of the 5th, 6th and 7th terms in the expansion of (1+a)"  (nbeinga
natural number) are in A.P. Find n. [Hint: "C, - "C, = "C, - "C,]

Expand (1 +y + y?)* [Hint: (1+ y+ yz)4 = {(1+ y)+ y2}4J
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MODULE-III A

Algebra-| &) ANSWERS

CHECK YOURPROGRESS 12.1

1. (a) 8a®+12a’b+6ab®+b°

Notes
(b) x** —18x"y +135x%y* —540x°y® +1215x*y* —1458x°y° + 729y°

(¢) 256a* —1280a°b + 2400a%b? — 2000ab°® + 625b*

n

(d) a"x"+ na”lx”lby+—n(r]2|_l) a"?x" 2%y’ +..+b"y

2. (@ 1-7x+21x2 -35x3 +36x* —21x° + 7x* — X’

) 1 TX 21x° . 35x° . 35x* . 21x° . 7x° +x_7
y yr ooyt vyt oyt oy Y

(C) 1+10x + 40%? +80x° +80x" +32x°

a°> 5a'b 5ah? 5a®h® 5ab* b°
+ + + + +—
243 162 54 36 48 32

3. (3

354375 590625 590625

+
x? x° x®

(b) 2187x —25515x* +127575x —

, 328125 78125

11 14

X X
4 1 x® X3 X y 3 y5

(©) x“+4x2+6+7+7 (d) ?+5F+1O§+1O;+5?+?
4. Rs4.96 lakh 5. 162360
6. (i) 104060401 (i) 96059601

(iii) 1.061208 (v)  0.941192
CHECK YOUR PROGRESS 12.2
l, (a) nCr 2n—rxn—ryr (b) ncrznfr aZn—Zr(_l)l’

(C) nCr (_l)r ar (d) ncrsnfrlezr
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2. (a) 1792y° (b) 15120x*

(©) 14784a%h® (d) 20

(e) 35X
CHECK YOURPROGRESS 12.3

1120 ,,
1. (a 8064x°y° () —X
81
(© 20 d  -252x1

2. (@ 35a‘h?, 35a°h*
(b) 4032a°h*—-2016ab®

_105 X4 3’140 X3y4

© 2 773
462 462
@ e

TERMINAL EXERCISE

1. (a) 243x° +810x"*y +1080x%y* + 720x*y> + 240xy* +32y°
(b) p°®-8p’q+28p°q*-56p°q’+70p*q* ~56p’q° +28p°q° -8pq’ +q°
(€) 1—-8x+28x% —56x° + 70x* —56x° + 28x°—8x" + x°

(d) 14ax+ 202 1005 80 0 B4 s, B4 1o
3 27 27 81 729

Xe+3xt 4+ 2y 2 1o 3 , 1
(©) 47 "2716x% 16x°  64x°

() 243x° —405x*y? +270x3y* —90x?y® +15xy® — y*°

35 3 21 7 1
(h) X14_7X9+21X4_7+7_F+F_F

1

XlO

(i) X" +5x° +10x° +10+£+
XS

1

o8

4
——+6x* —4x" +x?
X

0)
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@)
(b)
@)

(b)

©
(d)
©)
(f)
©
()

(_1)r n Cr3n —ryn-r y2r
nC x3n - 4r

84x?

5

2

—-34560 x%?

—462y7, 462y
—220x°7y®

-61236 x*°
34560x2y*
(-2, x Ty ™
5

7,14

Binomial Theorem

1+ 4y + 10y?+16y°+19y*+ 16y> +10y° + 4y’ + y®
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MODULE-IV
1 3 Co-ordinate

Geometry

CARTESIAN SYSTEM OF RECTANGULAR

Notes

CO-ORDINATES

You must have searched for your seat ina cinema hall, a stadium, or a train. For example, seat
H-4 means the fourth seat in the H" row. In other words, H and 4 are the coordinates of your
seat. Thus, the geometrical concept of location is represented by numbers and alphabets (an
algebraic concept).

Also a road map gives us the location of various houses (again numbered in a particular se-
guence), roads and parks in a colony, thus representing algebraic concepts by geometrical
figures like straight lines, circles and polygons.

The study of that branch of Mathematics which deals with the interrelationship between geo-
metrical and algebraic concepts is called Coordinate Geometry or Cartesian Geometry in honour
of the famous French mathematician Rene Descartes.

In this lesson we shall study the basics of coordinate geometry and relationship between con-
cept of straight line in geometry and its algebraic representation.

| oBiECTIVES

After studying this lesson, you will be able to:

e define Cartesian System of Coordinates including the origin, coordinate axes,
quadrants, etc;

e  derive distance formulaand section formula;

e  derive the formula for area of a triangle with given vertices;

e verifythe collinearity of three given points;

e  state the meaning of the terms : inclination and slope of a line;

e find the formula for the slope of a line through two given points;

e state the condition for parallelism and perpendicularity of lines with given slopes;
e find the intercepts made by a line on coordinate axes;

° find the angle between two lines when their slopes are given;

e find the coordinates of a point when origin is shifted to some other point;

e find transformed equation of curve when oregin is shifted to another point.
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ctangular Co-ordinates

EXPECTED BACKGROUND KNOWLEDGE

e Number system.

Plotting of points in a coordinate plane.

Drawing graphs of linear equations .

Solving systems of linear equations .

13.1 RECTANGULAR COORDINATE AXES

Recall that in previous classes, you have learnt
to fix the position of a point in a plane by draw-
ing two mutually perpendicular lines. The fixed
point O,where these lines intersect each other is
called the origin O as shown in Fig. 13.1 These
mutually perpencular lines are called the
coordinate axes. The horizontal line XOX'is
the x-axis or axis of x and the vertical line YOY'
is the y- axis or axis ofy.

9.1.1 CARTESIAN COORDINATES OF
APOINT

To find the coordinates of a point we proceed
as follows. Take X'OX and YOY"as coordinate
axes. Let P be any point in this plane. From point

Pdraw paA | xox and pB | YOY . Thenthe
distance OA = x measured along x-axis and the
distance OB = y measured along y-axis
determine the position of the point P with
reference to these axes. The distance OA
measured along the axis of x is called the
abscissa or x-coordinate and the distance OB
(=PA) measured along y—axis is called the
ordinate or y-coordinate of the point P. The
abscissa and the ordinate taken together are
called the coordinates of the point P. Thus, the
coordinates of the point P are (x and y) which
represent the position of the point P point ina
plane. These two numbers are to form an
ordered pair beacuse the order in which we
write these numbers is important.

y Fig. 13.1

y
A
B P (xy)
X'« 0 A » X
v Fig. 13.2
y
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In Fig. 13.3 you may note that the position of
the ordered pair (3,2) is different from that of
(2,3). Thus, we can say that (x,y) and (y,x)
are two different ordered pairs representing
two different points ina plane.

13.1.2 QUARDRANTS

We know that coordinate axes XOX' and
YOY' divide the region of the plane into four
regions. These regions are called the quardrants
as shown in Fig. 13.4. Inaccordance with the
convention of signs, for a point P (x,y) in
different quadrants, we have

I quadrant : x>0,y>0
Il quadrant : x<0,y>0
Il quadrant : x<0,y<0
IV quadrant : x>0,y<0

13.2 DISTANCE BETWEEN TWO POINTS

Recall that you have derived the distance
formula between two points P (x,,y,) and Q
(X,,y,) inthe following manner:

Letusdraw a line I I XX' through P. Let R be
the point of intersection of the perpendicular

from Q to the line I. Then APQR isaright-
angled triangle.

Also PR = MM,

= OM, -0OM,
= X=X

andQR = QM, —RM,

N1

A
1 |
Quadrant Quadrant
» X
11 v
Quadrant Quadrant
A A
\%
Fig.13.4
y

Q% Y,)

HP (%, Y1) R

X'<€
0(0,0)

M1 M2

i
-
I
©«
=
w
ol
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= QM, - PM,
—ON, - ON,
=Y,V

Now PQ? = PR? + QR? (Pythagoras theorem)

= (Xz - Xl)2 + (yz - yl)2

©PQ = (% —x) (Y, — W)

Note : This formula holds for points in all quadrants.

Also the distance of a point P(x,y) fromthe origin O(0,0)

iSOP = \[x*+y°.

Let us illustrate the use of these formulae with some examples.

=¢1glo] MEHE Find the distance between the following pairs of points :

(i) A(14,3) and B(10,6) (i)  M(=L12) and N(0,-6)

Solution :

(i)

(i)

Distance between two points = \/ (x, =% ) +(y,—y,)

Here x, = 14,y, =3, X,=10,y,=6

- Distance between AandB = \/10-14) +(6-3)

= (- = \16+9 =25 =5

Distance between A and B is 5 units.

Here x, =-1,y,=2,x,=0and y, = -6

Distance between Aand B = /(0 (-1) +(~6-2)° = 1+ (-8)’
=J1+64 = /65

Distance between M and N =,/65 units

S Elo] MW Show that the points P(-1, 1), Q(2, 3) and R (-2, 6) are the vertices of a
right-angled triangle.

Solution: PQ?> =(2+1)°+(3+1)’= 3+4*= 9+16= 25

MATHEMATICS
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QR?=(-4)>+(3)’=16+9=25 MODULE-IV
Co-ordinate
and  RP?=1"+(-7)’=1+49=50 Geometry

PQ? + QR? = 25+25=50= RP?
= A PQR is aright-angled triangle (by converse of Pythagoras Theorem)

Notes

=Tl CHERE Show that the points A(Z, 2), B(4, 5) and C(-1, 0) lie on a straight line.
Solution: Here,

AB = \/(4_1)2+(5_2)2 units= /18 units= 3./2 units

BC= \/(-1-4) +(0—5) units= /50 units = 5,/ units

and AC= \/(_1_1)2 +(o_2)2 units= /4 + 4 units = 2./2 units

Now AB+AC= (3\/§+2x/§)units = 5x/§ units =BC

ie. BA+AC=BC

Hence, A, B, Clie onastraight line. In other words, A,B,C are collinear.

=e]e) MRS Prove that the points (2a, 4a), (2a, 6a) and (Za ++/3a, 5a) are the vertices of
an equilateral triangle whose side is 2a.

Solution: Let the points be A (2a, 4a), B (2a, 6a) and C (Za ++/3a, 5a)

AB =/0+(2a)* =2aunits

BC:\/(\/ga)z+(_a)2 units =./3a2 + a2 =2aunits

and AC = J(ﬁa)z +(+a)® =2aunits

= AB +BC>AC,BC+AC>ABand
AB+AC>BCand AB=BC=AC=2a

= A, B, C formthe vertices of an equilateral triangle of side 2a.

Q
\ & § CHECK YOUR PROGRESS 13.1

1.  Findthe distance between the following pairs of points.
(@) (5,4)and (2,-3) (b) (a, —a) and (b, b)
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2.  Prove that each of the following sets of points are the vertices of aright angled-trangle.
(a) (4,4),(3,5), (-1,-1) (b)(2,1),(0,3),(-2,1)

3. Show that the following sets of points form the vertices of a triangle:
(@ (3,3),(-3,3)and (0, 0) (b) (0, a), (a, b) and (0, 0) (ifab = 0)

4.  Show that the following sets of points are collinear :
(@) (3,-6), (2,-4)and (-4,8) (b) (0,3), (0,-4) and (0, 6)

5. (a) Show that the points (0, -1), (-2, 3), (6, 7) and (8, 3) are the vertices of a rectangle.
(b) Show that the points (3, -2), (6, 1), (3, 4) and (0, 1) are the vertices ofa square.

13.3 SECTION FORMULA

13.3.1 INTERNAL DIVISION

Let P(x,,y,) and Q(x,, y,) betwo given pointsona line land R(x, y) divide PQ internally
inthe ratiom, :m,

To find : The coordinates x and y of point R.

Construction : Draw PL, QN and RM perpendiculars to XX' from P, Q and R respectively
and L, M and N lie on XX'. Also draw RTLQN and PVLQN .

Method : R divides PQ internally in the ratio m, : m..

_ PR_M
= RliesonPQand RQ m,

Also, intriangles, RPS and QRT,
ZRPS = ZQRT (Corresponding anglesas PS| RT)
and /RSP = ZQTR =90°
ARPS ~ AQRT (AAA similarity)

PR_RS _PS .
= RQ OT RT - (1)

Also, PS =LM =OM —-OL=x-Xx

RT =MN =ON—-OM =X, —X

RS=RM -SM =y-vy, ol L M N

QT=QN-TN=y,-vy. ;’ Fig.13.6
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From (i), we have

ﬂ: X=X — Y-y,
m, X—-X Y,—Y

= m (X, —X) =my(X—x,)
and - my(y,—y)=m,(y-V,)

m1X2 + m2X1 mlyZ + mZ yl
Xs——"———and Y=— " —

=
m1+m2 m1+m2

Thus, the coordinates of R are:

[%&+%& mw+%m}
m1+m2 m1+m2

Coordinates of the mid-point of a line segment
If R is the mid point of PQ, then,

m, =m, =1 (as R divides PQ inthe ratio 1:1

X, + X, m+n}
2 2

Coordinates of the mid point are ( ;

13.3.2 EXTERNAL DIVISION
Let Rdivide PQ externally inthe ratio m :m,
To find : The coordinates of R.

Construction : Draw PL, QN and RM perpendiculars to XX' from P, Q and R respectively
and PS | RM and QT | RM.

Clearly, ARPS~ A RQT.
.RP_PS_RS
""RQ QT RT

m, X=X, Y-Y,

or

= ml(x_ Xz) = mz(x_x1)

and m1(y_ yz) = mz(y_ yl)
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These give:
X = My X, =M% and y = My, =M, Y,
m, —m, m, —m,

Hence, the coordinates of the point of external division are

Notes

[mlxz —M, X, My, — mzylj
m, —m, m, —m,

Let us now take some examples.
=S¢ ol CHERSY Find the coordinates of the point which divides the line segment joining the
points (4, -2) and (-3, 5) internally and externally in the ratio 2:3.
Solution:

(i) LetP(x,y) bethe point of internal division.

L _2(-3)+3(4) _6 _2(5)+3(-2) _4

and Y

2+3 5 2+3 5
) . (ﬁ i}
P has coordinates 5’5

IfQ (X', y") isthe point of external division, then

. (2)(-3)-3(4) _ _20B)-3(-2) _
X_—2—3 =18 and ¥ = o3 16

Thus, the coordinates of the point of external division are (18, —16).
= ETglo) CHEKGE In what ratio does the point (3, —2) divide the line segment joining the points
(1,4) and (-3, 16) ?

Solution : Let the point P(3, —2) divide the line segement inthe ratiok : 1.

-3k +1 16k + 4}

Then the coordinates of P are ( o1 kol

But the given coordinates of P are (3, —2)

-3k+1 1

ol 0 = -3k+1=3%+3 = k=—3

— P divides the line segement externally in the ratio 1:3.

294
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=) WA The vertices of a quadrilateral ABCD are respectively (1, 4), (-2,1), (0,-1)
and (3, 2). ITE, F, G, H are respectively the midpoints of AB, BC, CD and DA, prove that the
quadrilateral EFGH is a parallelogram.

Solution : Since E, F, G, and H, are the midpoints of the sides AB, BC, CD and DA, therefore,
the coordinates of E, F, G, and H respectively are :

1-2 4+1 -2+01-1 0+3 -1+2 and E 4+2
2 2 )L 2 "2 ) 2" 2 2 2

-15 31
= 5(75} F(—l,o),G(E,EJ and H (2, 3) are the required points.

Also, the mid point of diagonal EG has coordinates

-1 35 1

77_’_7
2 222 =[£§j

2 2 2'2

. . -1+2 0+3)_(1 3
Coordinates of midpoint of FH are 5 T 55
Since, the midpoints of the diagonals are the same, therefore, the diagonals bisect each

other.

Hence EFGH is a parallelogram.

Q
\ & § CHECK YOUR PROGRESS 13.2

1. Find the midpoint of each of the line segements whose end points are given below:
(@) (-2,3)and (3,5)  (b)(6,0)and (-2,10)
2. Find the coordinates of the point dividing the line segment joining
(-5, -2) and (3, 6) internally in the ratio 3:1.
3. (@) Three vertices of a parallelogramare (0,3), (0,6) and (2,9). Find the fourth vertex.

(b) (4,0), (-4,0),(0,—4) and (0, 4) are the vertices of a square. Show that the quadrilateral
formed by joining the midpoints of the sides is also a square.

4.  The line segement joining (2, 3) and (5, —1) is trisected. Find the points of trisection.

5. Show that the figure formed by joining the midpoints of the sides of a rectangle is a
rhombus.
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13.4 AREA OF A TRIANGLE
, A%, V)

Let us find the area of a triangle whose A /
verticesare A(x,, ¥;), B(x,,Y,) and C(x,,y,) k C (X ¥,)
Draw AL, BM and CN perpendiculars to XX'. iB(X,,Y,)
area of A ABC X' 5 > X
0" M L N

= Area of trapzium. BMLA + Area of

. yI H
trapzium. ALNC —Area of trapzium. BMNC Fig.13.8

Z%(BM +AL)ML+%(AL+CN)LN —%(BM +CN)MN
1 1 1

:_(YQ + yl)(x1 - x2)+—(y1 + ys)(xs - Xl)__(yz + ys)(xg - Xz)
2 2 2
1

= E [(X1yz =X, ¥;) + (X Y5 —x3y2)+(x3y1—x3y3)]

_ %[xl(yz — Y3+ % (Vs = Y1) X5 (Vs = )]

This can be stated in the determinant form as follows :

X W
2 Yo
3 Ys

1
Areaof AABC= 5 |*
X

el CMERN Find the area of the triangle whose vertices are A(3, 4), B(6, —-2) and
C(-4,-5).

1 3 4 1
Solution: The areaof 2ABC =56 -2 1
4 51

_ %[3(—2+5)—4(6+4)+1(—30—8)] _ %[9—40—38] :‘_29
As the area is to be positive

69
. Areaof AABC = ~, Square units
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S'ETglo] CMECReR | f the vertices of a triangle are (1, k), (4, -3) and (-9, 7) and its area is 15
square units, find the value(s) of k.

1 k

L 4 -3

Solution : Areaoftriangle = o -
-9 7

- %[—3—7—k(4+9)+1(28—27)] - %[—10—13k +1] = %[—9—13k]

Since the area ofthe triangle is given to bel5,

~9-13k _
2

Q
\ & f] CHECK YOUR PROGRESS 13.3

1.  Findthe area of each of the following triangles whose vertices are given below :
(1) (0,5), (5,-5), and (0,0) (b) (2, 3), (-2,-3) and (-2, 3)
(c) (a 0),(0,—a)and (0, 0)

15 or, —9-13k =30, -13k =39, or, k=-3

5
2. The area of a triangle ABC, whose vertices are A (2, —3), B(3, —2) and C(? k} is

3
5 sq unit. Find the value of k

3. Find the area of a rectangle whose vertices are (5, 4), (5,—4), (-5, 4) and (-5,-4)
4.  Find the area of a quadrilateral whose vertices are (5, -2), (4,-7), (1,1) and (3, 4)

13.5 CONDITION FOR COLLINEARITY OF THREE POINTS

The three points A(x,, Y,), B(X,,Y,) and C(X;, Y,) are collinear if and only if the area of the
triangle ABC becomes zero.

. 1
Le. E[X1yZ_X2Y1+X2y3_X3y2+X3y1_x1y3]=0

Le. X1Y2_XZY1+XZY3_X3YZ+X3Y1_X1Y3:0

In short, we can write this result as
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MODULE-IV
Co-ordinate X Y
Geometry X, ¥y, 1=0
X3 y3
Let usillustrate this with the help of examples:
Notes

=ETglo] CHEMIOR Show that the points A(a, b +c¢), B(b,c+a)and C(c,a+b) arecollinear.

|

a b+c
Eb c+a
c a+b

Solution : Area of triangle ABC ~ L (Applying C, » C, +C,)
1

a+b+c b+c . 1 b+c
=—la+b+c c+a =—(a+b+c)[l c+a 1=0
2
a+b+c a+b 1 a+b

Hence the points are collinear.

el HEREN For what value of k, are the points (1, 5) , (k, 1) and (4, 11) collinear ?
Solution : Area of the triangle formed by the given points is

1 5
1
=5k 1 =£[—10—5k+20+11k—4] =3[6k+6]=3k+3
4 11 2 2

Since the given points are collinear, therefore
3k+3=0=>k=-1

Hence, for k =-1, the given points are collinear.

Q
\ & § CHECK YOUR PROGRESS 13.4

1.  Show that the points (-1,-1), (5, 7) and (8, 11) are collinear.
2. Show that the points (3, 1), (5, 3) and (6, 4) are collinear.

11
3. Provethatthe points (a, 0), (0, b) and (1, 1) are collinear if a + b =1

4.  Ifthepoints (a, b),(a;,b) and (a—a,, b—b,) are collinear, show that a b= ab,

298 MATHEMATICS



Cartesian System Of R

5. Find the value of k for which the points (5, 7), (k, 5) and (0, 2) are collinear.

6.  Find the values of k for which the point (k, 2-2k), (- k+1, 2k) and (- 4 — k, 6 — 2k) are
collinear.

13.6 INCLINATION AND SLOPE OF A LINE

Look at the Fig. 13.9. The line AB makes an angle or r+ ¢ with the x-axis (measured in
anticlockwise direction).

The inclination of the given line is represented by the measure of angle made by the line with
the positive direction of x-axis (measured in anticlockwise direction)

Ina special case when the line is parallel to x-axis or it coincides with the x-axis, the inclination
of the line is defined to be 0°.

o4 B y
WZ B
X \’*f ) 5 X X ’«‘xﬁ
O ,y' / A O y' L>\ A
@) (b)

Fig. 13.9

Again look at the pictures of two mountains given below. Here we notice that the mountain in
Fig. 13.10 (a) is more steep compaired to mountain in Fig. 13.10 (b).

(a) Fig.13.10 (b)

How can we quantify this steepness ? Here we say that the angle of inclination of mountain (a)
is more than the angle of inclination of mountain (b) with the ground.

Tryto see the difference between the ratios of the maximum height from the ground to the base
in each case.
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Naturally, you will find that the ratio in case (a) is more as compaired to the ratio in case (b).
That means we are concerned with height and base and their ratio is linked with tangent of an
angle, so mathematically this ratio or the tangent of the inclination is termed as slope. e define
the slope as tangent of an angle.

The slope ofa line is the the tangent of the angle @ (say) which the line makes with the positive
direction of x-axis. Generally, it isdenotedbym  (=tan 9)

Note : If a line makes an angle of 90° or 270° with the x—axis, the slope of the
line can not be defined.

S'ETlo) MRV |n Fig. 13.9 find the slope of lines AB and BA.

Solution : Slope of line AB = tan o

Slope of line BA=tan (t+a)=tana.

Note : From this example, we can observe that "'slope is independent of the
direction of the line segement"".

el MERKY  Find the slope of a line Y

which makes an angle of 30° with the negative
direction of x-axis. B

Solution:  Here g=180°-30°=150° . WGD

m = slope of the line = tan (180°-30°)
=—tan 30°
1 A
— \/é v
Y Fig. 13.11
=eEllo CMENYE Find the slope of a line
Yy
which makes an angle of 60°with the positive 4
direction of y-axis. 60°
y B\<
Solution : Here §=90°+ 60° \
) ) 90°+60°
= m=slope of the line X 5 N
= tan (90°+ 60°)
= —cot 60°
1 v
=_ 0 = ——F \%
tan 30 NE]
Fig. 13.12
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el RN I a line is equally inclined to the axes, show that its slope is +1.

Solution : Let a line AB be equally inclined to the axes and meeting axes at points A and B as
showninthe Fig. 13.13

N Y/
~|B
@
A X 135°
X/ 0 X*x“o AN X7
) \
Fig. 13.13

InFig 13.13(a), inclination of line AB= /XAB = 45°
Slope of the line AB =tan 45°=1

InFig. 13.13 (b) inclination of line AB = /XAB =180° — 45° =135°
-, Slope of the line AB = tan135° = tan (180°-45°) = —tan 45°= -1

Thus, if aline is equally inclined to the axes, then the slope of the line will be +1.

Q
L& ¢ CHECK YOUR PROGRESS 13.5

1. Findthe Slope of a line which makes an angle of (i) 60 (ii)150° with the positive direction
of x-axis.

2. Find the slope of a line which makes an angle of 30° with the positive direction of y-axis.

3. Find the slope of a line which makes an angle of 60° with the negative direction of x-axis.

13.7 SLOPE OF A LINE JOINING TWO DISTINCT POINTS

Let A(x,Y,) and B(x,,Y,) be two distinct points. Draw a line through A and B and let the

inclination of this line be @ . Let the point of intersection of a horizontal line through A and a
vertical line through B be M, then the coordinates of M are as shown in the Fig. 13.14
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y y
A A
B(X,,Y,)
A(X, Y1) (X5, ¥,)
g M
X' 0 / » X X' 0
A 4 \
’/y- @ Fig.13.14 y

(A) InFig13.14 (a), angle of inclination MAB is equal to 9 (acute). Consequently.

MB _y,—y

tan 6 = tan(£MAB) =
AM X, —X

(B) In Fig. 13.14 (b), angle of inclination @ is obtuse, and since 9 and /\MAB are

supplementary, consequently,

tan 6 = —tan(£LMAB) = - MB_ Yo=%i_Y¥,=¥
MA X=X Xy =X

Hence in both the cases, the slope m of a line through A(x, , y,) and B(x,, y,) is given by

Yo=Y,

m= &‘z_xl

Note : if x, = x,, then m is not defined. In that case the line is parallel to y-axis.

Is there a line whose slope is 1? Yes, when a line is inclined at 45°with the positive direction of
X-axis.

Is there a line whose slope is /3 ? Yes, when a line is inclined at 60° with the positive direction
of x-axis.

From the answers to these questions, you must have realised that given any real number m,
there will be a line whose slope is m (because we can always find an angle o such that
tan o =m).

STl CHENIGE Find the slope of the line joining the points A(6, 3) and B(4, 10).

. . . . _ yz _yl
Solution : The slope of the line passing through the points (x,, y,) and (X2, Y,) = ~ —x.

27 M
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Here, x, =6, y,=3; X, =4, y, =10.

7
Now substituting these values, we have slope = -6 i

el HERFA Determine X, so that the slope of the line passing through the points (3, 6)
and (x, 4) is 2.

Solution :

Y=Y, 4-6_ -2

Slope = X, — X - x-3 x-3

Q
& J CHECK YOUR PROGRESS 13.6
1

What is the slope of the line joining the points A(6, 8) and B(4, 14) ?
2.  Determine x so that 4 is the slope of the line through the points A(6,12) and B(x, 8).
3. Determineyy, if the slope of the line joining the points A(—8, 11) and B(2, y) is — 3

4. A(2,3) B(0,4)and C(-5,0) are the vertices of a triangle ABC. Find the slope of the
line passing through the point B and the mid point of AC

5 A(-2,7), B(1,0),C(4,3)and D(1, 2) are the vertices of a quadrilateral ABCD . Show
that

(i) slope of AB =slope of CD (i) slope of BC = slope of AD

13.8 CONDITIONS FOR PARALLELISM AND PERPENDI
CULARITY OF LINES.

9.8.1 Slope of Parallel Lines

Letl,, L, be two (non-vertical) lines with their slopes m, and m, respectively.
Let , and 0, be the angles of inclination of these lines respectively.
Case | : Letthe lines | and I, be parallel

Then 6, = 6, = tan6, =tano,
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MODULE-IV y
Co-ordinate = M, =M, 1,
Geometry Thus, if two lines are parallel then their i
slopes are equal.
Case Il : Letthelines|, and I, have equal
NP slopes.
. 0. 0
ie. m =m,=tan6, =tano : :
2o 1 o 2 o |/ / M
=6,=6, (0°<6<180")
Fig.13.15

=11, g

Hence, two (non-vertical) lines are parallel ifand only if m, =m,

13.8.2 SLOPES OF PERPENDICULAR LINES

Let | and I, be two (non-vertical)lines with their slopes m, and m, respectively. Also let
0, and 0, be their inclinations respectively.

y y
A A
IZ Il
91 62 62 el
oIy N X SOy N X
v (a) Fig.13.16 Y (b

Case-l:Let | LI,

— 0, =90°+0, or  0,=90°+8,

= tan0, = tan(900 + 61) or tan@, = tan(900 + 62)

= tan®, = —cot(6,) or  tan®,=—cot(8,)

:>tan92:— 1 or :>tan91:— 1
tan 0, tan o,

= Inboththe cases, we have
tan g, tang, = -1

or m,.m, = -1

304 MATHEMATICS



Cartesian System Of F

Thus, if two lines are perpendicular then the product of their slopes is equal to —1.
Case Il : Let thetwo lines |, and I, be such that the product of their slopes is 1.
ie. m,.m, = -1

= tanf,tanf, = -1

= tanf, = — =—cotf, =tan(90° +0, )
2
or
tang, =—— =—cotH, =tan(90+ 0
2 tan@, ! ( y

— Either 9, =90°+0, or 9, =90°+0, = Inbothcases| | ..

Hence, two (non-vertical) lines are perpendicular ifand only if m.m,=-1.

SEnlo] CHERER Show that the line passing through the points A(5,6) and B(2,3) is parallel
to the line passing, through the points C(9,-2) and D(6,-5).

Astheslopesareequal .. AB| CD.

el RN Show that the line passing through the points A(2,-5) and B(-2,5) is
perpendicular to the line passing through the points L(6,3) and M(1,1).

Solution : Here

- slope ofthe line AB = — > = 20 = =>
ml—sopeo e line —_2_2 —a 2
d m. = slope of the li |_|v|—ﬂ—E
an mz—sopeo e line _1—6 5
_-5.2_,
Now m,.m, = 7Xg——

Hence, the lines are perpendicular to each other.
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S E o] MR Using the concept of slope, show that A(4,4), B(3,5) and C (-1,-1) are the
vertices ofaright triangle.

. . 5-4
Solution : Slope of lineAB=m, = 3 2 =-1
Slope of line BC = _ 153

ope of line BC=m, = 133
. -1-4
and  slope of lineAC=m, = 17 =1

Now mxm,=-1 = ABLAC

— /\ABC isaright-angled triangle.
Hence, A(4,4), B(3,5) and C(—1,—1) are the vertices of right triangle.

S'¢1lo] CHEIAN \\hat is the value of y so that the line passing through the points A(3,y) and
B(2,7) is perpendicular to the line passing through the point C (-1,4) and D (0,6)?

7—
Solution : Slope of the line AB=m, = - —> = y—7
Sl fthe line CD = —6;4_2
ope of the line CD =m, = —

Since the lines are perpendicular,

Somyxm,=-10r (y—7)><2=—1

13
or2y-14=-1or 2y=13 or y=?

Q
\&" § CHECK YOUR PROGRESS 13.7

1. Show that the line joining the points (2,—3) and (—4,1) is
(i) parallel to the line joining the points (7,-1) and (0,3).
(i1) perpendicular to the line joining the points (4,5) and (0,-2).
2.  Findthe slope of a line parallel to the line joining the points (—4,1) and (2,3).

3. Theline joining the points (-5,7) and (0,-2) is perpendicular to the line joining the points
(1,3) and (4,x). Find x.

4.  A(-2,7),B(1,0),C(4,3) and D(1,2) are the vertices of quadrilateral ABCD. Show that
the sides of ABCD are parallel.
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5. Using the concept of the slope of a line, show that the points A(6,—1), B(5,0) and
C(2,3) are collinear.[Hint: slopes of AB, BC and CAmust be equal.]

6.  Findk so that line passing through the points (k,9) and (2,7) is parallel to the line passing
through the points (2,-2) and (6,4).

7. Using the concept of slope of a line, show that the points (—4,-1), (-2-4), (4,0) and
(2,3) taken in the given order are the vertices of a rectangle.

8.  The vertices of a triangle ABC are A(-3,3), B(-1,— 4) and C(5,-2). M and N are the

1
midpoints of AB and AC. Show that MN is parallel to BC and MN = — BC.

2
13.9 INTERCEPTS MADE BY A LINE ON AXES

If a line I (not passing through the Origin) meets x-axis at A and y-axis at B as shown in
Fig. 13.17, then

() OAiscalled the x-intercept or the intercept made by the line on x-axis.
(i)  OBis called y-intercept or the intercept made by the line on y-axis.

(i) OAand OB taken together in this order are called
the intercepts made by the line | on the axes.

(v) AB is called the portion of the line intercepted
between the axes. \

(v)  The coordinates of the point A on x-axis are (a,0)
and those of point B are (0,b)

To find the intercept of a line in a given plane on b
x-axis, we put y = 0 in the given equation of a line and
the value of x so obtained is called the x intercept. A
0 a

To find the intercept of a line on y-axis we put x =0 and _
the value of y so obtained is called the y intercept. Fig. 13.17

Note: 1. A line which passes through origin makes no intercepts on axes.
2. A horizontal line has no x-intercept and vertical line has no y-intercept.

3. The intercepts on x- axis and y-axis are usually denoted by a and b respectively.
But if only y-intercept is considered, then it is usually denoted by c.

S'ENlo] RPN If a line is represented by 2x +3y =6, find its x and y intercepts.

Solution : The given equation of the lineis 2x+3y =6 ... (i)
Puttingx=01in (i), we gety =2
Thus, y-intercept is 2.
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Again puttingy =01in (i), we get2x=6 = x=3

Thus, x-intercept is 3.

Q
\ & § CHECK YOUR PROGRESS 13.8

1.  Findxandy intercepts, if the equations of lines are :

. .. L XY .
= = _— —:1 —
(1) x+3y=6  (ii)) 7x+3y=2 (i) 2a+2b (iv) ax+by=c
y Ly 2x
=—-2x=8 =1
v) 5 Vi) 373

13.10 ANGLE BETWEEN TWO LINES

Let |, and I, be two non vertical and non perpendicualr lines with slopes m, and m,
respectively. Let o, and o, be the angles subtended by I, and I, respectively with the
positive direction of x-axis. Then m, = tan o, and m, = tan a,.

From figure 1, we have o, = a, + 0
)
= tan 0 = tan (a, - a,)

tano, —tana,

ie. tan 6 =

l+tanay.tana,
i m —m,
ie. tan® = 1 m,m, 1)

Fig.13.18

As it is clear from the figure that there are two angles 0 and = — 6 between the lines |, and
L.
2

We know, tan (1 —6) =—tan O

(m—m, )
tan (t — 0) = - L%}
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Let T-0=¢
an o = - (m—m, ) 2
B L1+m1m2J

. If —2——=2 ispositive then tan 0 is positive and tan ¢ is negative i.e. 6 is acute and
1+mm,

¢ is obtuse.

m—m,

L m;m,

is negative then tan 6 is negative and tan ¢ is positive i.e. 0 is obtuse and

¢ is acute.

Thus the acute angle (say 0) between lines |, and 1, with slopes m, and m, respectively
is given by

m—m,
1+mm,

tan 6 =

where 1 + m,m, # 0.

The obtuse angle (say ¢) can be found by using the formula ¢ = 180° — 6.

3
Sl CHEMEN Find the acute and obtuse angles between the lines whose slopes are 1

g2
an 7

Solution : Let 6 and ¢ be the acute and obtuse angle between the lines respectively.

= 0 = 45°
S ¢ = 180° — 45° = 135°.
Find the angle (acute or obtuse) between x-axis and the line joining the
points (3, 1) and (4, -2),
Solution : Slope of x-axis (say m,) = 0
—2+1

Slope of given line (say m,) = 1.3 -1
_ |0+l |
tan 6 = 1+ (0)(-1)
= 0 = 45° as acute angle.
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b 1
S'ENlo] CHEWEN | f the angle between two lines is N and slope of one of the lines is 5
find the slope of the other line.

1
. TT 2
Solution : Here, tanz =
1+[j m
) (M)
= 1
2+m,
N 1-2m, 1 or 1-2m, L
2+m, 2+m, 7
1
= m,= -3z o0rm,=3

1
Slope of other line is 3 or 3

C
Lv § CHECK YOUR PROGRESS 13.9

2
1. Find the acute angle between the lines with slopes 5 and 3

2. Find the obtuse angle between the lines with slopes 2 and -3.

3. Find the acute angle between the lines |, and I, where |, is formed by joining the points
(0,0) and (2, 3) and 1, by joining the points (2, —2) and (3, 5)

13.11 SHIFTING OF ORIGIN :

We know that by drawing x-axis and y-axis, any plane is divided into four quadrants and
we represent any point in the plane as an ordered pair of real numbers which are the lengths
of perpendicular distances of the point from the axes drawn. We also know that these axes
can be chosen arbitrarily and therefore the position of these axes in the plane is not fixed.
Position of the axes can be changed. When we change the position of axes, the coordinates
of a point also get changed correspondingly. Consequently equations of curves also get
changed.

The axes can be changed or transformed in the following ways :

(1) Translation of axes (ii) Rotation of axes (iii) Translation and rotation of axes. In the
present section we shall discuss only one transformation i.e. translation of axes.
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Y AY
P(x,y)
P(X,Y)
o i > X'
k
> h < T X
@) L N
Fig. 13.19

The transformation obtained, by shifting the origin to a given point in the plane, without
changing the directions of coordinate axes is called translation of axes.

Let us see how coordinates of a point in a plane change under a translation of axes. Let OX
and OY be the given coordinate axes. Suppose the origin O is shifted to
O'(h, k) by the translation of the axes OX and OY . Let O’X"’ and O'Y’ be the new axes
as shown in the above figure. Then with reference to O’X’ and gy’ the point O’ has
coordinates (0, 0).

Let P be a point with coordinates (x, y) in the system OX and gy and with coordinates
(x',y") inthe system Q’X' and Q'Y'. Then Q'L =K and OL = h.

Now X =0ON =0L + LN

OL + O'M
= h + x.
andy =PN=PM + MN =PM + O'L =y + k.
Hence x = x' + h;y =y + k
orxX =x-hy=y-k

. Ifthe originis shifted to (h, k) by translation of axes then coordinates of the point P(x,
y) are transformed to P(x — h, y — k) and the equation F(x, y) = 0 of the curve is
transformed to F(x" + h, y" + k) = 0.

. Translation formula always hold, irrespective of the quadrant in which the origin of the
new system happens to lie.

When the origin is shifted to (-3, 2) by translation of axes find the
coordinates of the point (1, 2) with respect to new axes.
Solution : Here (h, k) = (-3, 2), (x,y) =(1, 2), X, y)=?

X=x-h=1+3=4
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y=y-k=2-2=0

Therefore (X', y') = (4, 0)
When the origin is shifted to the point (3, 4) by the translation of axes,
find the transformed equation of the line 3x + 2y - 5 = 0.
Solution : Here (h, k) = (3, 4)

x=x+3andy=y + 4.

Substituting the values of x and y in the equation of line

we get 3(x% +3)+2(y'+4)-5=0

Le. 3x' + 2y + 12 = 0.

O
X CHECK YOUR PROGRESS 13.10

1. (i) Doesthe length of a line segment change due to the translation of axes? Say yes
or no.

(i) Are there fixed points with respect to translation of axes? Say yes or no.

(i) When the origin is shifted to the point (4, -5) by the translation of axes, the
coordinates of the point (0, 3) are ...

(v) When the origin is shifted to (2, 3), the coordinates of a point P changes to
(4, 5), coordinates of point P in original system are ...

(v) If due to translation of axes the point (3, 0) changes to (2, —3), then the origin
is shifted to the point ...

476”*’
LET US SUM UP

o  Distance between any two points (x,,y,) and (x,,y,) is \/ (x, =% ) +(y, -y,

e  Coordinates of the point dividing the line segment joining the points (x,, y, Jand (x,, y,)
internally in the ratiom_: m, are

(mlxz+m2x1 mly2+m2y1j
m1+m2 m1+m2

e Coordinates of the point dividing the line segment joining the the points (X11 yl) and

(x,,Y,) externally are in the ratio m, :m, are.
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[mlxz —M,X, My, _mzylj
m, —m, m, —m,

e  Coordinates of the mid point of the line segment joining the points (x,,y,) and (x,, y,) are

(Xl"'xz y1+sz
2 2

e  Theareaofatriangle with vertices (x,,y, ) and (x,, y,) and (x,, y,) isgiven by

1
E[(lez - Xzyl) + (X2y3 - Xsyz) + (X3y1 - X1y3)]

e ThreepointsA, B, and C are collinear if the area of the triangle formed by them is zero.

° If o isthe angle which a line makes with the positive direction of x-axis, then the slope
ofthelineism=tang.

e  Slope (m) ofthe line joining A(x,,y,) and B(x,, y, ) isgiven by

m=JY2" Y%

Xo =%
e  Alinewiththe slope m, is parallel to the line with slope m, if m =m,.

e  Alinewiththe slope m, is perpendicular to the line with slope m, if m, xm,=—1.

° Ifaline | (not passing through the origin) meets x- axis at Aand y- axis at B then OAs
called the x- intercept and OB is called the y- intercept.

e If g betheangle betweentwo lines with slopes m, and m, , then

m1 B mz
1+mm,

tan @ =

where 1+mm, =0

° If tan @ is +ve, the angle (0) between the lines is acute and if tan @ is -ve then it is
obtuse.

e  Whenoriginis shifted to (h,k) then transformed coordinates (X',y") (say) of a point P (X,y)
are (x-h, y-k)

e\ SUPPORTIVE WEB SITES

http://Aww.youtube.com/watch?v=VVhNkWdLGpmA
http://Aww.youtube.com/watch?v=5ctsUsvIp8w

http://Amww.youtube.com/watch?v=10p920jA6q0
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S| TERMINAL EXERCISE

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

Find the distance between the pairs of points:

(@) (2,0)and (1, cot ) (b)(-sinA, cosA) and (sin B, cos B)

Which of the following sets of points form a triangle?

@ (3,2),(-3,2)and (0, 3) (b) (3, 2), (3,-2) and (3, 0)

Find the midpoint of the line segment joining the points (3. -5) and (-6, 8).

Find the area of the triangle whose vertices are:

(@) (1,2),(-2,3),(-3,-4) (b)(c, a), (c +a,a), (c—a,-a)

Show that the following sets of points are collinear (by showing that area formed is 0).
(@) (-2,5) (2,-3)and (0, 1) (b) (a,b+c), (b,c+a)and(c,a+h)

If (=3, 12), (7, 6) and (X, a) are collinear, find x.

Find the area of the quadrilateral whose vertices are (4,3) (-5,6) (0,7) and (3,-6).
Find the slope of the line through the points

(a) (1,2), (4.2) (b) (4,-6), (-2,-5)

What is the value of y so that the line pasing through the points (3, y) and (2,7) is parallel
to the line passing through the points (-1, 4) and (0, 6) ?

Without using Pythagoras theorem, show that the points (4, 4), (3, 5) and (-1, -1) are
the vertices of a right-angled triangle.

Using the concept of slope, determine which of the following sets of points are collnear:
M (-2,3),(8,-5)and (5,4), (i)(5,1),(1, —-1)and(11,4),

IfA(2,-3)and B (3, 5) are two vertices of a rectangle ABCD, find the slope of
(®HBC (i) CD (i) DA.

A quadrilateral has vertices at the points (7, 3), (3, 0), (0, —4) and (4, -1). Using slopes,
show that the mid-points of the sides of the quadrilatral forma parallelogram.

Find the x-intercepts of the following lines:

(i) 2x-3y =8 (i) 3x—7y+9=0 (iii) x—%:s

When the origin is shifted to the point (3, 4) by translation of axes, find the transformed
equation of 2x? + 4xy + 5y% =0,

If the origin is shifted to the point (3, —4), the transformed equation of a curve is
(x})? + (y')? = 4, find the original equation of the curve.

If A(-2, 3), B(3, 8) and C(4, 1) are the vertices of a AABC. Find ZABC of the
triangle.

Find the acute angle between the diagonals of a quadrilateral ABCD formed by the
points A(9, 2), B(17, 11), C(5, — 3) and D(-3, -2) taken in order.

Find the acute angle between the lines AB and BC given that A = (5, -3),
B =(-3,-2) and C = (9, 12).
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CHECK YOUR PROGRESS 13.1

(@) /58 ()  J2(a%+b?)

CHECK YOUR PROGRESS 13.2

1. (@ (%‘q (b) (25 2. (14 3. (@) (2,6)

S

CHECK YOUR PROGRESS 13.3

2
1. (3 75 sg. units  (b) 12 sg. units
5 .
2. k =3 3. 80 sq. units
CHECK YOUR PROGRESS 134
k=3 6 k= 1 1
5. = , ==

CHECK YOUR PROGRESS 135

1
1L () 43 (i) 5 2 -3
CHECK YOUR PROGRESS 13.6

1 3 2. 5 3 !

. - : .73

CHECK YOUR PROGRESS 13.7

2 = 3 2

: 3 : 3

CECK YOUR PROGRESS 13.8

()] x-intercept =6, y-intercept =2
.. . 2 2
(i) x-intercept = 7 y-intercept = 3

(i) X-intercept = 2a, y-intercept = 2b

a’ _
(©) > Sg. units

41 i
4, 7sq. units
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MODULE-IV
: i . c . C
Co-ordinate (iv) X-intercept = —, y-intercept = b
Geometry a
(v) x-intercept = —4, y-intercept = 16
o -21
(vi) x-intercept= T,y-lntercept: 21
Notes
CHECK YOUR PROGRESS 13.9
1 o 2 o 3 tan—E
- 45 . 135 : 3
CHECK YOUR PROGRESS 13.10
1. (1) No (i) No (i) (-4,8) (iv) (6,8) V) (1,3)
TERMINAL EXERCISE
. A+B
1. (a) cosec 9 (b) 2sin >
2. None ofthe given sets forms a triangle.
33 . .
3. (_E’EJ 4. (a) 11sqg.unit (b) a?sg. unit.
51-5a .
6. 3 7. 29 sg. unit.
8 0 b -
(@ 0 -3
9. y=3 11. Only (i)
(D) 3 (i) (D) 3
14. (i) 4 (i) -3 (i) 3
15, x*+4y® +4xy +116x+2y+259=0
16. x*+y’-6x+8y+21=0
4 48 62
tan~t| = tan~t| =2 tan~t| =<
pow(d) e w(B) g w2
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Notes

We have read about lines, angles and rectilinear figures in geometry. Recall that a line is the join
of two points in a plane continuing endlessly in both directions. e have also seen that graphs of
linear equations, which came out to be straight lines

Interestingly, the reverse problem of the above is finding the equations of straight lines, under
different conditions, in a plane. The analytical geometry, more commonly called coordinate
geomatry, comes to our help in this regard. In this lesson. We shall find equations of a straight
line indifferent forms and try to solve problems based on those.

D osIECTIVES

After studying this lesson, you will be able to :

e derive equations of a line parallel to either of the coordinate axes;

e derive equations of a line in different forms (slope-intercept, point-slope, two point,
intercept, and perpendicular)

e findtheequation of a line in the above forms under given conditions;
e state that the general equation of first degree represents a line;
e  expressthe general equation ofaline into
(i) slope-intercept form (ii) intercept form and (iii) perpendicular form;
e derive anexpression for finding the distance of a given point froma given ling;
e calculate the distance of a given point froma given line;

e derive the equation of a line passing through a given point and parallel/perpendicular to a
givenline;

e find equation of family of lines passing through the point of intersection of two lines.

EXPECTED BACKGROUND KNOWLEDGE

e  Congruence and similarity of traingles
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14.1 STRAINGHT LINE PARALLEL TO AN AXIS

If you stand ina roomwith your arms stretched, we can have a line drawn on the floor parallel
to one side. Another line perpendicular to this line can be drawn intersecting the first line between
your legs.

In this situation the part of the line in front of you and going behind you is the y-axis and the one
being parallel to your arms is the x-axis.

The direction part of the y-axis in front of you is positive and behind you is negative.
The direction of the part x-axis to your right is positive and to that to your left is negative.

Now, let the side facing you be at b units away from you, then the equation of this edge will be
y = b (parallel to x-axis)

where b is equal in absolute value to the distance from the x-axis to the opposite side.
Ifb >0, then the line lies in front of you, i.e., above the x-axis.
If b <0, then the line lies behind you, i.e., below the x-axis.
Ifb =0, then the line passes through you and is the x-axis itself.

Again, let the side of the right of you isat ¢ units apart from you, then the equation of this line will
be x = ¢ (parallel to y - axis)

where c is equal in absolute value, to the distance fromthe y-axis onyour right.
If c> 0, then the line lies on the right of you, i.e., to the right of y-axis.
If ¢ <0, then the line lies on the left of you, i.e., to the left of y-axis

If ¢ =0, then the line passes through you and is the y-axis.

='¢1o] MY Find the equation of the line passing through (-2, —3) and

(1) parallel to x-axis ~ (ii) parallelto y-axis

Solution :
()] The equation of any line parallel to x-axisisy =b
Since it passes through (-2, -3), hence-3 =D
The required equation of the line isy =-3
()] The equation of any line parallel to y-axisisx =c¢
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Since it passes through (-2, -3), hence-2=c¢

The required cquation of the line is x =-2

Q
X CHECK YOUR PROGRESS 14.1

1.  Find the equation of the line passing through (-3, —4) and
(@) parallel to x-axis. (b) parallel to y-axis.
2.  Findthe equation of a line passing through (5, —3) and perpendicularto  x-axis.

3. Find the equation of the line passing through (-3, —7) and perpendicular to y-axis.

14.2 DERIVATION OF THE EQUATION OF STRAIGHT LINE IN VARIOUS

STANDARD FORMS

So far we have studied about the inclination, slope of a line and the lines parallel to the axes.
Now the questions is, can we find a relationship between x and y, where (X, y) isany arbitrary
point onthe line?

The relationship between x and y which is satisfied by the co-ordinates of arbitrary point on the
line is called the equation of a straight line. The equation of the line can be found in various forms
under the given conditions, such as

(@ Whenwe are given the slope of the line and its intercept on y-axis.

(b)  Whenwe are given the slope of the line and it passes through a given point.
(c) Whenthe line passes through two given points.

(d) Whenwe are given the intercepts on the axes by the line.

(e) When we are given the length of perpendicular from origin on the line and the angle which
the perpendicualr makes with the positive direction of x-axis.

We will discuss all the above cases one by one and try to find the equation of line in its
standard forms.

(A) SLOPE-INTECEPT FORM

Let AB be a straight line making an angle 6 with x-axis and cutting off an intercept OD =
c fromOY.

As the line makes intercept OD = ¢ ony-axis, it is called y-intercept.
Let AB intersect OX'at T.

Take any point P(x, y) on AB. Draw PM L OX.
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The OM=x, MP =Y.

Draw DN L MP.
From the right-angled triangle DNP, we have Y PxB
A
_ NP MP- MN D N
tan 0 = DN OM TGI
B y—OD c Y
om ) ’ L
= - -
) y-c X' A/.T (0] (__l\)/l X
X Fig.14.1 vy
y=xtan0+c

tan 6 =m (slope)
y=mx+c

Since, this equation is true for every point on AB, and clearly for no other point in the plane,
hence it represents the equation of the line AB.

Note : (1) Whenc =0and m » 0 = the line passes through the origin and its
equation isy = mx

(2) When c=0and m =0 = the line coincides with x — axis and its equation is of the
formy=o0

(3) Whenc » 0and m =0 = the line is parallel to x-axis and its equation is of the form
y=¢C

=ETlo) CHEWA Find the equation of a line with slope 4 and y-intercept 0.
Solution : Putting m =4 and ¢ = 0 in the slope intercept form of the equation, we gety =4 x

This is the desired equation of the line.
Y

S E RIS Determine the slope and A

the y-intercept of the line whose equation is
8x + 3y = 5.
Solution : The given equation of the line is

B

>\‘\1200

320

o)
8 5 X': > X
= == - X+
8x+3y=5 or vy 3 3 T
Comparing this equation with the equation 2
y =mx + c (Slope intercept form) we get l
Fig.14.2 \
m=_ Sandc=2 YYONA
3 3
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8 5
Therefore, slope of the line is — 3 and its y-intercept s 3

SEnlo] CMYRE Find the equation of the line cutting off an intercept of length 2 from the
negative direction of the axis of y and making anangle of 120° with the positive direction x-axis

Solution : From the slope intercept form of the line .. y = x tan 120° + (-2)
=-y3x-206y+J3x+2=0

Here m =tan 120°, and ¢ =2, because the intercept is cut on the negative side of y -axis.
(b) POINT-SLOPE FORM

Here we will find the equation of a line passing A
through a given point A(x,, y,) and having the
slope m.
Let P(x, y) be any point other than A on given the
X, Y1
line. Slope (tan@) of the line joining A by)
A(x,, y,) and P (x, y) is given by o
m=tan g = Y=
=tang =y X,
Fig.14.
The slope of the line AP is given to be m. v '9-14.3
_ Y-V
M= x- X,

The equation of the required line is, y—y, =m (x—Xx,)

Note : Since, the slope m is undefined for lines parallel to y-axis, the point-slope
form of the equation will not give the equation of a line though A (x_, y,) parallel
to y-axis. However, this presents no difficulty, since for any such line the abscissa
of any point on the line is x,. Therefore, the equation of such a line is x = x..

SElo] CHERE Determine the equation of the line passing through the point (2,— 1) and

2
having slope 3

2
Solution : Puttingx, =2,y =-=landm= 3 in the equation of the point-slope form of the

2
lineweget,y—(-1) = 3 (x=2)

MATHEMATICS

MODULE-IV
Co-ordinate
Geometry

Notes

321



MODULE-IV
Co-ordinate
Geometry

Notes

322

Straight lines

=y —3(x—):> y=3X-3

which is the required equation of the line.
(c) TWO POINT FORM
Let A(x,, y,) and B(x,, y,) be two given distinct points.

Slope of the line passing through these points is given by

Yo Y
m = —Xz “x, (X, #x)

From the equation of line in point slope form, we get

Yo=Y
y—y =—F—(x-X)
' X; =X
which is the required equation of the line in two-point form.
S¢Tlo) CHENGN Find the equation of the line passing through (3, - 7) and (- 2,-5).
Solution : The equation of a line passing through two points (x,, y,) and (x,, y,) is given by

Yo=Y .
y_y]_: Xz_Xl (X_X]_) (I)

Since x, =3,y,=-7andx,=-2,and y, = -5, equation (i) becomes,

-5+7
y+7="5_3 (x-9)

2
o, y +7:__5(x—3)or, 2X+5y+29=0

(d) INTERCEPT FORM

We want to find the equation of a line which B (0.,b)
cuts off given intercepts on both the

co-ordinate axes.

Let PQ be a line meeting x-axis in Aand

o
© <—D'—>./
<

y-axisin B. Let OA = a, OB =h. P A (a,0) -~
o «—a— ’ X
Then the co-ordinates of Aand B are (a,0) X 0
and (0, b,) respectively.
The equation of the line joining Aand B is AV Fig.14.4
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b-0 b
y-0 =73_4 k-aor, vy ——g(X—a)
X
or, J =-_—+1or, —+X:1

This is the required equation of the line having intercepts a and b on the axes.

=eTglo) [CHEWA Find the equation of a line which cuts off intercepts 5 and —3 on x and y axes
respectively.

Solution : The intercepts are 5 and —3 on x and y axes respectively. i.e.,a=5,b=-3
The required equation of the line is

X Yy
+2-=1 —By-15=
573 ,3X=-5y-15=0

Sl CHERE Find the equation of a line which passes through the point (3, 4) and makes
intercepts on the axes equl in magnitude but opposite in sign.

Solution : Let the x-intercept and y-intercept be a and —a respectively

X
The equation of the line is, E+__);:l’ X-y=a ... (i)

Since (i) passes through (3, 4)
3-4=ao0r a=-1
Thus, the required equation of the line is
X-y=-1lorx-y+1=0
Determine the equation of the line through the point (- 1,1) and parallel to
X - axis.

Solution : Since the line is parallel to x-axis, so its slope ia zero. Therefore from the point slope
form of the equation, we get,y—1=0[x-(-1)],y-1=0

which is the required equation of the given line

SElo) CHENIN Find the intercepts made by the line
3x =2y + 12 =0 on the coordinate axes

Solution : Equation of the given line is, 3x — 2y =—12.

X
Dividing by — 12, we get, " +% =1

Comparing it with the standard equation of the line in intercept form, we finda=—4and b=

MATHEMATICS

MODULE-IV
Co-ordinate
Geometry

Notes

323



MODULE-IV
Co-ordinate
Geometry

Notes

324

Straight lines

6. Hence the intercepts on the x-axis and y-axis repectively are —4. and 6.

=elno] HENMER The segment of a line, intercepted between the coordinate axes is bisected

at the point (x,, y,). Find the equation of the line

Solution : Let P(x,, y,) be the middle point of the
segment CD of the line AB intercepted between the

axes. Draw PM 1 OX
OM=x and MP =y,
OC=2x and OD =2y,

Now, from the intercept form ofthe line

R
2x, T2y,

y
+ =2

=1or
or, Y,

X
X

which is the required equation of the line.
(e) PERPENDICULAR FORM (NORMAL FORM)

We now derive the equation of a line when p be the length of perpendicular from the origin on
the line and «, the angle which this perpendicular makes with the positive direction of
x-a i xis are given.

A Y‘V
A B
p
b P p
X'< A >
0 / a / (0] X
P(X,Y,) 180° -«
P o . 4 (ii)
X" O a B \ 'X Y
\ (1)
Fig. 14.6

()

Let A B be the given line cutting off intercepts a and b on x—axis and y —axis respectively.
Let OP be perpendicular fromoriginO on AB and £ POB = ¢ (See Fig. 14.6 (i)

b sing = b=pcoseca

Y
a = cosa = a=pseca and,

The equation of line AB is
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X+ y =1

pseCa P COSeca

or, XCOSq +ysSing =p
(i) g =c0s (180° - a ) =—co0s « [FromFig. 14.6 (ii)]

= a=-Ppsec o

similary, b =p cosec «

X
The equation of the line AB is a + % =lorxcos g +ysinag =p

Note : 1. p is the length of perpendicular from the origin on the line and is always
taken to be positive.

2. ¢ is the angle between positive direction of x-axis and the line perpendicular
from the origin to the given line.

=YC 111 o] CHEMPN Determine the equation of the line with o = 135° and perpendicular distance
p= .2 fromthe origin.

Solution : Fromthe standard equation of the line in normal form have

X cos 135° +ysin 135° = /2

X

y
+—==4/2 x4+y_2=
or, Lt o, —X+y-2=0

or, Xx-y+2=0,whichisthe required equation of the straight line.

=ETle) M%) Find the equation of the line whose perpendicular distance from the origin is
6 units and the perpendicular from the origin to line makes an angle of 30° with the positive
direction of x-axis.

Solution : Here ¢ =30°, p=6 .. Theequation ofthe line is, x cos 30° +ysin 30° =6

V3). (1
or, X[7 +V(EJ:6or, V3x+y=12

Q
WX CHECK YOUR PROGRESS 14.2

1.  (a) Find the equation of a line with slope 2 and y — intercept equal to —2.

(b) Determine the slope and the intercepts made by the line on the axes whose equation
is4x + 3y = 6.
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1
2. Find the equation of the line cutting off an interecept ﬁ on negative direction of axis of

y and inclined at 120° to the positive direction of x-axis.
3. Find the slope and y-intercept of the line whose equation is 3x — 6y = 12.

4.  Determine the equation of the line passing through the point (-7, 4) and having the slope
3

-
5. Determine the equation of the line passing through the point (1, 2) which makes equal
angles with the two axes.

6.  Find the equation of the line passing through (2, 3) and parallel to the line joining the
points (2,-2) and (6, 4).

7. (a) Determine the equation of the line through (3, —4) and (-4, 3).

(b) Find the equation of the diagonals of the rectangle ABCD whose vertices are
A(3,2),B (11, 8),C(8,12)and D (0, 6).

8.  Findthe equation of the medians of a triangle whose vertices are (2, 0), (0, 2) and (4, 6).

9.  Find the equation of the line which cuts off intercepts of length 3 units and 2 units on
x-axis and y-axis respectively.

10. Find the equation of a line such that the segment between the coordinate axes has its mid
point at the point (1, 3)

11.  Find the equation of a line which passes through the point (3, —2) and cuts off positive
intercepts on x and y axes in the ratio of4 : 3.

12. Determine the equation of the line whose perpendicular fromthe origin is of length 2 units
and makes an angle of 45° with the positive direction of x-axis.

13. Ifpisthe length of the perpendicular segment from the origin, on the line whose intercept

1 1 1
on the axes are a and b, then show that, F = ? + b_z -

14.3 GENERAL EQUATION OF FIRST DEGREE

You know that a linear equation in two variables x and y is givenbyAx+ By +C=0...(1)
In order to understand its graphical representation, we need to take the following thres cases.
Case-1: (When both Aand B are equal to zero)

In this case C is automaticaly zero and the equation does not exist.

Case-2: (WhenA=0and B « 0)

In this case the equation (1) becomes By + C=0.
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C
ory= ) and is satisfied by all points lying on a line which is parallel to x-axis and the

C s
y-coordinate of every point on the line is B Hence this is the equation of a straight line. The

case where B=0and A » 0can be treated similarly.
Case-3: (WhenA  Oand B - 0)

A C
We can solve the equation (1) for y and obtain., Y = B X )
. S : A ) C
Clearly, this represents a straight line with slope — B and y —intercept equal to B
14.3.1 CONVERSION OF GENERAL EQUATION OF A LINE INTO VARIOUS
FORMS

If we are given the general equation of a line, in the form Ax + By + C = 0, we will see how this
can be converted into various forms studied before.

14.3.2 CONVERSION INTO SLOPE-INTERCEPT FORM
We are given a first degree equation inxandyasAx+ By+ C=0
Avre you able to find slope and y-intercept ?

Yes, indeed, if we are able to put the general equation in slope-intercept form. For this purpose,
let us re-arrange the given equation as.

Ax+By+C=0as,By=-—Ax-C

A C i
or y= _EX_E (Provided B » 0)

A C
which is the required form. Hence, the slope = Yy y —intercept = B

SENlo] CMENEN Reduce the equation x + 7y — 4 = 0 to the slope — intercept form.

Here find its slope and y intercept.

Solution : The given equationis, x + 7y -4 =0

1 4
or T7y=-x+4or y=—7X+7

Here slope = 774 andy interecept = 4
7 7

14.3.3 CONVERSION INTO INTERCEPT FORM

Suppose the given first degree equationinxandyis  Ax+ By + C=0. ()

MATHEMATICS

MODULE-IV
Co-ordinate
Geometry

Notes

327



MODULE-IV
Co-ordinate
Geometry

Notes

328

Straight lines

Ax By
In order to convert (i) in intercept form, we re arrange it as Ax + By =-C or _C + _Cc =1

X y
+———=1
or _E _E (Provided A + Oand B »« 0)
x) g

. . —C
which is the requied converted form. It may be noted that intercept on x — axis = N and

-C
intercept ony —axis = B

= Elo) CHENEN Reduce 3x + 5y = 7 into the intercept formand find its intercepts on the
axes.

Solution : The given equationis, 3x + 5y =7

X
3 5 =
o, —X+=y=1or, 7

7 7 3

7
The x— intercept = 3 and, y —intercept = —

14.3.4 CONVERSION INTO PERPENDICULAR FORM
Let the general first degree equationinxandy be, Ax+By+C =0 ...(i)

We will convert this general equation in perpendicular form. For this purpose let us re-write the
given equation (i) asAx+By=-C

Multiplying both sides of the above equation by A, we have
AAX + ABy = - AC .. (i)
Let us choose A such that (AA)?+ (AB)?=1

1
or A= (A + B?) (Taking positive sign)

Substituting this value of A in (ii), we have

A . By _C
\/(Az + B?) \/(Az + B?) - \/(AZ +B?) .. (1)

This is required conversion of (i) in perpendicular form. Two cases arise according as C is
negative or positive.
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()] If C <0, the equation (ii) is the required form.
(in) If C >0, the R. H. S. of the equation of (iii) is negative.
We shall multiply both sides of the equation of (iii) by —1.

AX By 3 C
The required formwill be_\/(Az + B?) _\/(Az + B?) _\/(Az + B?)

IC
Thus, length of perpendicular from the origin = f( AZ 4+ B?)

Inclination of the perpendicular with the positwe direction of x-ax is

A

is given by cos 6 = F raTy

B
or sinf= 1@

where the upper sign is taken for C > 0 and the lower sign for C <0. If C=0, the line
passes through the origin and there is no perpendicular from the origin on the line.
With the help of the above three cases, we are able to say that

"The general equation of first degree in x and y always represents a straight
line provided A and B are not both zero simultaneously."

Is the converse of the above statement true? The converse of the above statement is that
every straight line can be expressed as a general equation of first degree in x and y.

In this lesson we have studied about the various forms of equation of straight line. For example,

X . .
let us take some of themasy = mx + c, a + % =l1andxcosa +ysino =p. Obviously, all

are linear equations in x and y. We can re-arrange themasy—-mx—-c =0,bx +ay—-ab=0
and x cos a. + y sin a.— p = 0 respectively. Clearly, these equations are nothing but a different
arrangement of general equation of first degree in x and y. Thus, we have established that

""Every straight line can be expressed as a general equation of first degree in x
and y".

=elnl] NENIR Reduce the equation x + /3 y + 7 = 0 into perpendicular form.

Solution : The equation of given line is x + \@y +7=0 .. (1)
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Comparing (i) with general equation of straight line, we have, A=1andB= ,/3

JA?1B? =2
37

Dividing equation (i) by 2, we have, % + > y + ry =0

1 NEA 4 47
or (—EJXJ{—?JY—E:OM xcos?ﬂ+ysin?ﬂ =3

(cos 6 and sin 6 being both negative in the third quadrant, value of © will lie inthe third quadrant).
This is the representation of the given line in perpendicular form.

SEMI N NVAFind the perpendicular distance from the origin on the line
JJ3 X=y+2=0.Also, find the inclination of the perpendicular from the origin.

Solution : The given equationis /3 x—y+2=0

Dividing both sides by ./(+/3)? + (-1)? or 2, we have
V3.1 V31

—X—-—Yy+1=0o0r, —x--y=-1
2“7 oh T x=3Y

1
Multiplying both sides by —1, we have, —% X + 2 y=1

or Y1 ) . L .
or, XCO0S s +ysin 5 - 1 (cos 6 is —ve in second quadrant and sin 0 is +ve in second

quadrant, so value of 0 lies in the second quadrant).

Thus, inclination of the perpendicular from the origin is 150° and its length is equal to 1.

=T o] HENER Find the equation of a line which passess through the point (3,1) and bisects
the portion of the line 3x + 4y = 12 intercepted between coordinate axes.

Solution : First we find the intercepts on coordinate axes cut off by the line whose equation is

3x 4y X 'y
= —+-—==1 —+==1
3x+4y =12 or TRET, or 173

Hence, intercepts on x-axis and y-axis are 4 and 3 respectively.

Thus, the coordinates of the points where the line meets the coordinate axes are A (4, 0) and B
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. . . 3).
Mid —point of AB is '(Z’EJ is

Hence the equation of the line through (3,1) and

3.

3
isand (Z’EJ is,y—1= 5—_3(x—3)

1
_1=-=(x-3
o Y 2( )

or 2(y-1)+((x-3)=0

or 2y-2+x-3=0,or x+2y-5=0

el CHENENProve that the line through (8, 7) and (6, 9) cuts off equal intercepts on
coordinate axes.

Solution : The equation of the line passing through (8, 7) and (6, 9) is, ¥ = / = = —g (X =8)

or y-7=-—(x-8),or x+y=15

X_ ¥

—+=—=1
o 15715

Hence, intercepts on both axes are 15 each.

SETlo) MR Find the ratio in which the line joining (-5, 1) and (1, —3) divides the join of
(3,4)and (7, 8).

Solution : The equation of the line joining C (-5, 1) and D (1, -3) is

-3-1
—1=
y 1+5

(X+5) or

4
—1=——(X+5
y 6( )
or 3y-3=-2x-10,or 2x+3y+7=0
.. (i)
Let line (i) divide the join of A (3,4) and B (7, 8) at the
point P.

If the required ratio is A : 1 in which line (i) divides the
joinof A (3,4) and B (7, 8), then the coordinates of P
are
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TA+3 81+4
A+1 " A+1

Since P lies on the line (i), we have

5 TA+3 L3 81 +4 720
A+1 A+1

5
= lrA+6+240+12+70+7=0,= 45X+25=0:>X:—§

Hence, the line joining (-5, 1) and (1, —3) divides the join of (3, 4) and (7, 8) externally in the
ratio5:9.

Q
\ & @ CHECK YOUR PROGRESS 14.3

1. Under what condition, the general equation Ax + By + C = 0 of first degree in xand y
represents a line?

2. Reduce the equation 2x + 5y + 3 = 0 to the slope intercept form.
3. Find the xandy intercepts for the following lines :
@y=mx+c (b)3y=3x+8(c)3x-2y+12=0

4.  Find the length of the line segment AB intercepted by the straight line 3x—2y +12=0
between the two axes.

5. Reduce the equation x cos ¢ +Yysin ¢ = p to the intercept form of the equation and
also find the intercepts on the axes.

6.  Reduce the following equations into normal form.
(@) 3x—-4y+10=0 (b) 3x—-4y=0

7. Which of the lines 2x—y+ 3 =0and x—4y -7 = 0 is nearer from the origin?

14.4 DISTANCE OF A GIVEN POINT FROM A GIVEN LINE

In this section, we shall discuss the concept of finding the distance of a given point fromagiven
line or lines.

Let P(x,, y,) be the given point and I be the line Ax + By + C=0.
Let the line | intersect x axis and y axis R and Q respectively.
Draw PM Ll and let PM = d.

Let the coordinates of M be (x,, y,)

a= J{(x ) + (5w )7) )
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Mliesonl, .. Ax,+By,+C=0 or C=-(Ax,+By,) ..(iN)

. C C .
The coordinates of R and Qare | =~ 0] and| O, —g | respectively.

C
0+E_ A
TheslopeofQR="C 0__E and,
A
Y= %

2

the slope of PM = »

yz—ylx(_é}_ll =Y, _B
As PM1LQR= X, — X B or X, —x, A ..(1i)
AY
P(x.Y,)
Fig.14.9
"y' 0]
2
From(iii)Xl—Xz_Yryz_\/{(xi_XZ)Jr(m_yZ)} (v)
= = (v
A B J(A2+B?)
(Using properties of Ratio and Proportion)
plso %% e L) BU4-Y:) V)

A B A’ +B?

From (iv) and (v), we get
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\/{(Xl_xz)z(yl‘yz)z} _AG=%)+B(Y—Ys)

J(A Y A+B
o d L Ax +By - (Ax, + By, [Using (i)]
JA B AT B
Ax +By, +C
N (~+ ) [Using (ii)]

Since the distance is always positive, we can write

Ax +By, +C

d= (A2+8?)

Note : The perpendicular distance of the origin (0, 0) from Ax + By + C =0 is
A(0)+B(0)+C _ C

JA o) (w8

=)ol HWEN Find the points on the x-axis whose perpendicular distance from the straight

.o Xy .
line —+==1isa.
a b

Solution : Let (x,, 0) be any point on x-axis.
Equation of the given line is bx + ay —ab = 0. The perpendicular distance of the point (x,, 0)

a_erx1+a.0—ab a
fromthe given lineis, = (a2+bz) Xizg{bir (a2+b2)}

Thus, the point on x-axis is % = (%bi J@+ bz),OJ
Q
\ & @ CHECK YOUR PROGRESS 14.4

1.  Find the perpendicular distance of the point (2, 3) from3x + 2y +4 =0.

2. Find the points on the axis of y whose perpendicular distance from the straight line

MATHEMATICS



Straight lines

Xy .
_+_—
b—lISb.

3. Findthe points on the axis of y whose perpendicular distance from the straight line 4x +
3y=12is 4.

4.  Find the perpendicular distance of the originfrom 3x + 7y + 14 =0

14.6 EQUATION OF PARALLEL (OR PERPENDICULAR) LINES

Till now, we have developed methods to find out whether the given lines are prallel or
perpendicular. In this section, we shall try to find, the equation of a line which is parallel or
perpendicular to a given line.

14.6.1 EQUATION OFASTRAIGHT LINE PARALLELTO THE GIVEN LINE

Ax+By+c=0
Let Ax+By+C =0 (1)
be any line parallel to the given line, Ax + By + C=0
The condition for parallelism of (i) and (i) is (i)
A_E

=g =K W)= A=AK,B =BK,

with these values of A, and B, (i) gives

C
AKX+BK y+C,=0or Ax+By+ . =0

1

C
or  AXx+By+K=0, where K= 1 ... (iii)

1
This is a line parallel to the given line. From equations (ii) and (iii) we observe that
(1) coefficients of x and y are same

(if) constants are different, and are to evaluated from given conditions.

Find equation of the straight line, which passes through the point (1, 2) and

which is parallel to the straight line 2x + 3y + 6 = 0.

Solution : Equation of any straight line parallel to the given equation can be written if we put
(1) the coefficients of x and y as same as in the given equation.

(i) constant to be different fromthe given equation, which is to be evaluated under given
condition.
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Thus, the required equation of the line will be, 2x + 3y + K = 0 for some constant K
Since it passes through the point (1, 2) hence,2x1+3x2+K=0
or K=-8

Required equation of the line is 2x + 3y = 8.

14.7 STRAIGHT LINE PERPENDICULAR TO THE GIVEN LINE

Ax+By+C=0
Let A x+By+C =0 ... (1), be any line perpendicular to the given line
Ax+By+C=0
Condition for perpendicularity of lines (i) and (ii) is .. (i)
_ A__B _
AA+BB, =0 = o= 7K (say)

= A =BK and B, =-AK,

C
With these values of A and B, (i) gives, Bx—Ay + ?1 =0=¢

1
Cl
or  Bx-Ay+K=0where K=1" ... (iii)
1
Hence, the line (iii) is perpendicular to the given line (ii)

We observe that in order to get a line perpendicular to the given line we have to follow the
following procedure : (i) Interchange the coefficients of xandy

(i) Change the sign of one of them.

(iif) Change the Constant term to a new constant K (say), and evaluate it from given
condition.

Sl CHEEN Find the equation of the line which passes through the point (1, 2) and is
perpendicular to the line 2x + 3y + 6 = 0.

Solution : Following the procedure given above, we get the equation of line perpendicular to
the given equationas 3x -2y + K=0 (1)

(i) passes through the point (1, 2), hence
3x1-2%x2+K=00orK=1
Required equation of the straight line is 3x—2y + 1 =0.

el WYE Find the equation of the line which passes through the point
(x,, y,) and is perpendicular to the straight line y y, = 2a (x + x,).

MATHEMATICS



Straight lines

Solution : The given straight line is yy, — 2ax —2ax, =0 (1)
Any straight line perpendicular to (i) is 2ay +xy, + C=0

This passes through the point (x,, y,) .. 2ay,+x,y,+C=0
= C=-2ay,-Xxy,

Required equation of the spraight line is, 2a (y-y,) +vy, (x—x,) =0

Q
WX CHECK YOUR PROGRESS 14.5

1. Findthe equation of the straight line which passes through the point (0, —2) and is parallel
to the straight line 3x +y =2.

2. Findthe equation of the straight line which passes through the point (-1, 0) and is parallel
to the straight liney =2x + 3.

3. Find the equation of the straight line which passes through the point (0, —=3) and is
perpendicular to the straight line x+y+ 1 =0.

4.  Find the equation of the line which passes through the point (0, 0) and is perpendicular to
the straight line x + y=3.

5. Find the equation of the straight line which passes through the point (2, —=3) and is
perpendicular to the given straight line 2a (x + 2) + 3y =0.

6.  Find the equation of the line which has x - intercept —8 and is perpendicular to the line
3X+4y-17=0.

7. Find the equation of the line whose y-intercept is 2 and is parallel to the line
2x-3y+7=0.

8.  Prove that the equation of a straight line passing throngh (a cos® 6, a sin® 6) and
perpendicular to the sine x sec 6 + y cosec © = a is x cos 6 —y sin 6 = a cos 26.

14.8 EQUATION OF FAMILY OF LINES PASSING THROUGH

THE POINT OF INTERSECTION OF TWO LINES :
Let |, :ax+by+c =0 ..(1)
and 1, :a,x+b,y+c, =0, be two intersecting lines.

Let P(h, k) be the point of intersection of I, and I, then

ah+bk+c, = 0 ...(iii)

and a,h+bk+c, =0 ..(1v)
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Now consider the equation

(yx+by+c)+Ar(ax+b,y+c,) =0 ..(V)

Fig.14.10

It is a first degree equation in x and y. So it will represent different lines for different
values of A. If we replace x by h and y by k we get

(yh+bk+c)+Ar(a,h+bk+c,)=0 ..(vi)
using (iit) and (iv) in (vi) we get
0 + 0= 0i.e. 0= 0 which is true.

So equation (V) represents a family of lines passing throught the point (h, k) i.e. the point
of intersection of the given lines |, and L,

o Apparticular member of the family is obtained by giving a particular value to A. This
value of A can be obtained from other given conditions.

S'Elo] CMEWIN Find the equation of the line passing through the point of intersection of
the linesx +y + 1 =0and 2x —y + 7 = 0 and containing the point (1, 2).

Solution : Equation of family of lines passing through the intersection of given lines is (x +
y+1)+A2(2x-y+7)=0

This line will contain the point (1, 2) if
1+2+1)+2(2x1-1%x2+7)=0

4
ie. 4+7k:0:>k:—7.

4
Therefore the equation of required line is, (X+y+1) —7(2X— y+7) =0

ie. 7T(x+y+1)—-4(2x-y+7) = 0ie. —x + 11y - 21 =0

or x—-11ly+21 =0

MATHEMATICS
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SENlo] FMIN Find the equation of the line passing through the intersection of lines
3Xx+y—-9=0and 4x + 3y — 7 = 0 and parallel to y-axis.

Solution : Equation of family of lines passing through the intersection of given lines is
Bx+y—-9)+A(4x+3y—7) =0, i.e. B+4N)x+1L+30)y—(9+71) =0 ...()
We know that if a line is parallel to y-axis then co-efficient of y in its equation must be zero.

L 1+30=0=x1=-1/3

1 -1
Hence, equation of the required line is, {3+ 4[—§j}x+0y—{9+ 7[?]} =0

ie. XxX=4

C
L' § CHECK YOUR PROGRESS 14.6

1. Find the equation of the line passing through the intersection of the lines x + y =5 and
2x —y — 7 = 0 and parallel to x-axis.

2. Find the equation of the line passing though the intersection of the lines x + y + 1 =0 and
X —y—1=0and containing the point (-3, 1)

A5
‘g&?//’ LET US SUM UP

e Theequation ofa line parallel to y-axis is x = a and parallel to x-axis isy = b.

e The equation of the line which cuts off intercept ¢ on y-axis and having slope m is

y=mx+c
e  The equation of the line passing through A(x,, y,) and having the slope m is
y-y,=m(x-x)
e  The equation of the line passing through two points A(x, y,) and B(x,, Yy,) is
yz B y1

y_y]__ XZ_Xl (X_X]_)

e  Theequation ofthe line which cuts off intercepts a and b on x —axis and y —axis respectively
Xy

is—+—=1
ISa b

e  Theequation of the line in normal or perpendicular formisx cos o +ysin ¢ =p

where p is the length of perpendicular from the origin to the line and « isthe angle which
this perpendicular makes with the positive direction of the x-axis.
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Straight lines

The general equation of first degree in x and y always represents a straight line provided
A and B are not both zero simultaneously.

From general equation Ax + By + C = 0 we can evaluate the following :

A C C
(1) Slope of the line = ) (i) x-intercept = A (i) y-intercept = )

(iv) Length of perpendicular from the origin to the line = ﬁ

(v) Inclination of the perpendicular from the origin is given by
FA _ FB

Cos o = (A2 + B?) ; sin g = m

where the upper sign is taken for C > 0 and the lower sign for C < 0; but if C =0 then
either only the upper sign or only the lower sign are taken.

_ _ _ o _ |Ax1+By1+C|
Distance of a given point (x,, y,) fromagiven line Ax + By+C—0|sd—‘ \/(AZ BY) ‘

Equation of a line parallel to the line Ax + By + C=0isAx+ By + k=0
Equation of a line perpendicular to the line Ax + By + C=0isBx—-Ay + k=0

Equation of a line passing through the point of intersection of the lines a,x + by +¢, =0

and a,x+b,y+c, =0is (ax+hy+c)+k (ax+b,y+c,)=0

e SUPPORTIVE WEB SITES

http://en.wikipedia.org/wiki/Straight_lines
http://mathworld.wolfram.com/Straight_lines

Sl TERMINAL EXERCISE

1.

Find the equation of the straight line whose y-intercept is—3 and which is:
(a) parallel to the line joining the points (-2,3) and (4, -5).

(b) perpendicular to the line joining the points (0, -5) and (-1, 3).

Find the equation of the line passing through the point (4, -5) and

(a) parallel to the line joining the points (3, 7) and (-2, 4).

(b) perpendicular to the line joining the points (-1, 2) and (4, 6).

Show that the points (a, 0), (0, b) and (3a, — 2b) are collinear. Also find the equation of
the line containing them.
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4.

10.

11.
12.
13.

14.

15.

16.

17.

18.

19.

20.

A(1,4),B(2,-3)and C (-1, -2) are the vertices of triangle ABC. Find
(@) the equation of the median through A.

(b) the equation of the altitude througle A.

(c) the right bisector of the side BC.

T

Astraight line is drawn through point A (2, 1) making an angle of 5

with the positive
direction of x-axis. Find the equation of the line.

A straight line passes through the point (2, 3) and is parallel to the line 2x + 3y + 7 =0.
Find its equation.

Find the equation of the line having a and b as x-intercept and y-intercepts respectively.
Find the angle between the linesy = (2- ,/3) x+5andy = (2 + /3) x—d.

Find the angle between the lines 2x + 3y=4and 3x -2y =7

Find the length of the per pendicular drawn from the point (3, 4) on the straight line
12 (x +6) =5 (y-2).

Find the length of the perpendicula from (0, 1) on3x+4y +5=0.
Find the distance between the lines 2x + 3y =4 and 4x + 6y = 20

Find the length of the perpendicular drawn from the point (-3, — 4) on the line
4x -3y =1T.

Show that the product of the perpendiculars drawn from the points on the straight line
X

Xcoso+Y sin®=11isb?

a b

Prove that the equation of the straight line which passes through the point (acos®*6, b

sin® 0) and is perpendicular to x sec +y cosec 6 = a is x cos6 - y cosec 6 = a cos 20

Find the equation of a straight line passing through the point of intersection of the lines
3x+y—-9=0 and 4x+4y—-7=0 and perpendicular to the line 5x—-4y+1=0.
Find the equation of a straight line passing thought the point of intersection of the lines
2x+3y—2=0 and x—-2y+1=0 and having x-intercept equal to 3.

Find the equation of a line through the point of intersection of the lines 3x + 4y -7 =0
and x—y+2=0 and with slope 5.

Find the equation of a line through the point of intersection of the lines 5x —3y =1and
2x+ 3y = 23 and perpendicular to the line 5x-3y-1=0.

Find the equation of a line through the intersection of the lines 3x—4y+1=0 and
5x + y—1=0 which cut off equal intercepts on the axes.
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MODULE-IV A

Co-ordinate LYJ ANSWERS

Geometry
CHECK YOUR PROGRESS 14.1
1. @ y=-4 (b) X=-3

Notes | 2. Xx=5
3. y+7=0
CHECK YOUR PROGRESS 14.2
1. @ y=2x-2 (b) Slope = _? y—intercept =2
2. \/§y =-3x-1
1

3. Slope = > y-intercept = -2
4, X+7y=17
5. y=x+1,x+y-3=0
6. 3x-2y=0
7. (3 x+y=-1 (b) Equation of the diagonal AC =2x-y—-4=0

Equation of the diagonal BD = 2x—-11y + 66 =0

8. X-2=0,x-3y+6=9and5x-3y-2=0
0. 2x+3y=6

10. 3X+y==6

11. 3x+4y=1

12. X+y=2/2

CHECK YOUR PROGRESS 14.3

1.  Aand B are not both simltaneously zero

2 y= =2 X— 3
' 5 5
. -C .
3. (a X —intercept = m ; y-intercept=c
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- 8
(b) x-intercept = 3 ; y-intercept = 3
() x-intercept =—4; y-intercept = 6
4. 2./13 units
5 X + X =1
' pseca pcoseca
6 = X+ 4 2=0 b
L@ gx+gy-2= (b)

7. Thefirst line is nearer fromthe origin.

CHECK YOURPROGRESS 14.4
1 d= ek
' T V13
2 FO,%(aiJaz +b2)k
32&
0,_
: o %
A 14
58
CHECK YOUR PROGRESS 14.5
1. 3X+y+2=0
2. y=2x+2
3. X-y=3
4, y =X
5. 3x—-2ay=6(a-1)
6. 4x-3y+32=0
7. 2x—-3y+6=0
CHECK YOUR PROGRESS 14.6
1. y=1
2. 2x+3y+3=0

5

4

5

y=0
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MODULE-IV | TERMINAL EXERCISE

Co-ordinate
Geometry 1. (a) 4x + 3y +9=0 (b) X—= 8y -24=0
2. (3a) 3x-5-37=0 (b 5x-8y-60=0
4. (a) 13x-y-9=0 (b X-y+1=0
Notes (©) X-y-4=0
5. x- 3y =2- 3 6.  2x+3y+13=0
T
7. bx + ay = ab 8. o
9 z T
' 2 ' 13
1 ) 12 &
' 5 © 13
7
13. 5 16. 32x+40y-41=0
17. X+5y-3=0 18. 35x-7y+18=0
19. 63x +105y —-781=0 20. 23x+23y-11=0
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Notice the path in which the tip of the hand of a watch moves. (see Fig. 15.1)

Fig.15.2

Fig.15.1

Again, notice the curve traced out when a nail is fixed at a point and a thread of certain length
is tied to it in such a way that it can rotate about it, and on the other end of the thread a pencil
is tied. Then move the pencil around the fixed nail keeping the thread in a stretched position
(See Fig 15.2)

Certainly, the curves traced out in the above examples are of the same shape and this type of
curve is known as a circle.

The distance between the tip of the pencil and the point, where the nail is fixed is known as the
radius of the circle.

We shall discuss about the curve traced out in the above examples in more details.

©
& OBJECTIVES

After studying this lesson, you will be able to :

° derive and find the equation of a circle with a given centre and radius;

e state the conditions under which the general equation of second degree in two variables
represents acircle;

e derive and find the centre and radius of a circle whose equation is given in general form;
e find the equation of a circle passing through :
(1) three non-collinear points (ii) two given points and touching any of the axes;
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EXPECTED BACKGROUND KNOWLEDGE

° Terms and concepts connected with circle.
. Distance between two points with given coordinates.

° Equation of a straight line in different forms.

15.1 DEFINITION OF THE CIRCLE

A circle isthe locus of a point which moves ina plane in such a way that its distance from a fixed
point in the same plane remains constant. The fixed point is called the centre of the circle and the
constant distance is called the radius of the circle.

15.2 EQUATION OF A CIRCLE
Can we find a mathematical expression for a given circle?
Let us try to find the equation of a circle under various given conditions.
15.2.1 WHEN COORDINATES OF THE CENTRE AND RADIUS ARE GIVEN

Let C be the centre and a be they radius of the circle. Coordinates of the centre are given to be
(h, k), say.

Take any point P(x, y) on the circle and draw

Y 4
perpendiculars CM and PN on OX. Again, draw
CL perpendicular to PN. P(x,y)
We have
L

CL=MN=0ON-OM =x-h
and PL=PN-LN=PN-CM =y-k
In the right angled triangle CLP, CL?+ PL?=CP?
= (x=h)?+(y-k)*=a’

(x=h)*+(y—k) ..(1) o >

M N X

This is the required equation of the circle under given Fig.15.3

conditions. This form of the circle is known as
standard form of the circle.

Conversely, if (x, y) is any point in the plane satisfying (1), then it is at a distance ‘a’ from (h, k).
Soitisonthe circle.

What happens when the

(1) circle passes through the origin?

MATHEMATICS



Circles

(i) circle does not pass through origin and the centre lies on the x-axis?
(iii) circle passes through origin and the x-axis is a diameter?
(iv) centre of the circle is origin?
(v) circle touches the x-axis?
(vi) circle touches the y-axis?
(vii) circle touches both the axes?
We shall try to find the answer of the above questions one by one.

0] Inthis case, since (0, 0) satisfies (1), we get
h? +k? =a’

Hence the equation (1) reduces to x* + y* — 2hx —2ky =0 (2

(i) Inthis case k=0
Hence the equation (1) reduces to (x—h)? + y? = a? ..(3)
y y
A A
<t I X'« > X
X 2 3 X S <
V' V'
y y
Fig.15.4
(D) Inthiscase k=0and h = + g (see Fig. 15.4)
Hence the equation (1) reducesto x* + y® + 2ax =0 ..(4)
(iv) In this case h =0 =k, Hence the equation (1) reducesto x* + y* =a? ...(5)
(v) In this case k = a (see Fig. 15.5)
Hence the equation (1) reduces to x? + y? —2hx —2ay +h?* =0 ..(6)
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y
A
T C
I
X350 - S _ > X
v Fig.15.5
yI
(vi) Inthiscaseh=a
Hence the equation (1) reduces to x? + y? —2ax—2ky + k* =0 ..(7)
(vii) In this case h =k = a. (See Fig. 15.6)
Hence the equation (1) reducesto x* + y* —2ax—2ay+a” =0 ..(8)
y
A
C
X5 _ > X
A Fig.15.6
y

=Elo) CHENE Find the equation of the circle whose centre is (3, —4) and radius is 6.

Solution : Comparing the terms given in equation (1), we have
h=3, k=-4anda==6.

(x=3)*+(y+4)>=6°or x> +y*—6x+8y-11=0

=¢GN Find the centre and radius of the circle given by (x +1)* + (y -1)* = 4.
Solution: Comparing the given equation with (x — h)* + (y —k)? = a® we find that
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~h=1,*k=-1,a=4
h=-1k=1a=2

So the given circle has its centre (-1,1) and radius 2.

15.3GENERAL EQUATION OF THE CIRCLE IN SECOND DEGREE IN
TWO VARIABLES

The standard equation of a circle with centre (h, k) and radius r is given by

(x—h)?+(y-k)? =r? (1)
or  x*+y?—2hx—2ky+h?+k?*-r?=0 - (2)
This is of the form x* + y* + 2gx + 2 fy +¢ =0.

X2+ y?+2gx+2fy+c=0 - (3)

= (X+29x+g9°)+ (Y +2fy+ ) =g°+f?—c

L (x+Q)2+(y+f) =(«/gz+ fz—c)z
& [x-Co)] +y-EN] = (VoP ime) @

= (x=h)?+(y-k)>=r’

where h=-g, k=-f, r=,g’+f>-c

This shows that the given equation represents a circle with centre (—g, —f) and radius

=g’ +f*-c

15.3.1 CONDITONS UNDERWHICH THE GENERAL EQUATION OF SECOND
DEGREE IN TWO VARIABLES REPRESENTSACIRCLE

Let theequationbe x* + y* +2gx+2fy+c =0

(i) 1t is a second degree equation in x, y in which coefficients of the terms involving
x? and y?are equal.

(i) It contains no term involving xy

Note : In solving problems, we keep the coefficients of x> and y? unity.

='¢glo] SR Find the centre and radius of the circle

45x% + 45y° —60x +36y+19=0
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Solution : Given equation can be written on dividing by 45 as

Comparing it with the equation, x* + y* + 2gx + 2 fy + ¢ = 0 we get

g—_g f—g dc—E
3 5T

2 2 o 41
Thus, the centre is (51 —EJ and radius is \/g2 +f?2-c= %

=10l KRS Find the equation of the circle which passes through the points (1, 0), (0, — 6)
and (3, 4).

Solution: Let the equation of the circle be, x* + y* + 2gx+2fy +¢c=0 (1)

Since the circle passes through three given points so they will satisfy the equation (1). Hence

1+2g+c=0 --(2)
and 36-12f +c=0 -~ (3)
25+6g+8f+c=0 -+ (4)
_ 2g+12f =35
Subtracting (2) from (3) and (3) from (4), we have and 6g+20f =11
. . 71 47
Solving these equations for g and f, we get 9 = e f= 5

69
Substituting g in (2), we get € = >
and substituting g, fand cin (1), the required equation of the circle is
4x* +4y? —142x + 47y +138=0

=SETe] CHESN Find the equation of the circles which touches the axis of x and passes
through the points (1,-2) and (3, —4).

Solution : Since the circle touches the x-axis, put k = a in the standard form (See result 6) of

the equation of the circle, we have, x* + y*> —2hx—2ay +h® =0 .. (1)
This circle passes through the point (1, -2) .-. h?—-2h+4a+5=0 .. (2)
Also, the circle passes through the point (3, - 4) . h?-6h+8a+25=0 ..(3)

= h?+2h-15=0

Eliminationg ‘a’ from (2) and (3), we get h=3o0r he-5.
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From (3) the corresponding values of a are — 2 and —10 respectively. On substituting the values
ofhandain ()weget, x>+ y?> —6x+4y+9=0 ..(4)

and  x*+y®+10x+20y+25=0 ... (5)

(4) and (5) represent the required equations.

Q
\ & @ CHECK YOUR PROGRESS 15.1

1.  Find the equation of the circle whose

(a) centre is (0, 0) and radius is 3. (b) centre is (— 2,3) and radius is 4.

2. Find the centre and radius of the circle

(@ x> +y*+3x—y=6 (b) 4x’ +4y*—2x+3y-6=0

w

Find the equation of the circle which passes through the points (0, 2) (2, 0) and (0, 0).

>

Find the equation of the circle which touches the y-axis and passes through the points
(-1,2)and (-2,1)

A5
@ LET US SUM UP

° Standard form of the circle

(x=h)? + (y—k)? = a* Centre is (h, k) and radius is a

e  Thegeneralformofthecircleis x* + y> + 2gx+2fy+¢c =0

Its centre: (—g, —f) andradius = /g2 + f? —¢
e\ SUPPORTIVE WEB SITES

http://www.youtube.com/watch?v=6r1GQCxyMKI
www.purplemath.com/modules/circle2.htm

www.purplemath.com/modules/circle.htm

@
Sl TERMINAL EXERCISE

1.  Find the equation of a circle with centre (4, —6) and radius 7.

2. Find the centre and radius of the circle x* + y* + 4x—6y =0
3. Find the equation of the circle passes through the point (1,0), (-1,0) and (0,1)
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MODULE-IV A
Co-ordinate - .
Geometry Ls_/J ANSWERS
CHECK YOURPROGRESS 15.1
1. (3 x> +y?=9
Notes
(b) X +y?+4x-6y-3=0
3 .) 437
-—, 1 P —
2. (3) ( > j >
1 3) 109
(b) (Z’ _Ej’ 8

3. X +y?-2x-2y=0

4. X +y?+2x-2y+1=0
TERMINAL EXERCISE

1. x*+y*-8x+12y+3=0
2. Centre (-2, 3); Radius = \/13

3. xX+y?=1
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CONIC SECTIONS

While cutting a carrot you might have noticed different shapes shown by the edges of the cut.
Analytically you may cut it in three different ways, namely

(1)  Cutis parallel to the base (see Fig.16.1)
(i) Cutisslanting but does not pass through the base (see Fig.16.2)
(i) Cut is slanting and passes through the base (see Fig.16.3)

Fig.16.1 Fig.16.2 Fig.16.3

The different ways of cutting, give us slices of different shapes.
In the first case, the slice cut represent a circle which we have studied in previous lesson.

Inthe second and third cases the slices cut represent different geometrical curves, which we
shall study in this lesson.

| oBIECTIVES

After studying this leson, you will be able to :

recognise acircle, parabola, ellipse and hyperbola as sections of a cone;

° recognise the parabola, ellipse and hyperbola as certain loci;

° identify the concept of eccentricity, directrix, focus and vertex of a conic section;
° identify the standard equations of parabola, ellipse and hyperbola;

e find the equation of a parabola, ellipse and hyperbola given its directrix and focus.
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EXPECTED BACKGROUND KNOWLEDGE

e  Basic knowledge of coordinate Geometry
e  Various forms of equation of a straight line

° Equation ofa circle in various forms

16.1 CONIC SECTION

In the introduction we have noticed the various shapes of the slice of the carrot. Since the carrot
is conical in shape so the section formed are sections ofa cone. They are therefore called conic
sections.

Mathematically, a conic section is the locus of a point P which moves so that its
distance from a fixed point is always in a constant ratio to its perpendicular distance
from a fixed line.

The fixed point is called the focus and is usually denoted by S.
The fixed straight line is called the Directrix.
The straight line passing through the focus and perpendicular to the directrix is called the axis.
The constant ratio is called the eccentricity and is denoted by e.
What happens when
(i) e<1 (i) e=1 (iii) e>1

In these cases the conic section obtained are known as ellipse, parabola and hyperbola
respectively.

In this lesson we shall study about ellipse, parabola, and hyperbola.

16.2 ELLIPSE

Recall the cutting of slices of a carrot. When we cut it obliquely, slanting without letting the knife
pass through the base, what do we observe?

You might have come across such shapes when you cut a boiled egg vertically.
The slice thus obtained represents an ellipse. Let us define the ellipse mathematically as follows:

“An ellipse is the locus of a point which moves in a plane such that its distance
from a fixed point bears a constant ratio to its distance from a fixed line and this
ratio is less than unity”.

16.2.1 STANDARD EQUATION OFAN ELLIPSE

Let S be the focus, ZK be the directrix and P be a moving point. Draw SK perpendicular from
S onthe directrix. Let e be the eccentricity.

Divide SK internally and externally at A and A’ (on KS produced) repectively inthe ratioe: 1,
as e<l.

MATHEMATICS



SA=e.AK -+ (1)
and SA' =e A'K - (2)

Since A and A" are points such that their distances from the focus bears a constant ratio e
(e <1)to their respective distances from the directrix and so they lie on the ellipse. These points
are called vertices of the ellipse.

Z, ry z

<

X' < > X
K' S'(-ae,0) K
Fig.16.4

Let AA' be equal to 2a and C be its mid point, i.e., CA=CA'=a
The point C is called the centre of the ellipse.
Adding (1) and (2), we have

SA+SA'=e.AK +e.A'K A

a

or AA'=¢(CK-CA+A'C+CK) or 2a=e.2CK or CK =5 (3)

Subtracting (1) from (2), we have
SA’—SA=e(AK — AK)
or (SC+CA)—(CA-CS)=e.AA
or 2CS=e2ao0r CS=ae ()

Let us choose C as origin, CAX as x-axis and CY, a line perpendicular to CX as y-axis.

a
Coordinates of S are then (ae, 0) and equation of the directrix is X = o

Let the coordinates of the moving point P be (X, y). Join SP, draw PM_1 ZK.
By definition SP = e.PM or SP? =%, PM?

or  SN”+NP*=e”(NK)?or (CN —CS)* + NP? =e*.(CK —CN)?
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2
a
or (x—ae)2+y2=ez(g—xJ or x*(l-e*)+y*=a’(l-¢e?)

2 2

X y
AN S—— ividi 20 a2
or 2T (1—e?) [Ondividing by a*(1-e?)]
X2 y2
Putting a?(1—e?) = b?, we have the standard form of the ellipse as, ?+b—2 =1

Major axis : The line joining the two vertices A'and A, i.e., A'A is called the major axis and
its length is 2a.

Minor axis : The line passing through the centre perpendicular to the major axis, i.e., BB'is
called the minor axis and its length is 2b.

Principal axis : The two axes together (major and minor) are called the principal axes of the
ellipse.

Latus rectum : The length of the line segment LL" is called the latus rectumand it is given by
b
a

) . a
Equation of the directrix : X = iE

2
Eccentricity : e is given by €’ :1—?

1
= Eo] MK Find the equation of the ellipse whose focus is (1,—-1), eccentricity e = > and

the directrixis x—y =3.
Solution : Let P (h,k) be any point on the ellipse then by the definition, its distance from the
focus = e. Itsdistance from directrix or gp2 = g2 pPM 2

(M is the foot of the perpendicular drawn from P to the directrix).

o (h=1)2+(k +1)? =%[h\71k+__13j

or  7(h*+k?)+2hk —10h+10k +7 =0

The locus of Pis, 7(x* + y?) +2xy —10x+10y +7 =0

which is the required equation of the ellipse.

MATHEMATICS



=¢Tg]o) MW Find the eccentricity, coordinates of the foci and the length of the axes of the
ellipse 3x? +4y? =12

XZ 2
Solution : The equation of the ellipse can be written in the following form, v + y? =1

On comparing this equation with that of the standard equation of the ellipse, we have g2 = 4
and p2 = 3, then

2 3 1 1
N L
® a2 4 4 2

(i) coordinates of the fociare (1,0) and (—1,0)
[-- The coordinate are (+ ae, 0)]

(iii) Length of the major axes 23 =2x2 =4 and

length of the minor axis = 2p = 2x+/3 = 24/3.

Q
X CHECK YOUR PROGRESS 16.1

1. Find the equation of the ellipse referred to its centre
. L. 2
(a) whose latus rectum is 5 and whose eccentricity is —

3

(b) whose minor axis is equal to the distance between the foci and
whose latus rectum is 10.

1
(c) whose foci are the points (4,0) and (— 4,0) and whose eccentricity is 3

2. Find the eccentricity of the ellipse, if its latus rectum be equal to one halfits minor axis.

16.3 PARABOLA

Recall the cutting of slice of a carrot. When we cut obliquely and letting the knife pass through
the base, what do we observe?

Also when a batsman hits the ball in air, have you ever noticed the path of the ball?

Is there any property common to the edge of the slice of the carrot and the path traced out by
the ball in the example cited above?

Yes, the edge of such a slice and path of the ball have the same shape which is known as a
parabola. Let us define parabola mathematically.

""A parabola is the locus of a point which moves in a plane so that its distance
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MODULE-IV from a fixed point in the plane is equal to its distance from a fixed line in the
Co-ordinate plane.”
Geometry

16.3.1 STANDARD EQUATION OFAPARABOLA

Let S be the fixed point and ZZ' be the directrix of the parabola. Draw SK perpendicular to
ZZ'. Bisect SK at A.

Notes | Since SA = AK, by the definition of the parabola A lies onthe parabola. A is called the vertex of
the parabola.

Take A as origin, AX as the x-axis and AY perpendicular to AX through A as the y-axis.

Z
M
K
P\
z Fig.16.5
Let KS=2a S~ AS=AK=a

-, The coordinates of Aand S are (0,0) and (a,0) respectively.
Let P(x,y) be any point on the parabola. Draw PN L AS produced

AN =xand NP =y

Join SP and draw PM 1.zZZ'
By definition of the parabola
SP=PMor SP? = PM?

or (x-a)’+(y-0)?=(x+a)> [-PM=NK=NA+AK =x+a]

or (x—a)’—(x+a)’=-y’or  y*=dax
which is the standard equation of the parabola.

Note : In this equation of the parabola
(i) \ertexis (0,0)
(i) Focusis (a,0)
(ii1) Equation of the axisisy =0
(iv) Equation of the directrix isx +a =10
(v) Latusrectum =4a
358 MATHEMATICS




16.3.2OTHER FORMS OF THE PARABOLA

What will be the equation of the parabola when
(i) focusis (—a,0)anddirectrixis x—a=0

(i) focusis (0,a) and directrixisy +a=0,

(i) focus is (0, —a) and directrixis y—a=0?

It can easily be shown that the equation of the parabola with above conditions takes the following

forms:

(i) y?>=-4ax (ii) x* =4ay (iii) x*> =—4ay
The figures are given below for the above equations of the parabolas.

ya VA Ay
MY
Z K Zl
. AK X' X
X' X x < 7
A >
K z
(] N y'
: D )Y .
y ' (i) (i) (i)
y* = — dax X’ = day X’ = — 4ay
Fig.16.6
Corresponding results of above forms of parabolas are as follows:

Forms y? =4ax |y? =—dax| x*=4ay | x* =—4ay
Coordinates of vertex 0,0 (0,0) 0,0 (0,0)
Coordinates of focus (@,0) (-a,0) 0,a) (0,—a)
Coordinates of directrix X=-a x=a y=-al y=a
Coordinates of the axis y=0 y=0 Xx=0 x=0
length of Latus rectum 4a da da da

=Tl MRS Find the equation of the parabola whose focus is the origin and whose

directrix isthe line 2x+y-1=0.
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Solution : Let S (0,0) be the focus and ZZ' be the directrix whose equationis 2x+y—-1=0
Let P(x,Yy) beanypoint onthe parabola.
Let PM be perpendicular to the directrix (See Fig. 16.5)

By definition SP=PM or gp?_-pMm?

W2 4 yz _ (2X+y_1)2

)

oF  5X*+5y° =4x*+y? +1+4xy—2y—4x 0r  x*+4y° —4xy+2y+4x-1=0.

= E]e) MKW Find the equation of the parabola, whose focus is the point (2, 3) and whose
directrixis the line x—4y + 3=0.

Solution : Given focus is S(2,3); and the equation of the directrixis x—4y +3=0.

2
X—4y+3
Asinthe above example, (X—2)° +(y —3)* ={—/—12 y42 }
+

= 16X°+Yy>+8xy—74x-78y+212=0

Q
WX CHECK YOUR PROGRESS 16.2

X
1.  Findthe equation of the parabola whose focus is (a, b) and whose directrix is a + % =1,

2. Find the equation of the parabolawhose focus is (2,3) and whose directrix is
3x+4y=1.

16.4 HYPERBOLA

Hyperbola is the locus of a point which moves in a plane such that the ratio of its distance
from a fixed point to its distance from a fixed straight line in the same plane is greater than
one. In other words hyperbola is the conic in which eccentricity is greater than unity. The
fixed point is called focus and the fixed straight line is called directrix.

Equation of Hyperbola in Standard from :
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Let S be the focus and ZM be the directrix. Draw SZ perpendicular from S on directix we
candivide SZ both internally and externally in the ratio e : 1 (e > 1). Let the points of division
be Aand A’ as shown in the above figure. Let C be the mid point of AA’". Now take CZ
as the x-axis and the perpendicular at C as y-axis.

MODULE-IV
Co-ordinate
Geometry

Let AA’' = 2a
SA SA
Now E:e(e>1)andﬁze(e>1).
ie. SA = eAZ ()
ie. SA' = eA'Z ..(i)
Adding (i) and (ii) we get
SA +SA" = e(AZ+A'Z)
(CS - CA) + (CS + CA') = eAA
= 2CS = e.2a (- CA=CA)
= CS = ae
Hence focus point is (ae, 0).
Subtracting (i) from (ii) we get
SA"' - SA = e(A'Z-AZ)
ie. AA" = e[(CZ+CA")-(CA-CZ)]
ie. AA’ = e[2CZ] (- CA’ = CA)
ie. 2a = e(2C2)
= Cz= a
e

. : . a
.. Equation of directrix is x = .

Let P(x, y) be any point on the hyperbola, PM and PN be the perpendiculars from P on

Notes
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the directrix and x-axis respectively.

Thi S—P = SP = ePM
N (SP)? = e2(PM)?
a 2
1.e. (x—ae)® +(y-0)?% = ez[x—gj
_ o[ e2x? +a% - 2aex )
i.e. x* +a’e? —2aex+y? = © 2
ie. x?+a%e?+y? = e°x* +a’
ie. €2 -1x?-y? = a’(e*-1)
2 2
X
Le -3 y2 =1
a“ a“(e"-1
Let a?(e?-1) =0?
A
a’? b®>

Which is the equation of hyperbola in standard from.

e Now let S’ be the image of S and Z'M' be the image of ZM w.r.t y-axis. Taking S’
as focus and Z'M' as directrix, it can be seen that the corresponding equation of

2 2
X
hyperbola is g—z—z =1. Hence for every hyperbola, there are two foci and two

directrices.
o Wehave h?=a%(e®-1) and e > 1
a%+b?

= e =
a2

e Ifwe puty =0 in the equation of hyperbola we get
¥=a?=>x=%*a

Hyperbola cuts x-axis at A(a, 0) and A’'(-a, 0).

e Ifwe put x = 0 in the equation of hyperbola we get

MATHEMATICS



y2=-b2 =>y=+J/-1lh==ib
Which does not exist in the cartesian plane.
.. Hyperbola does not interesct y-axis.

AA' = 2a, along the x-axis is called transverse axis of the hyperbola and BB’ = 2b,
along y-axis is called conjugate axis of the hyperbola. Notice that hyperbola does not
meet its conjugate axis.

As in case of ellipse, hyperbola has two foci

. . a
S(ae, 0), S'(-ae, 0) and two directrices X = J_rE.

C is called the centre of hyperbola.

Latus rectum of hyperbola is a line segment perpendicular to the transverse axis through

any of the foci and whose end points lie on the hyperbola. As in ellipse, it can be
. 2b?
proved that the length of the latus rectum of hyperbola is P

Hyperbola is symmetric about both the axes.
Foci of hyperbola are always on transverse axis. It is the positive term whose denomi-

2 2
. . X .
nator gives the transverse axis. For example e i/_6 =1 has transverse axis along x-
y2 X2
axis and length of transverse axis is 6 units. While % 16 =1 has transverse axis

along y-axis of length 10 unit.
The hyperbola whose transverse and conjugate axes are respectively the conjugate and
transverse axis of given hyperbola, is called the conjugate hyperbola of the given

2 X2

hyperbola. This equation is of the form Z—Z—g =1

In this case : Transverse axis is along y-axis and conjugate axis is along x-axis.

Length of transverse axis = 2b.

Length of conjugate axis = 2a ¢S
2a®
Length of latus rectum = o B
i i i b
Equations of directrices Y =% —.
e Al A
Vertices (0, + b) -
Foci (0, + be)
Centre (0, 0) s

o b2 + a2
Eccentricity (e) = 0z Fig.16.8
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16.4.1 RECTANGULAR HYPERBOLA

Ifin a hyperbola the length of the transverse axis is equal to the length of the conjugate axis,
then the hyperbola is called a rectangular hyperbola.

Its equation is x> —y®>=a®  ory?—x2=h? (- a=bh)
2 2 2 2
a“+a b°+b
In this case e:\/ . or\/ — =2
a b
i.e. the eccentricity of rectangualr hyperbola is /2.

2 2

S EN[) NIGRE For the hyperbola I_6 - y? =1, find the following (i) Eccentricity (ii) Foci

(i) Vertices (iv) Directrices (v) Length of transverse axis (vi) Length of conjugate axis (Vii)
Length of latus rectum (viii) Centre.
Solution : Here a> =16 and b> =9, > a=4and b = 3,

(i) Eccentricity (e) = \/m _ JM 5
T a2 \ 16 4

(i) Foci= (£ ae, 0)=[i%,0} =(£5,0)

(i) Vertices=(xa, 0) = (£ 4, 0)
4 16

> X F— = X=%+—.
% 5

o |

(iv) Directrices x =

(v) Length of transverse axis = 2a =2 x 4 = 8.
(vi) Length of conjugate axis=2a=2x3=6

2b> 2x9 9
i) Length of lat tum= —-= =—.
(viy Length of latus rectum 2 1 >

(viii) Centre = (0, 0)

SEnlo] CNIGHN Find the equation of hyperbola with vertices (x 2, 0) and foci (£ 3, 0)
Solution : Here a = 2 and ae = 3.

L e = 3/2.
We know that b2 = a%(e?-1)
9
= b2 = 4[2—1j =5
X2 y2
Equation of hyperbola is 7 5 1.

MATHEMATICS



y2 X2
=Enlo] CNGWA For hyperbola 9 27 =1, find the following :

(i) Eccentricity (ii) Centre (iii) Foci (iv) Vertices (v) Directrices (vi) Length of transverse axis
(vii) Length of conjugate axis (viii) Latus rectum.

Solution : Here b2 =9 and a2 = 27 = b =3 and a = 3./3.

N 27+9
0 5

(i) Foci = (0, +be)=(0,+3.2)=(0, + 6).
(iv) Vertices = (0, £ b) = (0, £ 3).

=4 =2. (i) Centre = (0, 0)

b 3
(v) Directrices, Y == " = y=+ >
(vi) Length of transverse axis =2b=2x 3 =6

(vii) Length of conjugate axis = 2a = 2 x 3+/3 = 6+/3

2a° 2x27
(viil) Length of latus rectum = == X3 _

C
L' § CHECK YOUR PROGRESS 16.3

2 2

1. (i) Transverse axis of the hyperbola Z—S—I—G is along ....

18.

2 2
(i) Eccentricity of the hyperbola % - i,—6 =1is...
(i) Eccentricity of rectangular hyperbola is ...

22
X
(iv) Length of latus rectum of hyperbola g—z—z =1lis...

2 2
. Xy .
(v) Foci of the hyperbola g—b—2=l is at ...
X2 2
(vi) Equation of directrices of hyperbola g—b—z =1lis...

22
X
(vii) Vertices of the hyperbola g—z—z =1l areat ...

2 2
2. For the hyperbola y_z_X_z =1, complete the following.
be a
(i) Eccentricity (e) =...

@) Centre = ...
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(i) Foci = ...

(iv) \ertices = ...

(v) Equations of directrices, y = ...
(vi) Length of latus rectum = ...
(vii) Length of transverse axis = ...
(viii) Length of conjugate axis = ...
(iX) Transverse axis is along ...

(x) Conjugate axis is along ...

476”*’
LET US SUM UP

Conic Section

"A conic section is the locus ofa point P which moves so that its distance from a fixed point is
always in a constant ratio to its perpendicular distance from a fixed straight line".

(1) Focus: The fixed point is called the focus.
(i) Directrix : The fixed straight line is called the directrix.

(ii1) Axis : The straight line passing through the focus and pependicular to the directrix is
called the axis.

(iv) Eccentricity : The constant ratio is called the eccentricity.

(v) Latus Rectum : The double ordinate passing through the focus and parallel to the
directrix is known as latus rectum. (In Fig.16.5 LSL" is the latus rectum).

2 2

X

Standard Equation of the Ellipse is : ?+Z—2 =1

(1) Major axis = 2a (it) Minor axis = 2b
a

(iii) Equation of directrix is X = iE (iv) Foci: (+ ae,0)

b2 2
(v) Eccentricity, i.e., e is given by =1—? vi Latus Reotam = -
Standard Equation of the Parabolais: y* = 4ax

(1) Vertexis (0,0) (i) Focusis (a,0)

(i) Axis of the parabolaisy =0 (iv) Directrix ofthe parabolais x +a =0

(V) Latus rectum = 4a.

MATHEMATICS



° OTHER FORMS OFTHE PARABOLAARE MODU_LE'IV
Co-ordinate
(i) y2=—4ax  (concave to the left). Geometry
(i) x* = 4ay (concave upwards).
(iii) x* = —4ay (concave downwards). Notes

e Equation of hyperbola having transverse axis along x-axis and conjugate axis along y-

axis is —X2 —2 1
Xis i -—=L
a® b? —
. a“+b
For this hyperbola (i) e = Z

@ Centre = (0, 0) (i) Foci = (£ ae, 0) ,
2b
(iv) Vetrices = (x a, 0)(v) Length of latus rectum = Y

(vi) Length of transverse axis = 2a
(vii) Length of conjugate axis = 2b

(viii) Equations of directrixes are given by x =+ E.
e

e  Equations of hyperbola having transverse axis along y-axis and conjugate axis along x-

2 X2

axis is b—2—¥=1-
For this hyperbola :
() Vertices = (0, = b)(ii) Centre = (0, 0)

a% +b?

() Foci= (0, + be) (iv) e = b2

2a®
(v) Length of latus rectum = o

(vi) Length of transverse axis = 2b.
(vii) Length of conjugate axis = 2a.

b
(viii) Equations of directrixes are given by y = .
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e SUPPORTIVE WEB SITES

http:/Amww.youtube.com/watch?v=0A7RR0oy2ho
http://Aww.youtube.com/watch?v=IvAY FUIEpFI
http://Amww.youtube.com/watch?v=QR2vxfwiHAU
http:/Aww.youtube.com/watch?v=pzSyOTkAsY4
http:/Aww.youtube.com/watch?v=hI58vTCqVIY
http:/Aww.youtube.com/watch?v=IGQw-W1PxBE
http:/AMww.youtube.com/watch?v=S0Fd2Tg2v7M

Sl TERMINAL EXERCISE

=

Find the equation of the ellipse in each of the following cases, when
(a) focusiis (0, 1), directrixisx+y=0and e = % :
(b) focus is (-1,, 1), directrixisx—y+3=0and e = 5
Find the coordinates of the foci and the eccentricity of each of the following ellipses:
(@) 4x*+9y* =1 (b) 25x* +4y* =100

Find the equation of the parabola whose focus is (-8, —2) and directrixis y —2x+9=0.

Find the equation of the hyperbola whose foci are (x 5, 0) and the length of the
transverse axis is 8 units.

5
Find the equation of the hyperbola with vertices at (0, = 6) and e = 3
Find the eccentricity, length of transverse axis, length of conjugate axis, vertices, foci,
equations of directrices, and length of latus rectum of the hyperbola (i)
25x% —9y? = 225 (i) 16y - 4x® =1.
Find the equation of the hyperbola with foci (0, + @) , and passing through the point
2, 3).
Find the equation of the hyperbola with foci ( 4, 0) and length of latus rectum 12.
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&
CHECK YOUR PROGRESS 16.1
1. (@)

20x* + 36y* = 405
(b)  x*+2y* =100

() 8x*+9y?=1152

2 03
2
CHECK YOUR PROGRESS 16.2

1. (ax-by)*-2a’x-2b’y+a*+a’n®+b* =0.

2. 16X°+9y*—94x-142y —24xy +324=0

CHECK YOUR PROGRESS 16.3

1. @)  yaxis (i) %
. 2b?
i) 2 ) -
) (+ ae, 0) (Vi) X= i%
Vi)  (za, 0)
2 2
2 0 o @ 00
v ©zb @ 2
e
wi)  2b (i) 2a
TERMINAL EXERCISE
1. (@ TX2+7y* —2xy-16y+8=0
(b) 7X*+7y* +2xy +10x-10y+7=0
5 5
2. (@) {i%,OJ : g

(b) (o,i\/ﬁ);g

(i) (0, £ be)
. 2a’
(Vi) Iy
(x)  y-axis (x) x-axis
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Ceometry | 4. 9x? 16y =144

3. X*+4y* +4xy+116x+2y+259=0

5. 16y*-9x* =576

V34

3 length of transverse axis = 6, length of conjugate axis = 10,

Notes | 6, (i) Eccentricity =

. . . . . 1
vertices (x 3, 0), Foci (i\/sﬁ ,0) , equations of directrices x = = E latus rectum

_ 0
=

1
(i) Eccentricity = /5, length of transverse axis = 5 length of conjugate

1 (5 1
axis =1, vertices [0, + —] ,Foci | 0, £ — |, equations of directrices, Y =——,

4 ) SN
latus rectrum = 2.

7. y?—x*=5

370 MATHEMATICS



MEASURES OF DISPERSION

You have learnt various measures of central tendency. Measures of central tendency help us to
represent the entire mass of the data by a single value.

Can the central tendency describe the data fully and adequately?

In order to understand it, let us consider an example.

The daily income of the workers in two factories are :

Factory A : 35 45 50 65 70 90 100

Factory B : 60 65 65 65 65 65 70

Here we observe that in both the groups the mean of the data is the same, namely, 65
() Ingroup A, the observationsare much more scattered from the mean.

@)  Ingroup B, almost all the observations are concentrated around the mean.
Certainly, the two groups differ eventhough they have the same mean.

Thus, there arises a need to differentiate between the groups. We need some other measures
which concernwith the measure of scatteredness (or spread).

To do this, we study what is known as measures of dispersion.

r
%)) FRESIES

After studying this lesson, you will be able to :

Y explain the meaning of dispersion through examples;

° define various measures of dispersion — range, mean deviation, variance and standard
deviation;

calculate mean deviation from the mean of raw and grouped data;

calculate mean deviation from the median of raw and grouped data.

calculate variance and standard deviation of raw and grouped data; and

illustrate the properties of variance and standard deviation.

Analyses the frequencys distributions with equal means.

EXPECTED BACKGROUND KNOWLEDGE

° Mean of grouped data
° Median of ungrouped data

17.1 MEANING OF DISPERSION

To explain the meaning of dispersion, let us consider an example.
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easures of Dispersion

Two sections of 10 students each in class X in a certain school were given a common test in
Mathematics (maximum marks 40). The scores of the students are given below :

SectionA: 6 9 11 13 15 21 23 28 29 35

Section B: 15 16 16 17 18 19 20 21 23 25
The average score in section Ais 19.

The average score in section B is 19.

Let us construct a dot diagram, on the same scale for section Aand section B (see Fig. 17.1)
The position of mean is marked by an arrow in the dot diagram.

Section A o O O 0O O O O O O o

T

Section B o8ooooo O O

Fig.17.1

Clearly, the extent of spread or dispersion of the data is different in section Afrom that of B. The
measurement of the scatter of the given data about the average is said to be a measure of
dispersion or scatter.

In this lesson, you will read about the following measures of dispersion :
(@ Range

(b)  Mean deviation from mean

()  Mean deviation from median

(d) Variance

(e) Standard deviation

17.2 DEFINITION OF VARIOUS MEASURES OF DISPERSION

(@ Range: Intheabove cited example, we observe that
()] the scores of all the students in section Aare ranging from 6 to 35;
(i) the scores of the students in section B are ranging from 15 to 25.
The difference between the largest and the smallest scores in section Ais 29 (35—-6)
The difference between the largest and smallest scores in section B is 10 (25—15).

Thus, the difference between the largest and the smallest value ofa data, is termed as the range
ofthe distribution.
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(b) Mean Deviation from Mean : InFig. 17.1, we note that the scores in section B cluster
around the mean while in section Athe scores are spread away from the mean. Let us
take the deviation of each observation from the mean and add all such deviations. If the
sum is 'large’, the dispersion is 'large’. If, however, the sum is 'small' the dispersion is
small.

Let us find the sum of deviations from the mean, i.e., 19 for scores in section A.

Observations ( X; ) Deviations frommean ( X; — X))
6 -13
9 -10
11 -8

13 -6
15 -4
21 +2
23 +4
28 +9
29 +10
35 16

190 0

Here, the sum s zero. It is neither 'large’ nor 'small'. Is it a coincidence ?

Let us now find the sum of deviations from the mean, i.e., 19 for scores in section B.

Observations ( x;) Deviations frommean ( X; — X)
15 -4
16 -3
16 -3
17 -2
18 -1
19 0
20 1
21 2
23 4
25 6

190 0

Again, the sum s zero. Certainly it is not a coincidence. In fact, we have proved earlier that the
sum of the deviations taken from the mean is always zero for any set of data. Why is the
sum always zero ?

On close examination, we find that the signs of some deviations are positive and of some other
deviations are negative. Perhaps, this is what makes their sum always zero. In both the cases,
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we get sum of deviations to be zero, so, we cannot draw any conclusion from the sum of
deviations. But this can be avoided if we take only the absolute value of the deviations and
then take their sum.

If we follow this method, we will obtain a measure (descriptor) called the mean deviation from
the mean.

The mean deviation is the sum of the absolute values of the deviations from the
mean divided by the number of items, (i.e., the sum of the frequencies).

(c) Variance : Inthe above case, we took the absolute value of the deviations taken from
mean to get rid of the negative sign of the deviations. Another method is to square the
deviations. Let us, therefore, square the deviations from the mean and then take their
sum. If we divide this sum by the number of observations (i.e., the sum of the frequen-
cies), we obtain the average of deviations, which is called variance. Variance is usually

denoted by 2.

(d) Standard Deviation : If we take the positive square root of the variance, we obtain the
root mean square deviation or simply called standard deviation and is denoted by & .

17.3 MEAN DEVIATION FROM MEAN OF RAW AND
GROUPED DATA

n
. | Xj = X|
Mean Deviation from mean of raw data = j=1
N

n
Do filxi —x]]

Mean deviation from mean of grouped data = =1

n n

where N = Zfi’y - iZ(fiXi )

~ N <
=1 =1

The following steps are employed to calculate the mean deviation from mean.

Step 1 : Make a column of deviation from the mean, namely x; — X (Incase of grouped data

take x; as the mid value of the class.)

Step 2 : Take absolute value of each deviation and write in the column headed | x; — X]|.
For calculating the mean deviation from the mean of raw data use

n

D% =X
i—1

Mean deviation of Mean = N

For grouped data proceed to step 3.
Step 3 : Multiply each entry in step 2 by the corresponding frequency. We obtain f; ( x; — X)

and write in the column headed f; | x; — X|.
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. . . - Statistics and
tep 4 : Find th fth . f. | x; =X i
Step ind the sum of the column in step 3. We obtain é[ i|xi —X|] Probability
Step 5 : Divide the sum obtained in step 4 by N.
Now let us take few examples to explain the above steps.
=¢1g]o) M YME Find the mean deviation from the mean of the following data : Notes
Size of items x; 4 6 8 10 12 | 14 16
Frequency f; 2 5} 5} 3 2 1 4
Mean s 10
Solution :
Xi fi Xj =X | X; = X]| fi | X — X|
2 -5.7 5.7 11.4
6 4 -3.7 3.7 14.8
8 5 -1.7 1.7 8.5
10 3 0.3 0.3 0.9
12 2 2.3 2.3 4.6
14 1 4.3 4.3 4.3
16 4 6.3 6.3 25.2
21 69.7

fi |Xi _XH :69;'7:3.319
2| 21

= o) MV Calculate the mean deviation from mean of the following distribution :

Mean deviation from mean = Z[

Marks 0-10 10-20 20-30 30-40 | 40-50
No. of Students 5 8 15 16 6

Mean is 27 marks

Solution :

Marks ~ Class Marks x; f, Xj — X | X =X fi [ = X|
0-10 5} 5 -22 22 110

10-20 15 8 -12 12 96

20-30 25 15 -2 2 30

30-40 35 16 8 8 128

40-50 45 6 18 18 108
Total 50 472
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f:|x; =X 472
Mean deviation from Mean = 21 |NI 1 =0 Marks = 9.44 Marks

1

1.  Theagesof 10 girls are given below :
3 5} 7 8 9 10 12 14 17 18
What is the range ?
2. Theweight of 10 students (in Kg) of class XII are given below :
45 49 95 43 52 40 62 47 61 58
What is the range ?
3. Find the mean deviation from mean of the data
45 95 63 76 67 84 75 48 62 65
Given mean = 64.
4.  Calculate the mean deviation from mean of the following distribution.
Salary (in rupees) [ 20—-30|30-40|40-50({50-60|60-70[70-80{80—-90 | 90-100
No. of employees 4 6 8 12 7 6 4 3
Givenmean=Rs. 57.2
5. Calculate the mean deviation for the following data of marks obtained by 40 studentsina
test
Marks obtained | 20 | 30 |40 [ 50 | 60 | 70 | 80 | 90 | 100
No. ofstudents | 2 4 8 10 8| 4| 2 1(1
6.  The databelow presents the earnings of 50 workers of a factory
Earnings (in rupees) [ 1200 | 1300 | 1400 [ 1500 | 1600|1800 2000
No. of workers 4 6 15 12 7| 4 2
Find mean deviation.
7. Thedistribution of weight of 100 students is given below :
Weight (inKg) |50—55 | 55-60] 60—65| 65-70| 70—75| 75-80
No. of students 5 13 35 25 17 5

Calculate the mean deviation.
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8.  The marks of 50 students in a particular test are :
Marks 20-30[30-40| 40-50{50-60] 60—70| 70-80|80—-90 | 90—-100
No. of students 4 6 9 12 8 6 4 1

Find the mean deviation for the above data.
17.4 MEDIAN

17.4.1 MEDIAN OF GROUPED DATA

Median of Discrete Frequency Distribution :

Step 1 : Arrange the data in ascending order.
Step 2 : Find cumulative frequencies

. N
Step 3 : Find o>

N
Step 4 : The observation whose cumulative frequency is just greater than o> is the median
of the data.

S Eo] MY Find the median of the data

X 8 9 10 12 14 16

f. 6 2 2 2 6 8

Solution : The given data are already in ascending order. Let us now write the cumulative
frequencies of observations

x, | 8 9 10 | 12 | 14 | 16
f. 6 2 2 2 6 8
c.f. 6 8 10 12 18 26
N
N = 26, 5 = 13.
The observation whose c.f. is just greater than 13 is 14 (whose c.f. is 18)
Median = 14.

17.4.2 MEDIAN OF CONTINUOUS FREQUENCY DISTRIBUTION

Step 1 : Arrange the data in ascending order
Step 2 : Write cumulative frequencies of the observations

N
Step 3 : Identify the class whose cumulative frequency is just greater than R Call this class-

interval as median class.
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Step 4 : Find median by the formula

N_oc

Median = | + 2f i

Where

I — Lower limit of the median class

N — Number of observations N = Zf;

C — Cumulative frequency of the class just preceding the median class
f — Frequency of the median class

I — Width of the median class

S'ENo] CHVRE Find the median marks obtained by 50 students from the following distri-

bution:

Marks

0-10

10-20

20-30

30-40

40-50

Number of Students

8

8

14

16

4

Solution : The given intervals are already in ascending order. The following table has the row

corresponding to the cumulative frequencies.

Marks 0-10 10-20 20-30 30-40 40-50
Number of students 8 8 14 16 4
Cummulative frequency 8 16 30 46 50
N
N =50, - =25

2
The class corresponding to the c.f. just greater than 25 is 20-30.
Median class is 20-30
where | = 20, N =50, C = 16, f = 14, i = 10.

Median

1
+

20+%x10 =20+6.43 = 26.43

= e[ CHYAN Find the median of the following:

Marks Number of Students
0o - 9 3
10 - 19 5
20 - 29 8
30 - 39 9
40 - 49 13
50 - 59 6
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Solution : The given class intervals are inclusive series Before finding the median we have
to convert the inclusive series into exclusive series.

Method of converting an inclusive series into exclusive series.

(1) Find the half of the difference between the upper limit of a class and the lower limit
of its succeeding (next) class.

(2) Subtract this half from the lower limit and add into the upper limit.

Mark Exclusive Series f. c.f.
0-9 0.5-9.5 3 3

10-19 9.5-19.5 5 8

20-29 19.5-29.5 8 16

30-39 29.5-39.5 9 25

40-49 39.5-49.5 13 38

50-59 49.5-59.5 6 44

N_%_p
2 2

Median class is 29.5 — 39.5 as its c.f. is 25, which is just greater than 22.
Now, =295 N=44,C=16,f=9,i=395-295=10

N

5 C 22-16

xi =29.5+ x10

Median = | +

29.5+§x10: 29.5+§
9 3

29.5 + 6.66 = 36.16

Q
\ & @ CHECK YOUR PROGRESS 17.2

Find the median of the following data :

1 [x 6 11 16 21 26
f 5 3 6 4 7

2. | x, 5 10 15 20 25
f 5 25 29 17 9

3. | Marks 0-5 5-10 10-15 15-20 20-25
Number of Boys 5 9 10 14 12
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4.1 Age (in years) 17-21 21-26 26-31 31-36 36-41
Number of Boys 5 6 12 7 4

17.5 MEAN DEVIATION FROM MEDIAN

We know that for observations in data the central tendency give us the values about which
the data concentrate or cluster. It is also essential to know that how far all observation are,
from a measure of central tendency. In other words, in data it is required to know how
dispersed the observations are from a given point (or a measure of central tendency). In most
of the cases mean deviation from mean and median give us the desired disperson or deviation
of the observations. Recall that mean deviation for data is defined as the mean of the absolute
values of deviations from “a’.

Recall that the deviation of an observation x from a fixed point ‘a’ is the difference x
- a.

So mean deviation about ‘a’ denoted by M.D (a) is given by

Sum of the absolute values of deviations from ‘a'
Number of observations

M.D. (a) =

Methematically we can write ,

§:|K“a|

M.D.(a) = L—+
(a) -
Like wise
n
§:|K“7|
M.D. (Mean = X) = Ile
1 n
and M.D.(Median M) = Hlei -M]
i=1

Find mean deviation about median for the observation
7, 10, 15, 16, 8, 9, 5, 17, 14
Solution : Inorder to find median, arrange the given values in ascending order, so we have
5,7,8,9, 10, 14, 15, 16, 17,

Algorithmto find mean deviation about mean/median :
Step 1 : Calculate the mean or median of the data
Step 2 : Find deviations of each observation x; from mean/median
Step 3 : Find the absolute values of the deviations.
Assolute values can be obtained by dropping the minus sign if it is there

Step 4 . Calculate the mean of the obsolute values of the deviations. This mean will
be the required Mean deviation.

MATHEMATICS



Measures of Dispersic
n=09, MODULE - V

n+1 icti
Median = ——th observation Statlstlcs_ f”md
2 Probability

= 5th observation
M = 10.
Deviations of the observation from median i.e. 10 are

Notes
5-10 7-10 8-10 9-10 10-10 14-10 15-10 16-10 17-10

i.e Xi-M are -5 -3 -2 -1 0 4 5 6 7

Absolute values of the deviations i.e. [x; — M| are
5! 3! 2! 1! Ol 4! 5! n61 7

lei_Ml

Now  M.D. (M) = ﬂT

5+3+2+1+0+4+5+6+7 33

= —=33.
10 10

17.5.1 MEAN DEVIATION OF GROUPED DATA FROM MEDIAN

Recall that data presented in the following form are called grouped data
(@ Discrete frequency distribution

Observation : X, X, Xq X,

Frequencies : f, f, f, f

(b) Continuous frequency distribution :

Observations 1, —u | L-u, | |- u, l-u.

Frequencies f, f, f, f

For example, marks obtained by 50 students
Marks 0-5 5-10 10-15 15-20 20-25 | 25-30

Number of Students 8 6 12 10 10 4

Let us now learn to find mean deviation about median by following examples.
=Enl VA Find the mean deviation about the median for the following data :

X, 25 | 20 | 15 10 5
f 7 4 6 3 5
cf 7| u | 1 20 25
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Here N = 25, and we know that median is the

1
= 13th observation. This

2
observation lies in the C.f 17, for which corresponding observation is 15.
o Median M = 15
Now deviations and their absolute values are given in following table.

Xi fi X—-M X; = M| filx; — M|
25 7 25-15=10 10 7%x10=70

20 4 20-15=5 5 4 x5=20

15 6 15-15=0 0 6x0=0

10 3 10-15=-5 5 3x5=15
5 5 5-15=-10 10 5x10 =50

N= Xf, = 25 zf. [x— M| = 155
n
Z fi [%—M| 155
Mean Deviation (M) = e n = —=6.2
z ¢ 25
1
i=1
=eEll VAN Find the mean deviation about median for the following data :
Heights (in cm) 95-105 | 105-115( 115-125 125-135 | 135-145( 145-155

Number of Girls 9 15 23 30 13 10

Solution : Let us first find median :

384

Height (in cm) Number of Girls (f) Cumulative frequncy (c.f)
95-105 9 9
105-115 15 24
115-125 23 a7
125-135 30 77
135-145 13 90
145-155 10 100

N+1 101
N =100 = > =7=50.5
N ..
> = 50.5 lies in c.f. 77.

Median class is corresponding to the c.f. 77 i.e., 125 — 135
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N
—-C
Now, Median = |+ 2f i
where I = lower limit of the median class

N = sum of frequencies

C = c.f. of the class just preceding the median class

f = frequency of the median class

and i = width or class-size of the median class

Here, | = 125, N =100, C =47, f=30,1i=10

M = 125+50—47 3

To find mean deviation let us form the following table :

x10 = 125+§:126

Height | Number of Mid-value Absolute flx. — M|
(incm) Girls of the heights Deviation
(f) (x; — M)
95-105 9 100 |100-126| = 26 9 x 26 =234
105-115 15 110 |110-126| = 16 15 x 16 = 240
115-125 23 120 |120 — 126| = 6 23 x 6 =138
125-135 30 130 |130-126| = 4 30 x 4 =120
135-145 13 140 |140-126| = 14 13 x 14 = 182
145-155 10 150 |150-126| = 24 10 x 24 = 240
zf. = 100 Zf. |xi — M| = 1154
n
z filx—M]|
- . i 1154
Mean Deviation (Median) = M.D.(M) = - =700 11.54.

17.5.2 STEP TO FIND MEAN DEVIATION FROM MEDIAN OF

A CONTINUOUS FREQUENCY DISTRIBUTION.

Step 1 : Arrange the intervals in ascending order
Step 2 : Write cumulative frequencies
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Statistics and Step 3 : Identify the median class, as the class having c.f. just greater than > , Where
Probability N is the total number of obsservations (i.e. sum of all frequencies)
Step 4 : Find the corresponding values for the median class and put in the formula :
Not E_C
otes Median = |4 2f i
where I - lower limit of the madian class

N — Sum of frequencies
C — c.f. of the class just preceding the median class
f — frequency of the median class
I > width of the median class
Step 5 : Now form the table for following columns :

Givenintervals | Frequencies | Mid-value Absolute flx. — M|
X; Deviation from
Median [x; — M)

n
> filx-M]|
Step 6 : Now calculate M.D.(M) = =—

21

i=1

Q
\ & @ CHECK YOUR PROGRESS 17.3

Find the mean deviation about median of the following data.

1. X; 11 12 13 14 16 17 18
f. 2 3 2 3 1 2 1

2. X: 3 6 7 9 11 13
f. 3 9 11 8 9 6

3. | Weight (inkg) | 40-42 42-44 44-46 46-48 48-50
No. of Students 9 13 24 28 6
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4. | Age (in years) 0-1 1-2 2-3 3-4 4-5

No. of Children 100 155 210 315 65
given polio drops

17.6 VARIANCE AND STANDARD DEVIATION OF RAW DATA

Ifthere are n observations, Xy, Xs...., X, ,then

_ (xl—i)2 + (X —Y)Z + o+ ( Xy = X)
n

Variance ( o2 )

]
—~
X

|

b
~

N

M=
X

or ot == :wherex=I=L
n n

The standard deviation, denoted by o , is the positive square root of 52. Thus

The following steps are employed to calculate the variance and hence the standard deviation of
raw data. The mean is assumed to have been calculated already.

Step 1 : Make a column of deviations from the mean, namely, x; — X .

n
Step 2 (check) : Sum of deviations from mean must be zero, i.e., Z (X —X)=0
i=1

Step 3:  Square each deviationand write in the column headed (x; — x )2 :
Step 4 : Find the sum of the columnin step 3.

Step 5: Divide the sum obtained in step 4 by the number of observations. We obtain 2.

Step 6 : Take the positive square root of 2. We obtain ¢ (Standard deviation).

=l MR The daily sale of sugar in a certain grocery shop is given below :
Monday Tuesday Wednesday  Thursday Friday Saturday

75kg 120 kg 12 kg 50kg 70.5 kg 140.5kg

The average daily sale is 78 Kg. Calculate the variance and the standard deviation of the above
data.
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- Solution : X = 78 kg (Given)
Statistics and

Probability X; Xj — X (xj — Y)z
75 -3 9
120 42 1764
Notes 12 — 66 4356
50 - 28 784
70.5 -75 56.25
140.5 62.5 3906.25
0 10875.50

- \2
X; — X
é( ! ) _ 10875.50

Thus o2 =1

= = -——"—=1812.58 (approx.)
n 6

and o =42.57 (approx.)

=T o] HYMIEON The marks of 10 students of section Ain a test in English are given below :
7 10 12 13 15 20 21 28 29 35

Determine the variance and the standard deviation.

. _ Xj 190
Solution : Here X = 21:—0 = 0 =19
X Xj — X (x; - X)°
7 -12 144
10 -9 81
12 -7 49
13 -6 36
15 -4 16
20 +1 1
21 +2
28 +9 81
29 +10 100
35 +16 256

0 768

768
Thes o === =768 and & — +/76.8 = 8.76 (approx)

388 MATHEMATICS



Measures of Dispersion

r N\ MODULE -V
@4 CHECK YOUR PROGRESS 17. 4 Statistics and
— Probability

1.  Thesalaryof 10 employees (in rupees) in a factory (per day) is
50 60 65 70 80 45 75 90 95 100

Calculate the variance and standard deviation.

2. The marks of 10 students of class X in a test in English are given below : ot
9 10 15 16 18 20 25 30 32 35
Determine the variance and the standard deviation.
3. The dataon relative humidity (in %) for the first ten days of a month in a city are given
below:
90 97 92 95 93 95 85 83 85 75
Calculate the variance and standard deviation for the above data.
4.  Find the standard deviation for the data
4 6 8 10 12 14 16
5. Find the variance and the standard deviation for the data

4 7 9 10 11 13 16
6. Find the standard deviation for the data.
40 40 40 60 65 65 70 70 75 75 75 80 85 90 90 100

17. 7 STANDARD DEVIATION AND VARIANCE OF RAW DATA
AN ALTERNATE METHOD

If X isin decimals, taking deviations from X and squaring each deviation involves even more
decimals and the computation becomes tedious. e give below an alternative formula for com-

puting 2. In this formula, we by pass the calculation of X.

1 xi2 — 2X;X + X2

n =\2
2 _ v (X —X) _
We know G —é n Z

i=1 n
n n n
DR 9 PR o X
_i=l =l g2 sl g2 | X,
n n n
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Probability | The steps to be employed in calculation of 2 and, hence & by this method are as follows :

Step 1: Make a column of squares of observations i.e. Xiz .

n
. . . 2
Notes Step 2 : Find the sum of the columnin step 1. We obtain Z X
i=1

n n
: 2 : .
Step 3 : Substitute the values of 2 i .nand 2. Xi inthe above formula. We obtain o2
i=1 i=1
Step 4 : Take the positive sauare root of ;2. \We obtain ¢ .
S'E1glo] CHVMEN \\e refer to Example 17.10 of this lesson and re-calculate the variance and

standard deviation by this method.

Solution :
7 49
10 100
12 144
13 169
15 225
20 400
21 441
28 784
29 841
35 1225
190 4378
0 2
2 i=1
62 _i=l
n
2
sars - (10)
B 10

| 43783610 768
10 10 = (68
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and o = ++/76.8 = 8.76 (approx)

We observe that we get the same value of c2and o by either methods.

17.8 STANDARD DEVIATION AND VARIANCE OF GROUPED

DATA : METHOD - |

We are given k classes and their corresponding frequencies. We will denote the variance and
the standard deviation of grouped data by cé and o respectively. The formulae are given
below :

K

v o2
E[fI(XI ®) } Nzifi and oy :+\/%

N i=1

2 _
Gg—

The following steps are employed to calculate cé and, hence o : (The mean is assumed to
have been calculated already).

Step1: Makeacolumn of class marks of the given classes, namely x;

Step2: Make a column of deviations of class marks from the mean, namely, x; — X . Of

course the sum of these deviations need not be zero, since x; 's are no more the
original observations.

Step 3: Make a column of squares of deviations obtained in step 2, i.e., (x; — x)z and
write in the column headed by ( x; — X ).

Step 4 : Multiply each entry in step 3 by the corresponding frequency.
We obtain f; (x; — X )%

k

\2
Step5: Find the sum of the column in step 4. We obtain Z[fi (X —X) ]
i=1

Step 6 : Divide the sum obtained in step 5 by N (total no. of frequencies). We obtain cé :
Step7: oq = +03
=eo] HYMPA In a study to test the effectiveness of a new variety of wheat, an experiment

was performed with 50 experimental fields and the following results were obtained :
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MODULE -V Yield per Hectare Number of Fields
Statistics and (inquintals)
Probabilit
robability 3135 5
36-40 3
41-45 8
Notes 46-50 12
51-55 16
56-60 5
61-65 2
66-70 2
The mean yield per hectare is 50 quintals. Determine the variance and the standard deviation of
the above distribution.
Solution :

Yield per Hectare No. of Class (Xj —X) (X; - x)z fi (X — y)z

(inquintal) Fields Marks

31-35 2 33 -17 289 578
36-40 3 38 -12 144 432
41-45 8 43 -7 49 392

46-50 12 48 -2 4 48
51-55 16 53 +3 9 144
56 -60 5 58 +8 64 320
61-65 2 63 +13 169 338
6670 2 68 +18 324 648
Total 50 2900

n
o2
Sfi(xi-%)] 2000
2 _i=l

Thus Og = N =0 - 58 and o4 = +v58 = 7.61 (approx)

17.9 STANDARD DEVIATION AND VARIANCE OF GROUPED

DATA: METHOD - 1l

If X isnot givenor if X isin decimals in which case the calculations become rather tedious, we
employ the alternative formula for the calculation of cé asgiven below:

Zk:[fixz}(i:[fi)(i]f k
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The following steps are employed in calculating g, and, hence S¢ by this method:
Step1: Make acolumnofclass marks of the given classes, namely, ;.
Step 2 : Find the product of each class mark with the corresponding frequency. Write the
product inthe column x;f; . Notes
k
Step 3: Sum the entries obtained in step 2. We obtain Zi (fixi),
i=
Step 4 : Make a column of squares of the class marks of the given classes, namely, xi2 :
Step 5: Find the product of each entry in step 4 with the corresponding frequency. We obtain
fixi2 :
k
Step 6 :  Find the sum of the entries obtained in step 5. We obtain Zi ( fiXi2 ) .
i=
k k
Step7: Substitute the values of Zi (fix?), Nand {Zi (fix; )J in the formula and obtain
1= 1=
o2,
Step8: oy = +\/%.
Determine the variance and standard deviation for the data given in Example
17.12 by this method.
Solution :
Yields per Hectare f; X fiX; Xiz fixi2
(in quintals)
31-35 2 33 66 1089 2178
36-40 3 38 114 1444 4332
41-45 8 43 344 1849 14792
46-50 12 48 576 2304 27648
51-55 16 53 848 2809 44944
56-60 5 58 290 3364 16820
61-65 2 63 126 3969 7938
6677 2 68 136 4624 9248
Total 50 2500 127900
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MODULE - V ) )
statisties and - g petituting the values of D" (ix? ), Nand Y (fix; ) inthe formula, we obtain
Probability i—1 i=1
2
127900 (2800)° 5909 s
Notes Og = 50 50

and Oy = +V58 =7.61 (approx.)

Again, we observe that we get the same value of csé , by either of the methods.

Q
\ & @ CHECK YOUR PROGRESS 17.5

1. Inastudyon effectiveness of a medicine over a group of patients, the following results were

obtained :
Percentage of relief 0-20 | 20-40 | 40-60| 60—-80| 80-100
No. of patients 10 10 25 15 40

Find the variance and standard deviation.

2. Inastudyon ages of mothers at the first child birth in a village, the following data were
available :

Age (inyears) 18-20 | 20-22(22-24 (24 -26(26-28| 28-30/30-32
at first child birth
No. of mothers 130 110 80 74 50 40 16

Find the variance and the standard deviation.
3. The daily salaries of 30 workers are given below:

Daily salary 0-50{50-100{100-150| 150—-200| 200—250| 250-300
(InRs.)
No. of workers 3 4 5 7 8 3

Find variance and standard deviation for the above data.

17.10 STANDARD DEVIATION AND VARIANCE: STEP
DEVIATION METHOD

In Example 17.12, we have seenthat the calculations were very complicated. In order to simplify
the calculations, we use another method called the step deviation method. In most of the frequency
distributions, we shall be concerned with the equal classes. Let us denote, the class size by h.
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Now we not only take the deviation of each class mark from the arbitrary chosen ‘a’ but also |] MODULE - V
divide each deviation by h. Let Statistics and
L _Xi-a . Probability
i e Q)
Then Xj =hu;+a ... (2)
We know that X=hu+a .. 3 Notes
Subtracting (3) from (2) , we get
Xi—izh(ui—U) ..... (4)
In(4) , squaring both sides and multiplying by f; and summing over k, we get
K 2 2 s 2
S -xy 1 =n2Y[fi(u-1)*] (5)
i=1 i=1
Dividing both sides of (5) by N, we get
k
)
S Lfi(xi -%)? ] b2 K ,
=1 =—Y| fi(u;-T
. IUCED
ie. oz =h%2 .. (6)
where GXZ is the variance of the original data and Guz is the variance of the coded data or
coded variance. Guz can be calculated by using the formula which involves the mean, namely,
1 K . k
GS:NZ[fi(Ui_U) ] N=>"f . )
i=1 i=1
or by using the formula which does not involve the mean, namely,
K 2
K ( Z [fiu; ] ]
Z[fi“iz]_ = N Kk
= CON=Y e (8)
N i-1
= ENlo] CHYMER\\e refer to the Example 17.12 again and find the variance and standard
deviation using the coded variance.
Solution : Here h=5and let a = 48.
Yieldper Hectare ~ Number ~ Class  uj = = ; 18 fiui  u? fu
(inquintal) offields f;  marks x;
31-35 2 33 -3 -6 9 18
36-40 3 38 -2 -6 4 12
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41 -45 8 43 -1 -8 1 8
46 -50 12 48 0 0 0 0
51-55 16 53 +1 16 1 16
56—-60 5 58 +2 10 4 20
61-65 2 63 +3 6 9 18
66—70 2 68 +4 8 16 32
Total 50 20 124
K 2
2 i=1
Thus z f' ul -~ N
2 _ =l
Gu =
N

2
124—(2500) _124-8 = o _58
- 9V = u— 5¢
50 50 25

Variance of the original data will be

62 =h%c2 = 25><5—8:58
25
and Oy = ++/58
= 7.61 (approx)

We, of course, get the same variance, and hence, standard deviation as before.

=€ a]o) CHYMEN Find the standard deviation for the following distribution giving wages of 230
persons.

Wages No. of persons Wages No. of persons
(inRs) (inRs)

70-80 12 110-120 50
80-90 18 120-130 45
90-100 35 130-140 20
100-110 42 140-150 8
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Solution : MODULE - V
Statistics and
Wages No. of class uj = % 10105 Ui2 fiu; Ui2 Probability
(inRs.) persons f; mark x;
70-80 12 75 -3 9 -36 108 —
80-90 18 85 -2 4 36 72
90-100 35 95 -1 1 -35 35
100-110 42 105 0 0 0 0
110-120 50 115 +1 1 50 50
120-130 45 125 +2 4 90 180
130-140 20 135 +3 9 60 180
140-150 8 145 +4 16 32 128
Total 230 125 753

o2 = h{%Z[fi“?]‘[%z[f‘u‘]ﬂ

753 (1252
=1001 525 "\ 330 ) | =100(3.27 - 0.29) =298

G = +/298 = 17.3 (approx)

Q
X CHECK YOUR PROGRESS 17.6

1. Thedatawritten below gives the daily earnings of 400 workers ofa flour mill.

Weekly earning (in Rs.) No. of Workers
80— 100 16
100 —-120 20
120 -140 25
140 -160 40
160 —180 80
180- 200 65
200 —220 60
220 -240 35
240 -260 30
260 —280 20
280 —300 9

Calculate the variance and standard deviation using step deviation method.
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MO[.)U.LE -V 2.  Thedataon ages of teachers working in aschool of a city are given below:
Statistics and
Probability Age (inyears) 20-25 25-30 30-35 35-40
No. of teachers 25 110 75 120
Age (inyears) 40-45 45-50 50-55 55-60
Notes No. of teachers 100 90 50 30

Calculate the variance and standard deviation using step deviation method.

3. Calculate the variance and standard deviation using step deviation method of the follow-

ing data :

Age (inyears) 25-30 30-35 35-40
No. of persons 70 51 47
Age (inyears) 40 -50 45-50 50-55
No. of persons 31 29 22

17.11 PROPERTIES OF VARIANCE AND STANDARD DEVIA TION

Property I : The variance is independent of change of origin.

To verify this property let us consider the example given below.
e[ MMYMIE The marks of 10 students in a particular examination are as follows:

10 12 15 12 16 20 13 17 15 10

Later, it was decided that 5 bonus marks will be awarded to each student. Compare the variance
and standard deviation in the two cases.

Solution : Case —1

X; fi fix Xi—X (5 -%)  fi(x-x)
10 2 20 -4 16 32
12 2 24 -2 4 8
13 1 13 -1 1 1
15 2 30 1 1 2
16 1 16 2 4 4
17 1 17 3 9 9
20 1 20 6 36 36
10 140 92
_ 140
Here X = - 14

398 MATHEMATICS



Measures of Dispersic

o\2
Variance _ Z[fi (xi —X) ]
10
%

Standard deviation = 4+./9.2 = 3.03

Case— 11 (Byadding 5 marks to each x;)

MODULE -V

Statistics and
Probability

X; fi fiXi Xi—X (X -X) fi (% - %)’
15 2 30 -4 16 32
17 2 34 -2 4 8
18 1 18 -1 1 1
20 2 40 1 1 2
21 1 21 2 4 4
22 1 22 3 9 9
25 1 25 6 36 36

10 190 92

R
10
92
Variance = 7o = 9.2

Standard deviation = ++/9.2 = 3.03

Thus, we see that there is no change in variance and standard deviation of the given data if the
origin is changed i.e., if a constant is added to each observation.

Property Il : The variance is not independent of the change of scale.

= o) CHYMYAIN the above example, if each observation is multiplied by 2, then discuss the
change in variance and standard deviation.
Solution : Incase-1 of the above example , we have variance = 9.2, standard deviation = 3.03.

Now, let us calculate the variance and the Standard deviation when each observation is multiplied
by 2.

Xi f; fix; Xj — X (xi — %) fi (xj - X )
20 2 40 -8 64 128
24 2 48 -4 16 32
26 1 26 -2 4 4
30 2 60 2 4 8
32 1 32 4 16 16
34 1 34 6 36 36
40 1 40 12 144 144
10 280 368
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280 368
— =28 i =—=36.8
10 , Variance 10

X =

Standard deviation = 1./36.8 = 6.06

Here we observe that, the variance is four times the original one and consequently the standard
deviation is doubled.

In a similar way we can verify that if each observation is divided by a constant then the variance
of the new observations gets divided by the square of the same constant and consequently the
standard deviation of the new observations gets divided by the same constant.

Property 111 : Prove that the standard deviation is the least possible root mean square deviation.
Proof:Let x —a =d

By definition, we have
s? Z%Z[fi(xi —a)z] :%Z[fi(xi —Y+Y—a)2]
= S [ (6= %)+ 2(x - R)(X-a) + (x-a) |

o2
=%Zfi (xi —X)? +§(Y—a)2fi (X _7)+%Zfi

=62 +0+d?

. The algebraic sumof deviations from the mean is zero
or s? = 6% +d?

Clearly s2 will be least whend = 0 i.e., when a = X.

Hence the root mean square deviation is the least when deviations are measured from the mean
I.e., the standard deviation is the least possible root mean square deviation.

Property IV : The standard deviations of two sets containing ny, and Nz numbersare o,
and o, respectively being measured from their respective means m; and M. If the two
sets are grouped together as one of (ny + n, ) numbers, then the standard deviation ¢ of
this set, measured from its mean m s given by

2 2
niocr + Nyo nqin
o2 =L 2P2 172 2(m1—m2)2

Ny + Ny (ny+ny)

= E1lo] CHVMER The means of two samples of sizes 50 and 100 respectively are 54.1 and

50.3; the standard deviations are 8 and 7. Find the standard deviation of the sample of size 150
by combining the two samples.
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Solution : Here we have MODULE - V
Statistics and
n; =50,n, =100,m; =54.1, m, =50.3 Probability
op =8ando, =7
2 _ Mot +Nyob NN 2 N
-~ + >(mg —my) otes

(ny+ny) (ng+ny)

_ (50x64)+ (100 49) 50100
150 (150)2

(54.1-50.3)?

3200 + 4900 )
_ 2T A L f(3.8) _
150 9( )" =57.21

o = 7.56 (approx)

el CHYMEN Find the mean deviation (M.D) from the mean and the standard deviation

(S.D) ofthe A.P.
a,a+d, a+2d,.... ,a+2nd

and prove that the latter is greater than the former.
Solution : The number of items inthe A.P. is (2n + 1)
X =a + nd

Mean deviation about the mean

(2n+1)2|(a+rd) (a+nd)|

:(2n—1+1)'2[nd+(n_l)d+ ...... +d]
2
= (2n+1)[1+2+ ..... +(n-1)+n]
_2n(n+1) n(n+1)d
= (an+1)2 "y (1)
No cszzéi[(a+rd)—(a+nd)]2
W (2n+1)r=0
:(Zile)[nz +(n—1)2 +o+ 22 +12}
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_ 202 n(n+1)(2n+1) n(n+1)d?
"~ (2n+1) 6 I

oo [TED] g

We have further, (2) > (1)

" d n(n+1) >n(n+1)

3 (2n+1)
or if (2n+1)* >3n(n+1)
orif n?+n+1>0,whichistrueforn>0
Hence the result.

Show that for any discrete distribution the standard deviation is not less than
the mean deviation from the mean.
Solution : We are required to show that

S.D. > M.D. frommean

or (S. D)? = (M.D. from mean )?
2
ie. %Z[fi(xi_Y)ZJZ[%Z[fiKXi_X)”}

or —Z[fdz] [ > [fi]d; |]}2 ,where d; = x; — X
or N (fid? )= [ 3 (fi[ai]} ]

or (fy+Fp + ) (Rl + 03 + ) 2 [ dy |+ o dp |+ ... ]
or fifp (df +d3 )+ ... > 2f4fp dydlp + ..
or flfz (dl - d2 )2 + ... >0

which is true being the sum of perfect squares.
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17.12 ANALYSIS OF FREQUENCY DISTRIBUTIONS WITH
EQUAL MEANS

The variability of two series with same mean can be compared when the measures of
variation are absolute and are free of units. For this, coefficient of variation (C.V.) is obtained
which is defined as

CV. = gx100,7¢0
X

where ¢ and x are standard deviation and mean of the data. The coefficients of variation
are compared to compare the variability of two series. The series with greater C.V. is said
to be more variable than the other. The series having less C.V. is said to be more consistent
than the other.

For series with same means, we can have

C.V. (Lst distribution) = % x100 (1)
C.V. (2nd distribution) = % x100 (2)

where o,, o, are standard deviation of the Ist and 2nd distribution respectively, x is the
equal mean of the distributions.

From (1) and (2), we can conclude that two C.V.’s can be compared on the basis of the
values of o, and o, only.

2'¢1o] CHWAR T he standard deviation of two distributions are 21 and 14 and their equal
mean is 35. Which of the distributions is more variable?
Solution : Let o, = Standard dev. of 1st series = 21

c, = Standard dev. of 2nd series = 14

X =35
. oy 21
= —x100=—x100=60
C.V. (Series 1) - X 35 X
) o 14
= —x100=—x100=140
C.V. (Series 1) - X 35 X

C.V. of series | > C.V. of series Il

= Series with S.D = 21 is more variable.
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='ENlo] SHA#A Monthly wages paid to workers in two factories Aand B and other data

are given below :

Factory A Factory B
Mean of monthly wages = 15550 = 15550
Variance of the distribution of wages 100 121

Which factory A or B shows greater variablility in individual wages?
Solution : Given

Ga = +/variance =+/100 =10
Og = +J/variance =+/121=11

% = ~ 15550
Ca 10
_ OA 100 100
Now, CV. (A) = A —
= 0.064
Og 11
_ 98 ,100= 100 = 0.07
CV.(B) = Y= 15550 "

Clearly C.V. (B) > C.V.(A)
Factory B has greater variability in the individual wages.

= eETo) CHyAER\Vhich of the following series X or Y is more consistent?

X | 58 52 50 | 51 | 49 35 | 54 | 52 53 | 56

Y | 101 | 104 | 103 | 104 | 107 | 106 | 105 |105 | 107 | 108

Solution : From the given data we have following table

X Y D, =X - X D,2 d=Y-Y d?
58 101 7 49 —4 16
52 104 1 1 -1 1
50 103 -1 1 ) 4
51 104 0 0 -1 1
49 107 -2 4 2 4
35 106 16 256 1 1
54 105 3 0 0
52 105 1 1 0 0
53 107 2 2 4
56 108 5 25 3 9
X =510 | TY = 1050 D = 350 $d2 = 40
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_3IX, 510
o X =10 10
;= ZY; (1050 _, .
10 10
B \/z(X—X)Z \/ZDiZ 350
o, — = =
x N N 10
=59
B \/zo( V)2 \/zd? w0 _,
G — = = —_— =
y N N 10
Now, CV.(X) = %><100=2-‘f><100=11.5
Oy 2

Clearly C.V.(Y) < C.V.(X) .. SeriesY is more consistent.

Q
\ & @CHECK YOUR PROGRESS 17.7

1. From the data given below which section is more variable?

Marks 0-10 10-20 20-30 30-40 40-50
SectionA 9 10 40 33 8
Section B 8 15 43 25 9
2. Which of the factory give better consistent wages to workers?
Wiages (in ™) 100-150 | 150-200 | 200-250 250-300 | 300-350
per day
Factory A 35 45 50 42 28
Factory B 16 50 55 13 46
3. Two schools show following results of board examination in a year
School A School B
Average Marks Obtained 250 225
No. of Students Appeared 62 62
Variance of distribution of marks 2.25 2.56

Which school has greater variability in individual marks?
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statisticsand | | 4.3
([ ()

sl IS4 | £ Us sum uP

Y Range : The difference between the largest and the smallest value of the given data.

n

Notes Z(fi|xi -X|)

° Mean deviation from mean = i=1

N
n 19
where N =Yf;, X=N§(fixi)
< 1=
|

> fi|xi—m|
° Mean deviation frommedian _ =t
N

e  \Variance (02 ) == [for raw data]

e  Standard derivation (5 ) = +}/1

Y Variance for grouped data
k

> Lfi (% - %)?]

i=1 , X;j isthe mid value of the class.
N

2 _
Gg—

1 _
Also, 5,2 = h?c,% and oy’ = Nz[fi (uj -1?)]
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(fiu;?) Statistics and
N = i Probability
Z(fiui )—'_* K
o g, l=H where N = D_f;
N i=1
° Standard deviation for grouped data 64 = +y oé Notes

Y If two frequency distributions have same mean, then the distribution with greater Coeffi-
cient of variation (C.V) is said to be more variable than the other.

e\ SUPPORTIVE WEB SITES

http:// en.wikipedia.org/wiki/Statistical_dispersion

simon.cs.vt.edu/SoSci/converted/Dispersion_I/activity.html

<
Sl TERMINAL EXERCISE

1. Find the mean deviation for the following data of marks obtained (out of 100) by
10 students in a test

95 45 63 76 67 84 75 48 62 65
2. Thedatabelow presents the earnings of 50 labourers of a factory
Earnings (inRs.) 1200 1300 1400 1500 1600 1800
No. of Labourers 4 7 15 12 7 5
Calculate mean deviation.

3.  Thesalary per day of 50 employees of a factory is given by the following data.

Salary (inRs.) 20-30  30-40 40-50 50-60
No. of employees 4 6 8 12
Salary (in rupees) 60-70 70-80 80-90 90-100
No. of employees 7 6 4 3

Calculate mean deviation.

4.  Find the batting average and mean deviation for the following data of scores of 50 innings
of acricket player:

Run Scored 0-20 20-40 40-60 60-80
No. of Innings 6 10 12 18
Run scored 80-100 100-120

No. of innings 3 1
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10.

11.

The marks of 10 students in a test of Mathematics are given below:

6 10 12 13 15 20 24 28 30 32
Find the variance and standard deviation of the above data.
The following table gives the masses in grams to the nearest gram, of a sample of 10 eggs.
46 ol 48 62 o4 56 58 60 71 75
Calculate the standard deviation of the masses of this sample.
The weekly income ( in rupees ) of 50 workers of a factory are given below:
Income 400 425 450 500 550 600 650
No of workers 5 7 9 12 7 6 4
Find the variance and standard deviation of the above data.
Find the variance and standard deviation for the following data:
Class 0-20 20-40 40-60 60-80 80-100
Frequency 7 8 25 15 45

Find the standard deviation of the distribution in which the values of xare 1,2,...... ,N.
The frequency of each being one.

The following values are calculated in respect of heights and weights of students :

Weight Height
Mean 52.5 Kg 160.5 cm
Standard Dev. 115 12.2

Which of the attribute weight or height show greater variation?
The following are the wickets taken by a bowler in 20 matches, for Player A

No. of Wickets 0 1 2 3 4
No. of Matches 2 6 7 4 1

For the bowler B, mean number of wickets taken in 20 matches is 1.6 with standard
deviation 1.25. Which of the players is more consistent?

Find the median of the following distributions (12-14) :

12.

13.

X; 14 20 26 29 34 46
f. 4 6 7 8 9 6

Age (in years) 15-19 20-24 25-29 30-34 35-39
Number 8 7 9 11 5

MATHEMATICS



Measures of Dispersi

14. Height (in cm) 95-104  105-114  115-124
Number of Boys 10 8 18

Find mean deviation from median (15-18) :

15. x 5 15 25 35 45
f. 5 23 30 20 16

16. X 105 107 109 111 113

f. 8 6 2 2 2
17. Income (per month) 0-5 6-10 11-15

(" in *000)

Number of Persons 5 6 12

125-134 135-144
8 16

55

115
6

16-20 21-25

14 26

18. Age (inyears) 0-5 6-10 11-15 16-20 21-25 26-30 31-35 36-40

No. of Persons 5 6 12 14 26

AN
S Answers

CHECK YOUR PROGRESS 17.1
1. 15 2. 22 3. 94
5. 13.7 6. 136 7. 5.01

CHECK YOUR PROGRESS 17.2
1. 16 2. 15 3. 15.35 marks

CHECK YOUR PROGRESS 17.3
1. 1.85 2. 2.36 3. 3.73

CHECK YOUR PROGRESS 17.4
Variance =311, Standard deviation=17.63
Variance = 72.9, Standard deviation= 8.5

Variance = 42.6, Standard deviation=6.53

1
2
3
4.  Standard deviation =4
5 Variance = 13.14, Standard deviation = 3.62
6

Standard deviation=17.6

32 16 29

4.15.44
8. 14.4

4. 28 years

4.0.977
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MODULE -V |CHECK YOUR PROGRESS 17.5

Statistics and ) _
Probability |1~ Variance=734.96, Standard deviation = 27.1

2. Variance = 12.16, Standard deviation = 3.49
3. Variance = 5489 , Standard deviation = 74.09

Notes | CHECK YOUR PROGRESS 17.6

1. Variance = 2194, Standard deviation = 46.84
2. Variance =86.5, Standard deviation =9.3

3. Variance =67.08, Standard deviation = 8.19

CHECK YOUR PROGRESS 17.7

1. SectionA
2. Factory A
3. School B
TERMINAL EXERCISE
1. 94 2. 124.48 3. 15.44 4. 52,19.8
5. Variance = 72.29, Standard Deviation = 8.5 6. 8.8
7. Variance = 5581.25,Standard Deviation = 74.7
8. Variance = 840, Standard Deviation = 28.9
9. Standard deviation = N? -1
12
10.  Weight 11. Player B 12. 29 13. 27.27
14. 121.16 15. 10.3 16. 3.38 17. 5.2
18. 0.62
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In day-to-day life we see that before commencement of a cricket match two captains go for a
toss. Tossing of a coin is an activity and getting either a 'Head' or a "Tail' are two possible
outcomes. (Assuming that the coin does not stand on the edge). Ifwe throw a die (of course fair
die) the possible outcomes of this activity could be any one of its faces having numerals, namely
1,2,3,4,5and6..... at the top face.

An activity that yields a result or an outcome is called an experiment. Normally there are variety of
outcomes of an experiment and it is a matter of chance as to which one of these occurs when an
experiment is performed. In this lesson, we propose to study various experimentsand their outcomes.

L@ OBJECTIVES

After studying this lesson, you will be able to :

. explain the meaning of a random experiments and cite examples thereof;
. explain the role of chance in such random experiments;
° define a sample space corresponding to an experiment;

write a sample space corresponding to a given experiment; and

differentiate between various types of events such as equally likely, mutually exclusive,
exhaustive, independent and dependent events.

EXPECTED BACKGROUND KNOWLEDGE

° Basic concepts of probability

18.1 RANDOM EXPERIMENT

Let us consider the following activities :

()  Tossacoinand note the outcomes. There are two possible outcomes, either a head (H)
or atail (T).

@)  Inthrowing afair die, there are six possible outcomes, that is, any one of the six faces
1,2,.... 6.... may come on top.

(i)  Toss two coins simultaneously and note down the possible outcomes. There are four
possible outcomes, HH,HT, TH,TT.

(v)  Throw two dice and there are 36 possible outcomes which are represented as below :
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MODULE -V 1 1 1
Statistics and 2 2 2
Probability ] éa ) és s és
4 4 4
\5 \)5 \5
6 6 6
Notes 1 1 1
/ 2 / 2 / 2
4 é?’ 5 és 6 é?’
4 4 4
\5 \5 \5
6 6 6

I.e. outcomesare (1,1), (1,2), (1,3), (1,4), (1,5), (1,6)

(21),(2,2),....(2,6)

(6.,1),(6.,2),....,(.6,6)

Each of the above mentioned activities fulfil the following two conditions.
(@  Theactivity can be repeated number of times under identical conditions.

(b) Outcome of an activity is not predictable beforehand, since the chance playa role and
each outcome has the same chance of being selection. Thus, due to the chance playing a
role, an activity is

(i) repeated under identical conditions, and
(i)  whose outcome is not predictable beforehand is called a random experiment.

=S¢l CHESHMEN | s drawing a card from well shuffled deck of cards, a random experiment ?
Solution :

(@  The experiment can be repeated, as the deck of cards can be shuffled every time before
drawing a card.

(b)  Anyofthe 52 cards can be drawn and hence the outcome is not predictable beforehand.
Hence, this is a random experiment.

=T o] SHEIAN Selecting a chair from 100 chairs without preference is a random experiment.
Justify.

Solution :

(@  Theexperiment can be repeated under identical conditions.

(b)  Astheselection ofthe chair is without preference, every chair has equal chances of selection.
Hence, the outcome is not predictable beforehand. Thus, it isa random experiment.

Canyou think of any other activities which are not random in nature.

Let us consider some activities which are not random experiments.

()  Birthof Manish : Obviously this activity, that is, the birth of an individual is not repeatable
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and hence is not a random experiment.
@)  Multiplying 4 and 8 on a calculator.

Although this activity can be repeated under identical conditions, the outcome is always 32.
Hence, the activity is not a random experiment.

18.2 SAMPLE SPACE

We throw a die once, what are possible outcomes ? Clearly, a die can fall with any of its faces at
the top. The number on each of the faces is, therefore, a possible outcome. We write the set S of
all possible outcomesas, S={1, 2, 3,4, 5, 6}

Again, if we toss a coin, the possible outcomes for this experiment are either a head or a tail. We
write the set S of all possible outcomesas, S={H, T}.

The set S associated with an experiment satisfying the following properties :

()  eachelement of S denotes a possible outcome of the experiment.

(i)  anytrial results in an outcome that corresponds to one and only one element of the set S
is called the sample space of the experiment and the elements are called sample points.
Sample space is generally denoted by S.

= ETglo] CHEREE \Write the sample space in two tosses of a coin.
Solution : Let H denote a head and T denote a tail in the experiment of tossing of a coin.

Toss | Toss II Sample Point
H (H.H)
T

i (HT)

T H (T.H)
T (T.T)

S={(H,H),H,T),(T,H), T}
Note : Iftwo coins are tossed simultaneously then the sample space S can be written as
S={HH,HT, TH, TT}.

el CHERE  Consider an experiment of rolling a fair die and then tossing a coin.
Write the sample space.

Solution : Inrolling a die possible outcomes are 1, 2, 3, 4, 5 and 6. On tossing a coin the possible
outcomes are either a head or a tail. Let H (head) =0and T (tail) = 1.
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(6,0), (6, 1)}
n(S) = 6x2 =12

down the sample space.

First Second Third
child child child
Boy
Boy
Girl
Boy< Boy
Girl

Boy

Girl <
Girl

Girl
Boy

—
—
—

Girl

The sample space is

answered immediately.
nS)=2x2x2=8

these two dice are rolled, what will be the sample space ?

eriments and Events

(6.1)

S=4{(1,0),(1,1),(20),(2,1).3,0), (3,1).(40), (4 1),(50), (5 1),

2'ETlo] CMERSE Suppose we take all the different families with exactly 3 children. The
experiment consists in asking them the sex (or genders) of the first, second and third chid. Write

Solution : Let us write 'B' for boy and 'G' for girl and construct the following tree diagram.

(BBB)

(BBG)
(BGB)

(BGG)

(GGG)

S={BBB, BBG, BGB, BGG, GBB, GBG, GGB, GGG}
The advantage of writing the sample space in the above form is that a question such as "Was the
second child a girl" ? or " How many families have first child a boy ?"* and so forth can be

=T o) CHEHON Consider an experiment in which one die is green and the other is red. When

Solution : This experiment can be displayed in the form of a tree diagram, as shown below :

414
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Green die Red die

o
RN RWN—LOORWON—LOOARON—LOORON—-LOAPRWN =

Let g; and j denote, the number that comes up onthe green die and red die respectively. Then

an out-come can be represented by an ordered pair( i, I ) , Where i and j can assume any of
thevalues 1, 2, 3, 4,5, 6.

Thus, a sample space S for this experiment is the set, S = {(9;, 1j) :1<i < 6,1< j< 6}.

Also, notice that the multiplication principle (principle of counting) shows that the number of
elements in S is 36, since there are 6 choices for g and 6 choices forr, and 6 x 6 = 36
. Nn(S) =36
Wrrite the sample space for each of the following experiments :
(i)  Acoinistossed three times and the result at each toss is noted.
@)  From five players A, B, C, D and E , two players are selected for a match.
(i)  Six seedsare sown and the number of seeds germinating is noted.

(v) Acoinistossed twice. If the second throw results in a head, a die is thrown, otherwise a
coin is tossed.

Solution :
0] S={TTT, TTH, THT, HTT, HHT, HTH, THH, HHH}
number of elements in the sample spaceis 2x2x2=8
i) S={AB,AC,AD,AE, BC,BD, BE,CD,CE,DE}. Heren(S)=10
@y S={0,1,23,4,5,6}. Heren(S)=7
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(v)  This experiment can be displayed in the form of a tree-diagram as shown below :

1 1

/ ; / .

3 3

H é 4 H é 4

\5 \5

H T

6 6

H H

T<T T<T

Thus S={HH1, HH2, HH3, HH4, HH5, HH6, HTH, HTT, TH1, TH2,TH3,TH4,

THS5, TH6, TTH, TTT}

I.e. there are 16 outcomes of this experiment.

18.3. DEFINITION OF VARIOUS TERMS

Event :

Let us consider the example oftossing a coin. In this experiment, we may be interested
in'getting a head'. Then the outcome 'head' is an event.

In an experiment of throwing a die, our interest may be in, ‘getting an even number'. Then the
outcomes 2, 4 or 6 constitute the event. \We have seen that an experiment which, though repeated
under identical conditions, does not give unique results but may result in any one of the several
possible outcomes, which constitute the sample space.

Some outcomes of the sample space satisfy a specified description, which we call an ‘event'.
We often use the capital letters A, B, C etc. to represent the events.
= o] CHERN L et E denote the experiment of tossing three coins at a time. List all possible

outcomes and the events that

()  the number of heads exceeds the number of tails.
(i)  getting two heads.
Solution :

3rd coin

2nd coin H —> HHH
H<
1st coin H T > HHT
H —> HTH
T <
T —> HTT

H —> THH

H<
T —> THT
T
H—> TTH
T<

T—>TTT
The sample space S is

416

S={HHH, HHT, HTH, HTT, THH, THT, TTH, TTT}
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= {wy, Wy, w3, Wy, W5, We, W7, Wy | (say)
If E, isthe event that the number of heads exceeds the number of tails, and E, the event getting
two heads. Then

Ep={ w1, wp, w3, wsg |
and E, ={ wy , w3, wg }

18.3.1 Equally Likely Events
Outcomes of a trial are said to be equally likely if taking into consideration all the relevant
evidences there is no reason to expect one in preference to the other.

Examples :
() Intossing an unbiased coin, getting head or tail are equally likely events.

@)  Inthrowing a fair die, all the six faces are equally likely to come.

@iy  Indrawing acard from a well shuffled deck of 52 cards, all the 52 cards are equally likely

to come.
18.3.2 Mutually Exclusive Events

Events are said to be mutually exclusive if the happening of any one of the them preludes the
happening of all others, i.e., if no two or more of them can happen simultaneously in the same
trial.

Examples :

(i)  Inthrowing adie all the 6 faces numbered 1 to 6 are mutually exclusive. I1fany one of these
faces comes at the top, the possibility of others, in the same trial is ruled out.

(i)  Whentwo coins are tossed, the event that both should come up tails and the event that
there must be at least one head are mutually exclusive.

Mathematically events are said to be mutually exclusive if their intersection is a null set (i.e.,
empty)
18.3.3 Exhaustive Events

If we have a collection of events with the property that no matter what the outcome of the
experiment, one of the events in the collection must occur, then we say that the events in the
collection are exhaustive events.

For example, when a die is rolled, the event of getting an even number and the event of getting an
odd number are exhaustive events. Or when two coins are tossed the event that at least one
head will come up and the event that at least one tail will come up are exhaustive events.

Mathematically a collection of events is said to be exhaustive if the union of these events is the
complete sample space.

18.3.4 Independent and Dependent Events

A set of events is said to be independent if the happening of any one of the events does not affect
the happening of others. If, on the other hand, the happening of any one of the events influence
the happening of the other, the events are said to be dependent.

Examples :
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()  Intossing an unbiased coin the event of getting a head in the first toss is independent of
getting a head in the second, third and subsequent throws.

@)  Ifwedrawa card from apack of well shuffled cards and replace it before drawing the
second card, the result of the second draw is independent of the first draw. But, however,
if the first card drawn is not replaced then the second card is dependent on the first draw
(in the sense that it cannot be the card drawn the first time).

Q
\ & JCHECK YOUR PROGRESS 13.1

Selecting a student froma school without preference is a random experiment. Justify.
Adding two numbers on a calculator is not a random experiment. Justify.

Write the sample space of tossing three coins at a time.

Write the sample space of tossing a coinand a die.

Two dice are thrown simultaneously, and we are interested to get six on top of each of
the die. Are the two events mutually exclusive or not ?

6.  Two dice are thrown simultaneously. The events A, B, C, D are as below :
A : Getting an even number on the first die.
B : Getting an odd number on the first die.
C : Getting the sum of the number on the dice < 7.
D : Getting the sum of the number on the dice > 7.
State whether the following statements are True or False.
(i) Aand B are mutually exclusive.
(i) Aand B are mutually exclusive and exhaustive.
(iif) A and C are mutually exclusive.
(iv) C and D are mutually exclusive and exhaustive.

7. Aballis drawn at random from a box containing 6 red balls, 4 white balls and 5 blue
balls. There will be how many sample points, in its sample space?

8.  Inasingle rolling with two dice, write the sample space and its elements.

9.  Suppose we take all the different families with exactly 2 children. The experiment consists
in asking them the sex of the first and second child.

Write down the sample space.

476”*’
LET US SUM UP

° An activity that yields a result or an outcome is called an experiment.

° An activity repeated number of times under identical conditions and outcome of activity
is not predictable is called Random Experiment.

ok~ e

° The set of possible outcomes of arandom experiment is called sample space and elements
of the set are called sample points.
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Some outcomes of the sample space satisfy a specified description, which is called an
Event.

Events are said to be Equally likely, when we have no preference for one rather than the
other.

If happening of an event prevents the happening of another event, then they are called
Mutually Exclusive Events.

The total number of possible outcomes in any trial is known as Exhaustive Events.

Aset of events is said to be Independent events, if the happening of any one of the events
does not effect the happening of other events, otherwise they are called dependent events.

e\ SUPPORTIVE WEB SITES

www.math.uah.edu/stat/prob/Events.html

http://en.wikipedia.org/wiki/Experiment_(probability theory)

Sl TERMINAL EXERCISE

A tea set has four cups and saucers. If the cups are placed at random on the saucers, write
the sample space.

If four coins are tossed, write the sample space.

If n coins are tossed simultaneously, there will be how many sample points ?
[Hint:tryforn=1,2,3/4, .....]

In a single throw of two dice, how many sample points are there ?
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Probability (S]] ANSWERS
CHECK YOUR PROGRESS 18.1

Both properties are satisfied 2. Outcome is predictable

=

Notes | 3. S = {HHH, HHT,HTH,HTT, THH, THT, TTH, TTT }

e

{H1,H2,H3,H4,H5,H6,T1, T2, T3, T4,T4,T6} 5. No.
(1) True  (ii) True (i) False (iv) True 7.15

IS

8. {(11),(12),(1,3),(1,4),(15),(3,6)
(2,1),(2,2),(2,3),(2,4),(2,5),(2,6)
(31),(32),(33),(34),(35),(36)
(4,1),(4,2),(4,3),(4,4),(4,5),(4,6)
(51),(52),(53),(54),(55),(56)
(6,1),(6,2),(6,3),(6,4),(6,5),(6,6)}

9.  {MM, MF, FM, FF}

TERMINAL EXERCISE

{C1S1, C1S7, C1S3, CiSy4, €28y, €583, €283, CoSy,

L C3S1, C3S;, C3S3, C3S4, C4S1, C4S7, C4S3,CySy |}

2. 24 _1g, {HHHH, HHHT, HHTH, HTHH, HHTT, HTHT, HTTH, HTTT,
THHH, THHT, THTH, THTT, TTHH, TTHT, TTTH, TTTT}

3 2"

4. 62=36
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In our daily life, we often used phrases such as 'It may rain today’', or 'India may win the
match' or ' | may be selected for this post.' These phrases involve anelement of uncertainty.
How can we measure this uncertainty? A measure of this uncertainty is provided by a branch
of Mathematics, called the theory of probability. Probability Theory is designed to measure
the degree of uncertainty regarding the happening of a given event. The dictionary meaning
of probability is ' likely though not certain to occur. Thus, when a coin is tossed, a head is
likely to occur but may not occur. Similarly, when a die is thrown, it may or may not show the
number 6.

In this lesson we shall discuss some basic concepts of probability, addition theorem, dependent
and independent events, multiplication theorem, Baye's theorem, ramdom variable, its probability
distribution and binomial distribution.

\Z| OBJECTIVES

After studying this lesson, you will be able to :
° define probability of occurance of an event;

. cite through examples that probability of occurance of an event is a non-negative fraction,
not greater than one;

° use permutation and combinations in solving problems in probability;

. state and establish the addition theorems on probability and the conditions under which
each holds;

° generalize the addition theorem of probability for mutually exclusive events;

. understand multiplication law for independent and dependent events and solve problems
releated to them.

° understand conditional probability and solve problems releated to it.
° understand Baye's theorem and solve questions related to it.

° define random variable and find its probability distribution.

° understand and find, mean and variance of random variable.

° understand binomial distribution and solve questions based on it.

EXPECTED BACKGROUND KNOWLEDGE

° Knowledge of random experiments and events.

° The meaning of sample space.
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° A standard deck of playing cards consists of 52 cards divided into 4 suits of 13 cards
each : spades, hearts, diamonds, clubs and cards in each suit are - ace, king, queen,
jack, 10,9, 8,7,6,5, 4, 3and 2. Kings, Queens and Jacks are called face cards and
the other cards are called number cards.

19.1 EVENTS AND THEIR PROBABILITY

In the previous lesson, we have learnt whether an activity is a random experiment or not. The
study of probability always refers to random experiments. Hence, from now onwards, the
word experiment will be used for a random experiment only. In the preceeding lesson, we have
defined different types of events such as equally likely, mutually exclusive, exhaustive, indepen-
dent and dependent events and cited examples of the above mentioned events.

Here we are interested in the chance that a particular event will occur, when an experiment is
performed. Let us consider some examples.

What are the chances of getting a' Head' in tossing an unbiased coin ? There are only two
equally likely outcomes, namely head and tail. In our day to day language, we say that the coin
has chance 1 in 2 of showing up a head. In technical language, we say that the probability of

1
getting ahead is 5
Similarly, in the experiment of rolling a die, there are six equally likely outcomes 1, 2,3,4,5 or 6.
The face with number '1' (say) has chance 1 in 6 of appearing on the top. Thus, we say that the

1
probability of getting 1 is 5
In the above experiment, suppose we are interested in finding the probability of getting even
number onthe top, when a die is rolled. Clearly, the possible numbers are 2, 4 and 6 and the
chance of getting an even number is 3 in 6. Thus, we say that the probability of getting an even

ooris 3 ie L
numberis =, i.e., 7.
The above discussion suggests the following definition of probability.

If an experiment with 'n’ exhaustive, mutually exclusive and equally likely outcomes, m outcomes
are favourable to the happening of an event A, the probability 'p' of happening of A is given by

Number of favourable outcomes m
p=PCA) = - =— (i)
Total number of possible outcomes n

Since the number of cases favourable to the non-happening of the event Aare n —m, the
probability 'g' that 'A" will not happen is given by

_h-m :l_m
n n

=1-—p [Using (i)]

p+q=1.
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Obviously, p as well as g are non-negative and cannot exceed unity. MODULE -V
. Statistics and
L., O<p=l, 0O=qg=l Probability

Thus, the probability of occurrence of an event lies between 0 and 1[including 0 and 1].

1. Probability 'p' of the happening of an event is known as the probability of success and Notes
the probability 'q’ of the non-happening of the event as the probability of failure.

2. Probability ofan impossible event is 0 and that of a sure event is 1
if P (A) = 1, the event A is certainly going to happen and
if P (A) =0, the event is certainly not going to happen.

3. The number (m) of favourable outcomes to an event cannot be greater than the total
number of outcomes (n).

Let us consider some examples

STl [CRERE In a simultaneous toss of two coins, find the probability of

(1) getting 2 heads (ii) exactly 1 head

Solution : Here, the possible outcomes are
HH, HT, TH, TT.
I.e., Total number of possible outcomes = 4.
()  Number of outcomes favourable to the event (2 heads) =1 (i.e., HH).

1
P(2heads):z.

@)  Now the event consisting of exactly one head has two favourable cases,

1

2
namelyHT and TH . P (exactly one head) Ty

e o) NN |n a single throw of two dice, what is the probability that the sum is 97

Solution : The number of possible outcomesis6 x 6 = 36. \We write them as given below :
11 12 13 14 15 16
21 22 23 24 25 26
31 32 33 34 35 36
41 42 43 44 45 46
51 52 53 54 55 56
61 62 63 64 65 66
Now, how do we get a total of 9. We have :
3+6=9,4+5=9,5+4=9,6+3=9
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In other words, the outcomes (3, 6), (4, 5), (5, 4) and (6, 3) are favourable to the said event,
.e., the number of favourable outcomes is 4.

4 1
Hence, P (atotal of9) = % = 3

el CHERR \What is the chance that a leap year, selected at random, will contain 53

Sundays?
Solution : Aleap year consists of 366 days consisting of 52 weeks and 2 extra days. These
two extra days can occur in the following possible ways.

(1) Sunday and Monday
(in) Monday and Tuesday

(iin) Tuesday and Wednesday

(VM)  Wednesday and Thursday

v) Thursday and Friday

(vi)  Friday and Saturday

(vi)  Saturday and Sunday

Out of the above seven possibilities, two outcomes,
e.g., (i) and (vii), are favourable to the event

2
P (53 Sundays ) = 7

Q
X CHECK YOUR PROGRESS 19.1

Adieisrolled once. Find the probability of getting 3.

A coin is tossed once. What is the probability of getting the tail ?

What is the probability of the die coming up with a number greater than 3 ?

In a simultaneous toss of two coins, find the probability of getting ' at least' one tail.

From a bag containing 15 red and 10 blue balls, a ball is drawn ‘at random'. What is the
probability of drawing (i) a red ball ? (ii) a blue ball ?

6. If two dice are thrown, what is the probability that the sumis (i) 6 ? (ii) 8? (iii) 10?

ISANE R A

(iv) 122

7. If two dice are thrown, what is the probability that the sum of the numbers on the two
faces is divisible by 3 or by 4 ?

8. If two dice are thrown, what is the probability that the sum of the numbers on the two

faces is greater than 10 ?
9.  What is the probability of getting ared card from a well shuffled deck of52 cards ?

10. Ifacardis selected from a well shuffled deck of 52 cards, what is the probability of
drawing

(1) aspade? (i) aking ? (i) aking of spade ?
11.  Anpair of dice is thrown. Find the probability of getting

MATHEMATICS
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(i) asumasaprime number  (ii) adoublet, i.e., the same number on both dice MODULE -V
(iif) amultiple of 2 on one die and a multiple of 3 on the other. Statistics_ fand
12.  Three coins are tossed simultaneously. Find the probability of getting Probability

(1) no head (ii) at least one head (iii) all heads

19.2. CALCULATION OF PROBABILITY USING
COMBINATORICS (PERMUTATIONS AND COMBINATIONS) Notes

Inthe preceding section, we calculated the probability of an event by listing down all the possible
outcomes and the outcomes favourable to the event. This is possible when the number of
outcomes is small, otherwise it becomes difficult and time consuming process. In general, we
do not require the actual listing of the outcomes, but require only the total number of possible
outcomes and the number of outcomes favourable to the event. In many cases, these can be
found by applying the knowledge of permutations and combinations, which you have already
studied.

Let us consider the following examples :

SElo) CHERN A bag contains 3 red, 6 white and 7 blue balls. What is the probability that

two balls drawn are white and blue ?
Solution : Total number of balls=3+6+ 7 =16

Now, out of 16 balls, 2 can be drawn in 16 C, ways.

. Exhaustive number of cases = 16¢,, — 16 >2< 15 _ 100

Out of 6 white balls, 1 ball can be drawn in 6(;1 ways and out of 7 blue balls, one can be drawn
is C, ways. Since each of the former case is associated with each of the later case, therefore
total number of favourable casesare 6C, x” C; = 6x 7 = 42.

7

42
. Required probability = 020

When two or more balls are drawn from a bag containing several balls, there are two ways
in which these balls can be drawn.

(i) Without replacement : The ball first drawn is not put back in the bag, when the
second ball is drawn. The third ball is also drawn without putting back the balls drawn
earlier and so on. Obviously, the case of drawing the balls without replacement is the
same as drawing them together.

(i) With replacement : In this case, the ball drawn is put back in the bag before drawing
the next ball. Here the number of balls in the bag remains the same, every time a ball is
drawn.

In these types of problems, unless stated otherwise, we consider the problem of without
replacement.
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S'ETlo] MR Six cards are drawn at random from a pack of 52 cards. What is the
probability that 3 will be red and 3 black?

Solution : Six cards can be drawn from the pack of 52 cards in®2c, ways.
i.e., Total number of possible outcomes = %2,

3 red cards can be drawn in 2°c, ways and

3 black cards can be drawn in 26c, ways.

. Total number of favourable cases = %¢, x %¢,

y e reatired orobatil 26Cy %% Cc5 13000
ence, the required probability = =
q p y 52C6 39151

SET o) [CHEKGM Four persons are chosen at random from a group of 3 men, 2 women and 4

children. Show that the chance that exactly two of them will be children is % .

Solution : Total number of persons inthe group = 3 + 2 + 4 =9. Four persons are chosen at
random. If two of the chosen persons are children, then the remaining two can be chosen from
5 persons (3 men + 2 women).

Number of ways in which 2 children can be selected from 4, children = ‘c, = % =6

Number of ways in which remaining of the two persons can be selected

5x4
from 5 persons = °C, = - =10
om 5 persons 2=1 >

Total number of ways in which 4 persons can be selected out of

_ 9x8xT7x6

= =126
Ix2x3x4

9 persons = °C,

4C,x°Cy  6x10 10

9C4 126 21

Q
\ & §] CHECK YOUR PROGRESS 19.2

1.  Abag contains 3 red, 6 white and 7 blue balls. What is the probability that two balls
drawn at randomare both white?

2. Abag contains 5 red and 8 blue balls. What is the probability that two balls drawn are
red and blue ?

Hence, the required probability =

3. Abag contains 20 white and 30 black balls. Find the probability of getting 2 white balls,
when two balls are drawn at random

(@) withreplacement (b) without replacement
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4, Three cards are drawn from a well-shuffled pack of 52 cards. Find the probability that all | MODULE - V
the three cards are jacks. Statistics and

5. Two cards are drawn from a well-shuffled pack of 52 cards. Show that the chancesof | Probability

. 1
drawing both aces is 21"

6. Ina group of 10 outstanding students in a school, there are 6 boys and 4 girls. Three

students are to be selected out of these at random for a debate competition. Find the | Notes
probability that
(i) oneisboyandtwo are girls. (ii) all are boys. (iii) all are girls.

7. Out of 21 tickets marked with numbers from 1 to 21, three are drawn at random. Find
the probability that the numbers on themare in A.P.

8.  Two cards are drawn at random from 8 cards numbered 1 to 8. What is the probability
that the sum of the numbers is odd, if the cards are drawn together ?

9.  Ateamof5 playersisto be selected froma group of 6 boys and 8 girls. If the selection
is made randomly, find the probability that there are 2 boys and 3 girls in the team.

10.  Aninteger is chosen at random from the first 200 positive integers.Find the probability
that the integer is divisible by 6 or 8.

19.3 EVENT RELATIONS

19.3.1 Complement of an event

Let us consider the example of throwing a fair die. The sample space of this experiment is
S$={1,2,3,4,56}

If Abe the event of getting an even number, then the sample points 2, 4 and 6 are favourable to

the event A.

The remaining sample points 1, 3 and 5 are not favourable to the event A. Therefore, these will
occur whenthe event Awill not occur.

Inan experiment, the outcomes whichare not favourable to the event Aare called complement
of Aand defined as follows :

"The outcomes favourable to the complement of an event Aconsists of all those outcomes which are
not favourable to the event A, and are denoted by 'not' Aorby & .

19.3.2 Event 'A or B’

Let us consider the example of throwing a die. A is an event of getting a multiple of 2 and B be
another event of getting a multiple of 3.

The outcomes 2, 4 and 6 are favourable to the event Aand the outcomes 3 and 6 are favourable
to the event B.

Fig. 19.1
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The happening ofeventAorBis AUB ={ 2, 3, 4, 6 }

Again, if Abe the event of getting an even number and B is another event of getting an odd
number, then A={ 2,4,6 },B={1,3,5 }

S A B

Fig. 19.2
AUB={1 2, 3 45,6}

Here, it may be observed that if Aand B are two events, thenthe event'AorB' (A U B) will
consist of the outcomes which are either favourable to the event A or to the event B or to both
the events.

Thus, the event 'Aor B' occurs, if either Aor B or both occur.

19.3.3 Event "A and B’

Recall the example of throwing a die in which Aiis the event of getting a multiple of 2 and B isthe
event of getting a multiple of 3. The outcomes favourable to Aare 2, 4, 6 and the outcomes
favourableto Bare 3, 6.

Fig. 19.3
Here, we observe that the outcome 6 is favourable to both the events Aand B.
Draw a card from a well shuffled deck of 52 cards. Aand B are two events defined as
A:aredcard, B:aking
We know that there are 26 red cards and 4 kings in a deck of cards. Out of these 4 kings, two

are red.
“ kings

red kings Fig.19.4

ANB

red cards

MATHEMATICS



Probability

Here, we see that the two red kings are favourable to both the events. I\éItOtl_)lﬁLE ) ;/
Hence, the event ' Aand B' consists of all those outcomes which are favourable to both the Par ; ;cbs”ﬁn
events A and B. That is, the event 'A and B' occurs, when both the events A and B occur y
simultaneously. Symbolically, it is denoted as AN B.
19.4 ADDITIVE LAW OF PROBABILITY
Notes

Let Abe the event of getting an odd number and B be the event of getting a prime number in a
single throw of a die. What will be the probability that it is either an odd number or a prime
number ?
Inasingle throw of a die, the sample space would be

S={1,23,4,56}
The outcomes favourable to the events Aand B are

A={1,35}B={235}

6

Fig.19.5

The outcomes favourable to the event 'Aor B'are
AUB ={1,2,3,5}.
Thus, the probability of getting either an odd number or a prime number will be
P(A or B) = 4 = 2
6 3
To discover an alternate method, we can proceed as follows :

3
The outcomes favourable to the event Aare 1, 3and5. - P (A)= 5

3
Similarly, P (B) = 5

2
The outcomes favourable to the event 'Aand B'are 3and5. - P (A and B)= ry

Now, P(A)+P(B)-P(A and B) = > + %

o w

6

Thus, we state the following law, called additive rule, which provides a technique for finding the
probability of the union of two events, when they are not disjoint.

=P(AorB)

wI| N o] w

MATHEMATICS 429



MODULE -V

Statistics and
Probability

Notes

430

Probability

For any two events Aand B of a sample space S,
P(AorB)=P(A)+P(B)-P(AandB)

or P(AUB)=P(A)+P(B)-P(ANB) .. (i)

Acard is drawn from a well-shuffled deck of 52 cards. What is the prob

ability that it is either a spade or a king ?

Solution : Ifacard is drawn at random from a well-shuffled deck of cards, the likelyhood of
any of the 52 cards being drawn is the same. Obviously, the sample space consists of 52
sample points.

If Aand B denote the events of drawing a 'spade card' and a 'king' respectively, then the event
A consists of 13 sample points, whereas the event B consists of 4 sample points. Therefore,
13 4

P(A):S_Z s P(B):S_Z

The compound event ( A () B') consists of only one sample point, viz.; king of spade. So,

1
P(ANB ):5—2
Hence, the probability that the card drawn is either a spade or a king is given by
P( AUB )=P(A)+P(B)-P(ANB)
3,4 1 _16_4
52 52 52 52 13

=l KRR In an experiment with throwing 2 fair dice, consider the events

A : The sum of numbers on the faces is 8
B : Doubles are thrown.
What is the probability of getting Aor B ?
Solution : Inathrow of two dice, the sample space consists of 6 x 6 = 36 sample points.
The favourable outcomes to the event A ( the sum of the numbers on the faces is 8) are
A={(2,6),(3,5),(4,4),(53),(6,2) }
The favourable outcomes to the event B (Double means both dice have the same number) are

B={(11),(2,2),(33),(4,4),(55),(6,6)}

_3 _5 _ 1
NOWP(A)—%, P (B) %6 P(AﬂB)_g

Thus, the probability of Aor B is

P(AUB)= 5,8 1 _10_5
36 36 36 36 18
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MODULE -V
19.5 ADDITIVE LAW OF PROBABILITY FOR MUTUALLY Statistics and

EXCLUSIVE EVENTS Probability

We know that the events Aand B are mutually exclusive, if and only if they have no outcomes in
common. That is, for mutually exclusive events,

P(Aand B) =0

Substituting this value in the additive law of probability, we get the following law : Notes

P(AorB)=P(A)+P(B) . (i)
=ETlo] CHERN | a single throw of two dice, find the probability of a total of 9 or 11.

Solution : Clearly, the events - a total of 9 and a total of 11 are mutually exclusive.

4
Now P (atotalof 9)=P[(3,6), (4,5), (5,4), (6,3)] = 36
2
P(atotalof1l )=P[ (5, 6),(6,5)] = 36
Th P(atotal of9or 11 —i+£—l
us, (atotal of9or )—36 3% 6
el CHERIN Prove that the probability of the non-occurrence of anevent Ais1— P (A).
Le., P(notA)=1-P(A) or, P(A)=1-P(A).

Solution : We know that the probability of the sample space S in any experiment is 1.
Now, it is clear that if in an experiment an event Aoccurs, thenthe event ( A ) cannot occur
simultaneously; i.e., the two events are mutually exclusive.

Also, the sample points of the two mutually exclusive events together constitute the sample
space S. That is,

AUA =S

Thus, P(AUA)=P(S)
= P(A) + P(A) =1(-- Aand A are mutually exclusive and S is sample space)
=P(A)=1- P (A),

which proves the result.
This is called the law of complementation.

Law of complimentation: P(A) =1 — P (A)

P(A) X
mor P(A)toP (A)
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el CHEKER The probability of the event that it will rain is 0.3. Find the odds in favour of

rain and odds against rain.
Solution : Let Abe theevent that it will rain. -, P (A)=.3

By law of complementation, P (A)=1-.3=.7.

0.3
Now, the odds in favour of rain are 07 or3to7(or3:7).

. . 0.7
The odds against rain are 03 or 7 to 3.

When either the odds in favour of Aor the odds against Aare given, we can obtain the probability
of that event by using the following formulae

a

If the odds in favour of Aareato b, then P (A ) = Y

b
If the odds against Aare atob, then P (A ) = Y

This can be proved very easily.

Suppose the odds in favour of Aare ato b. Then, by the definition of odds,
P(A) _a

P(A) b

From the law of complimentation, P (A) =1-P (A)

P(A) a
Therefore, —1—P(A)_E or bP(A)=a-aP (A
b) P (A) = P (A)=—2
or (a+b)P(A)=a or 21D
Similarl that P (A) = b
imilarly, we can prove tha A

when the odds against Aare b to a.
SEq o CHERVA Are the following probability assignments consistent ? Justify your answer.

(@ P(A) =P (B) = 0.6, P(Aand B) = 0.05
(b) P(A)=05 P(B) =04, P (Aand B)=0.1
(©) P(A)=02, P(B)=07, P(Aand B)=04
Solution: () P(AorB)=P(A)+P(B) - P(AandB)

= 06+0.6 -0.05 =1.15

MATHEMATICS



Probability

Since P (Aor B) > 1 is not possible, hence the given probabilities are not consistent. MODULE -V
(b) P(AorB)=P(A)+P(B)-P(AandB) Statistics and
=05+ 0.4-01=08 Probability

whichis less than 1.
As the number of outcomes favourable to event 'A and B' should always be less than or equal

to those favourable to the event A,
Therefore, P(AandB) < P (A)

andsimilarly  P(Aand B) < P (B)

Inthis case, P (A and B) = 0.1, which is less than both P (A) =0.5and P (B) = 0.4. Hence, the
assigned probabilities are consistent.

(c) Inthis case, P (Aand B) = 0.4, which is more thanP (A) =0.2.
[- P(Aand B) < P (A)]
Hence, the assigned probabilities are not consistent.
An urn contains 8 white balls and 2 green balls. A sample of three balls is

selected at random. What is the probability that the sample contains at least one green ball ?
Solution : Urn contains 8 white balls and 2 green balls.
. Total number of balls in the urn =10

Notes

Three balls can be drawn in 10c3 ways = 120 ways.

Let Abe the event " at least one green ball is selected".

Let us determine the number of different outcomes in A. These outcomes contain either one
green ball or two green balls.

There are 2c; ways to select a green ball from 2 green balls and for this remaining two white
balls can be selected in 8o ways.
Hence, the number of outcomes favourable to one green ball
—2C;x 8, =2 x 28=56
Similarly, the number of outcomes favourable to two green balls
=2C,x 8 =1x8 =8

Hence, the probability of at least one green ball is
P (at least one green ball)
= P (onegreenball) + P (two green balls)

_ 56 . 8 _64_8
120 120 120 15

=Tl CHERES Two balls are drawn at random with replacement from a bag containing 5
blue and 10 red balls. Find the probability that both the balls are either blue or red.
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Solution : Let the event A consists of getting both blue balls and the event B is getting both red
balls. Evidently Aand B are mutually exclusive events.

By fundamental principle of counting, the number of outcomes favourableto A = 5x 5 = 25.
Similarly, the number of outcomes favourable to B =10 x 10 = 100.

Total number of possible outcomes = 15 x 15 = 225.

P A —_ E = l d P B —_ @ = i
W=2p5~g A PEB)I=55 "5
Since the events Aand B are mutually exclusive, therefore

P(AorB)=P(A) + P (B)

1 4 5
==+ — ==
9 9 9
5
Thus, P ( both blue or both red balls ) = 9

Q
\ & ] CHECK YOUR PROGRESS 19.3

1.  Acardisdrawn from awell-shuffled pack of cards. Find the probability that it is a queen
or acard of heart.

Inasingle throw of two dice, find the probability of a total of 7 or 12.

The odds in favour of winning of Indian cricket team in 2010 world cup are 9to 7. What
is the probability that Indian teamwins ?

4.  The odds against the team Awinning the league match are 5 to 7. What is the probability
that the team Awins the league match.

5. Two dice are thrown. Getting two numbers whose sum is divisible by 4 or 5 is consid-
ered a success. Find the probability of success.

6.  Two cards are drawn at random from a well-shuffled deck of 52 cards with replace-
ment. What is the probability that both the cards are either black or red ?

7. Acardisdrawn at random from a well-shuffled deck of 52 cards. Find the probability
that the card is an ace or a black card.

8.  Twodice are thrown once. Find the probability of getting a multiple of 3 on the first die
or atotal of 8.

0. (@ Inasingle throw of two dice, find the probability of a total of 5 or 7.

(b) AandB are two mutually exclusive events such that P (A) =0.3and P (B) =0.4.
Calculate P (AorB).

10. Aboxcontains 12 light bulbs of which 5 are defective. All the bulbs look alike and have
equal probability of being chosen. Three bulbs are picked up at random. What is the
probability that at least 2 are defective ?

11. Twodice are rolled once. Find the probability
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@ that the numbers on the two dice are different,
(b) that the total is at least 3.

12.  Acouple have three children. What is the probability that among the children, there will
be at least one boy or at least one girl ?

13.  Find the odds in favour and against each event for the given probability
4
@ PA=T OPAH =g

14. Determine the probability of A for the given odds
(@) 7to 2infavour of A (b) 10to 7 against A.
15.  Iftwo dice are thrown, what is the probability that the sum is
@ greater than 4 and less than 9 ?
(b) neither 5nor 8 ?
16.  Which of the following probability assignments are inconsistent ? Give reasons.
(@ P(A)=05, P(B)=03, P(AandB)=0.4
(b) P(A)=P(B)=0.4, P(AandB)=0.2
©) P(A)=0.85 P (B)=0.8, P (AandB)=0.61

17.  Two ballsare drawn at random from a bag containing 5 white and 10 green balls. Find
the probability that the sample contains at least one white ball.

18.  Two cards are drawn at random froma well-shuffled deck of 52 cards with replacement.
What is the probability that both cards are of the same suit?

Thus, the probability of simultaneous occurrence of two independent events is the product
of their separate probabilities.

19.6 MULTIPLICATION LAW OF PROBABILITY FOR INDE-
PENDENT EVENTS

Let us recall the definition of independent events.

Two events Aand B are said to be independent, if the occurrence or non-occurrence of one
does not affect the probability of the occurrence (and hence non-occurrence) of the other.

Can you think of some examples of independent events ?

The event of getting 'H' onfirst coinand the event of getting T on the second coin in a simultaneous
toss of two coins are independent events.

What about the event of getting 'H' on the first toss and event of getting T' on the second toss
in two successive tosses of a coin ? They are also independent events.

Let us consider the event of 'drawing an ace' and the event of 'drawing a king' in two successive
draws of a card from a well-shuffled deck of cards without replacement.

Avre these independent events ?
No, these are not independent events, because we draw an ace in the first draw with probability
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4
5 Now, we do not replace the card and draw a king from the remaining 51 cards and this

affect the probability of getting a king in the second draw, i.e., the probability of getting a king in

4
the second draw without replacement will be 51

Note : Ifthe cards are drawn with replacement, then the two events become independent.
Is there any rule by which we can say that the events are independent ?

How to find the probability of simultaneous occurrence of two independent events?
If Aand B are independent events, then

P (A and B) = P(A) . P(B)
or
P(ANB) =P (A). P(B)

Thus, the probability of simultaneous occurrence of two independent events is the product
of their separate probabilities.

Note : The above law can be extended to more than two independent events, i.e.,
P(ANBNC..)=P(A)-P(B)-P(C)..

On the other hand, if the probability of the event ‘A’ and 'B' is equal to the product of the
probabilities of the events Aand B, then we say that the events A and B are independent.

S el SRR Adie is tossed twice. Find the probability of a number greater than 4 on

each throw.

Solution : Let us denote by A, the event 'a number greater than 4' on first throw. B be the event
‘anumber greater than 4' in the second throw. Clearly A and B are independent events.

In the first throw, there are two outcomes, namely, 5 and 6 favourable to the event A.

2 1
P(A)=Z ==
(A) 53
.. 1
Similarly, P(B) = 3
11 1
Hence, P(A and B) = P (A) . P (B) =53 = 5.

=Tl CHERIGE Arun and Tarun appear for an interview for two vacancies. The probability

1 1
of Arun's selection is 3 and that of Tarun's selection is 5 Find the probability that

(@  bothofthemwillbe selected.  (b) none of them s selected.
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(c) atleastoneofthemisselected. (d)onlyone ofthemis selected. MODULE -V
Statistics and
l ape
Solution : Probability of Arun's selection = P (A) = 3 Probability
- ] 1
Probability of Tarun's selection = P (T) = 3

Not
@) P (both of them will be selected ) =P (A) P (T) -

1 1 1
=—X—- = —
3 5 15
(b) P (none of them is selected )

_ _ 1 1 2 4 8
P(A)P(T) ( 3)( 5) 3°5 15
© P (at least one of them is selected )
—1— p (None ofthemis selected )

o
:1_(§Xﬂj .. 8_17

d) P (only one of of them s selected )
=P(A)P(T)+P(A)P(T)
1 4 2 1 6 2

=—X—4+—-—X—=- =—=
3 5 3 5 15 5
el CHERFA A problem in statistics is given to three students, whose chances of solving

11

1
itare 53 and 1 respectively. What is the probability that problem will be solved ?

Solution : Let p;, p, and p3 be the probabilities of three persons of solving the problem.

H p -1 p L d p _1
ere, 1 2 2 3an 3 4

The problem will be solved, if at least one of them solves the problem.

P (at least one of them solves the problem)

=1- P(None ofthemsolves the problem) .. Q)
Now, the probability that none of them solves the problem will be

P (none of them solves the problem) =(1-p;)(1-p,)(1-p3)
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Putting this value in (1), we get

1 3
P (at least one of them solves the problem) =1-— 1°1

3
Hence, the probability that the problem will be solved is 1

el CHERER Two balls are drawn at random with replacement from a box containing 15

red and 10 white balls. Calculate the probability that
(@  bothballs are red.

(b) first ball is red and the second is white.

(c) oneofthemis white and the other is red.
Solution :

@ Let A be the event that first drawn ball is red and B be the event that the second ball
drawn is red. Then as the balls drawn are with replacement,

15 3 3
therefore P(A) = it P(B) = c
As Aand B are independent events
therefore P (bothred)=P(AandB)
=P(A) xP(B) =§><§=—
5 5 25
(b) Let A: First ball drawn is red.
B : Second ball drawn is white.

P(Aand B) =P (A PB—EXE—i
() If WR denotes the event of getting a white ball in the first draw and a red ball in the

second draw and the event RW of getting a red ball in the first draw and a white ball in
the second draw. Then as 'RW'and WR' are mutually exclusive events, therefore
P (awhite and a red ball )

= P(WRorRW)

=P(WR) + P (RW)

=PW)P(R)+P(R)P (W)
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=ETglo) CHEREN A dice is thrown 3 times. Getting a number '5 or 6'is a success. Find the MODULE -V
o . Statistics and
probability of getting Probability

(a) 3 successes (b) exactly 2 successes (c) at most 2 successes (d) at least 2 successes.

Solution : Let S denote the success in a trial and F denote the ' not success'i.e. failure. Therefore,

2 1 1 2
P(S):gzg,P(F):l—gzg NOtES

(a) As the trials are independent, by multiplication theorem for independent events,

1 1 1
P(SSS)=P(S) P(S) P(S) = §X§ 327
P(SSF) =P(S)P(S)P(F) = 2x2x 2= =
Since the two successes can occur in 3(;2 ways
P (exactly t i, 2 =2
(exactly two successes) 2%57 =%
1 26
(c) P (at mosttwo successes) =1— P(3successes) =1-— 7797

(d) P (at least two successes) =P (.exactly 2 successes) + P ( 3 successes)
2 1 7

J— + _
9 27 27

el WM A card is drawn froma pack of 52 cards so that each card is equally likely

to be selected. Which of the following events are independent ?
()] A :the card drawn is a spade
B :the card drawn isan ace
(in) A the card drawn is black
B : the card drawn is a king
@)  A-:thecarddrawnisaking oraqueen
B : the card drawn is a queenor a jack

. . ) 13 1
Solution : (i) There are 13 cards of spade in a pack. P (A) = 21
4 1

i P(B)=—=—
There are four aces in the pack. P (B) =" 13
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Statistics and 1
Probability | .. P(ANB)=—
52

1 1 1

P(A) P(B)=Sx—=—

Now (A) P (B) 1 -5

Notes | Since P (ANB)=P(A). P(B)

Hence, the events Aand B are independent.
(i) There are 26 black cards in a pack.

26 1
P(A)=—==
) 52 2
Th four kings in the pack N&—i—i
ere are four kings in the pack. -, 5 13
= { 2 black ki P(AﬂB)—i—i
AN B ={2blackkings} .. =~ 26
1 1 1
P(A P(B)==x—=—
Now, (A) x P (B) ATRET
Since P(ANB)=P(A) P (B)
Hence, the events Aand B are independent.
(iii) There are 4 kings and 4 queens in a pack of cards.
. Total number of outcomes favourable to the event Ais 8.
8 2
P(A)=—=—
(A) 52 13
.. 2
Similarly, P (B):E’ AN B = {4queens}
4 1
PANB)=—=—
(ANB) 52 13
2 2 4
P(A)xP (B) = —x—=—
(AP (B)= 13713~ Too
Here, P(ANB)=#P(A).P (B)
Hence, the events Aand B are not independent.
r1
L' # CHECK YOUR PROGRESS 19.4
1. A husband and wife appear in an interview for two vacancies in the same department.

1 1 .
The probability of husband's selection is 7 and that of wife's selection is 5 What is the

probability that
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(a) Only one of them will be selected ? MODULE -V
(b) Both of themwill be selected ? Statistics_ gnd
(c) None of them will be selected ? Probability

(d) At least one of them will be selected ?

1
2.  Probabilities of solving a specific problem independently by Raju and Soma are > and

Notes
1
3 respectively. If both try to solve the problem independently, find the probability that

(a) the problemis solved.
(b) exactly one of them solves the problem.

3. Adieisrolled twice. Find the probability of a number greater than 3 on each throw.
Sita appears in the interview for two posts Aand B, selection for which are independent.

The probability of her selection for post Ais % and for post B is % . Find the probability
that she is selected for

(a) both the posts

(b) at least one of the posts.

12 3
5. The probabilities of A, B and C solving a problemare 3'7 and 3 respectively. If all the

three try to solve the problem simultaneously, find the probability that exactly one of them
will solve it.

6.  Adrawstwo cards with replacement from a well-shuffled deck of cards and at the same
time B throws a pair of dice. What is the probability that

(a) Agetsboth cards of the same suit and B gets a total of 6 ?
(b) Agetstwo jacks and B gets a doublet ?

7. Suppose itis9to 7 against a person Awho is now 35 years of age living till he is 65 and
3:2 against a person B now 45 living till he is 75. Find the chance that at least one of these
persons will be alive 30 years hence.

8.  Abagcontains 13 balls numbered from 1 to 13. Suppose an even number is considered
a 'success'. Two balls are drawn with replacement, from the bag. Find the probability of

getting
(a) Two successes (b) exactly one success
(c) at least one success (d) no success

9.  One card is drawn from a well-shuffled deck of 52 cards so that each card is equally
likely to be selected. Which of the following events are independent ?

(a) A: Thedrawn card is red
B : The drawn card is a queen

(b) A: Thedrawn card is a heartB: The drawn card is a face card
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Suppose that a fair die is thrown and the score noted. Let A be the event, the score is 'even'.
Then
3 1
= . P A - = —
A={2,4,6}, - P(A) 53
Now suppose we are told that the score is greater than 3. With this additional information what
willbe P (A)?

Let B be the event, 'the score is greater than 3'. Then B is {4, 5, 6 }. When we say that B has
occurred, the event 'the score is less than or equal to 3'is no longer possible. Hence the sample
space has changed from 6 to 3 points only. Out of these three points 4, 5 and 6; 4 and 6 are
even scores.

2
Thus, given that B has occurred, P (A) must be 3

Let us denote the probability of Agiven that B has already occurred by P (A | B) .

AB

Flg.19.7

Again, consider the experiment of drawing a single card from a deck of 52 cards. We are
interested in the event A consisting of the outcome that a black ace is drawn.

Since we may assume that there are 52 equally likely possible outcomes and there are two
black aces in the deck, so we have

2
P(A) = —
(A) 0
However, suppose a card is drawn and we are informed that it is a spade. How should this
information be used to reappraise the likelihood of the event A?

Clearly, since the event B "Aspade has been drawn " has occurred, the event "not spade™ is no
longer possible. Hence, the sample space has changed from 52 playing cards to 13 spade
cards. The number of black aces that can be drawn has now been reduced to 1.

Therefore, we must compute the probability of event Arelative to the new sample space B.
Let us analyze the situation more carefully.

The event Ais " a black ace is drawn'. We have computed the probability of the event A
knowing that B has occurred. This means that we are computing a probability relative to a new
sample space B. That is, B is treated as the universal set. We should consider only that part of
Awhich isincluded in B.
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Fig. 19.8

Hence, we consider A () B (see figure 31.8).
Thus, the probability of A. given B, is the ratio of the number of entriesin A (" B to the number
ofentriesinB. Since n (A1 B) =1and n(B) =13,

n(ANB) 1
P(AlB) =T - L
then (A[B) n(B) 13
Noticethat n(ANB)=1= P(AHB):siz
13
n(B) =13 = P(B)—S—2

PAIB=5= P(B)

1
1 52 P(ANB)
YT
52
This leads to the definition of conditional probability as given below :
Let A an B be two events defined on a sample space S. Let P(B) > 0, then the conditional
probability of A, provided B has already occurred, is denoted by P(A|B) and mathematically

written as :

P(ANB)
Simirly P(B|A):P(§(—Q)E”, P(A) > 0

The symbol P(A| B ) is usually read as "the probability of Agiven B".

= el HEAR Consider all families "with two children (not twins). Assume that all the

elements of the sample space {BB, BG, GB,GG} are equally likely. (Here, for instance, BG
denotes the birth sequence "boy girls™). Let A be the event {BB} and B be the event that ‘at
least one boy'. Calculate P (A | B).

Solution : Here, A={BB}, B={BB,BGGB}
1
ANB={BB}. P(ANB)= =
P(B): £+£+£:§
4 4 4 4
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1
P(AB n
Hence, P(A|B) _PANB =%

_1
P(B) 3
4

SElo] CMEPA Assume that a certain school contains equal number of female and male

students. 5 % of the male population is football players. Find the probability that a randomly
selected student is a football player male.

Solution : Let M = Male
F = Football player

We wish to calculate P (M (1 F). Fromthe given data,

1
P (M)= 5 (-~ School contains equal number of male and female students)

P(FM)=0.05
But from definition of conditional probability, we have
p(F|Mm)=PMNF)
P(M)
= P(IMNF)=P(M)xP(F|M)

_ %x 0.05 = 0.025

el uieel [f Aand B are two events, such that P (A) = 0.8,
P(B)=0.6, P(ANB)=0.5,findthe value of

@)  P(AUB) (ii) P(B|A) (i) P(A|B).
Solution:() P(AUB)=P(A)+P(B)-P(ANB)
=0.8+0.6-05=09

: _P(ANB) 05 _5
(in) P(B|A)= P(A) 08 &8
P(ANB) 05 5

P(B) 06 6

Acoin is tossed until a head appears or until it has been tossed three times.
Given that head does not occur on the first toss, what is the probability that coin is tossed three
times ?

Solution : Here, it is given that head does not occur on the first toss. That is, we may get the
head on the second toss or on the third toss or even no head.

Let B be the event, " no heads on first toss".

Gy P(A[IB)=

MATHEMATICS
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Then B={TH,TTH, TTT}
These events are mutually exclusive.

P(B)=P(TH)+P(TTH)+P(TTT) .. 1)

1 .
Now P(TH)= " (-~ This event has the sample space of four outcomes)

1
and P(TTH)=P(TTT)= g (- This event has the sample space of eight outcomes)

Putting these values in (1), we get

P(B):%Jrl 1 4 1

J— + - = = —

8 8 8 2

Let Abe the event "coin istossed three times".
Then A= {TTH,TTT}

. We have to find P (A| B) .

P(ANB
P(A|B):%
1
V!
Here, ANB =A, - P(AIB)—I__
2

Q
\ & § CHECK YOUR PROGRESS 19.5

1.  Asequence oftwo cards is drawn at random (without replacement) from a well-shuffled
deck of 52 cards. What is the probability that the first card is red and the second card is
black ?

2.  Consider athree child family for which the sample space is

{BBB, BBG, BGB, GBB, BGG, GBG, GGB, GGG }
Let Abe the event " the family has exactly 2 boys " and B be the event " the first child is
a boy". What is the probability that the family has 2 boys, given that first child is a boy ?

3. Two cards are drawn at random without replacement from a deck of 52 cards. What is
the probability that the first card is a diamond and the second card is red ?

4.  IfAand BareeventswithP (A)=0.4,P(B)=0.2, P(A N B) = 0.1, find the probabil-
ity of Agiven B. Also find P ( BJA).
5. Froma box containing 4 white balls, 3 yellow balls and 1 green ball, two balls are drawn

one at a time without replacement. Find the probability that one white and one yellow ball
is drawn.
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19.8 THEOREMS ON MULTIPLICATION LAW OF
PROBABILITY AND CONDITIONAL PROBABILITY.

Theorem 1 : For two events Aand B,
P(ANB)=P(A)P(B|A),
and P(ANB)=P(B)P(A|B),
where P ( B|A) represents the conditional probability of occurrence of B, when the event Ahas

already occurred and P ( A|B ) is the conditional probability of happening of A, given that B has
already happened.

Proof : Let n (S) denote the total number of equally likely cases, n (A) denote the cases

favourable to the event A, n (B) denote the cases favourable to B and n (A () B) denote the
cases favourable to both Aand B.

P(A):LA) P(B) =®
n(s)’ n(s)
n(ANB)
T oy e Q)
n(s)
For the conditional event A|B , the favourable outcomes must be one of the sample points of B,

I.e., for the event A|B, the sample space is B and out of the n (B) sample points, n (A (1 B)
pertain to the occurrence of the event A, Hence,

n(ANB)
n(B)

Rewriting (1), weget P(ANB =% % =RB.AAB

P(ANB) =

P(AIB)=

Similarly, we can prove
P(ANB)=P(A)P(B|A)

Note : IfAand B are independent events, then
P(A|B)=P(A)and P(B|A)=P(B)
P(ANB)=P(A)P(B)

Theorem 2 : Two events Aand B of the sample space S are independent, ifand only if
P(ANB)=P(A)P(B)

Proof : If Aand B are independent events,

then P(AIB)ZP(A)
We know that P(A|B) :P(;‘(—Q)B)
= P(ANB)=P(A)P(B)

MATHEMATICS
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Hence, if A and B are independent events, then the probability of '"Aand B' is equal to the
product of the probability of Aand probability of B.

Conversely,if P (AN B)=P(A).P(B),then

P(A|B) =—P(:EQ)B) gives
P(AlB)=—P(’;()g§B)=P(A)

That is, Aand B are independent events.

19.9 INTRODUCTION TO BAYES’ THEOREM

In conditional probability we have learnt to find probability of an event with the condition that
some other event has already occurred. Consider an experiment of selecting one coin out of

1 2 3 1
three coins : If | with P(H) = 3 and P(T) = 3 Il with P(H) = 1 and P(T) = 1 and 111

1 1
with P(H) = 5 P(T) = 5 (a normal coin).

After randomly selecting one of the coins, it is tossed. We can find the probability of selecting

.1
one coin ['-9- 5] and can also find the probability of any outcome i.e. head or tail; given

the coin selected. But can we find the probability that coin selected is coin I, I1 or 111 when
it is known that the head occurred as outcome? For this we have to find the probability of
an event which occurred prior to the given event. Such probability can be obtained by using
Bayes’ theorem, named after famous mathematician, Johan Bayes Let us first learn some
basic definition before taking up Baye’s theorem

Mutually exclusive and exhaustive events.

For a sample space S, the set of events E,, E,, ... E_ is said to mutually exclusive and
exhaustive if

() EnNE;=¢,Vizj=12,...n ie. none of two events can occur together.
(i) E VE,u...UE,=S,alloutcomesofS have been taken up in the events E

E,..E,
(i) P(E)>O0foralli=1,2, ... n

19.10 : THEOREM OF TOTAL PROBABILITY

LetE,, E,, ...., E are mutually exclusive and exhaustive events for a sample space S with
P(E) >0, Vvi=1,2, ..n Let Abe any event associated with S, then

P(A)= P(E,)) P(A/E,)) + P(E,) P(A/E,) + ... + P(E,) P(A/E))
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_ S P(E)P(A/E)

i=1
Proof : The events E; and Aare shown in the venn-diagram
GivenS=E,UE,, UE;, .. UE_ and E,n EJ. # ¢.
We can write UANE)
A= ANS Fig.19.9
= AU (E;VEU ...UE)
= (ANnE)n(AnE)UANE)..(ANnE)

Since all E;, are mutually exclusive, so AnNE,, AnE, ... will also be mutually
exclusive

= P(A) =P(ANE)) + P(ANE,) + P(ANE,) + ... + P(ANE))
= P(E,) P(AJE)) + P(E,) P(A/E,) + ... + P(E,) P(A/En)
By using the multiplication rule of probability,

P(A) = 2 P(E)P(A/E)
i=1

19.11 : BAYE’S THEOREM

IfE,, E,, ... E, are non-empty mutually exclusive and exhaustive events (i.e. P(E;) >0 v i)
of a sample space S and A be any event of non-zero probability then

P(Ei/A) = nP(E‘)P(A/E‘) Vi=12,.n
2. P(E) P(A/E)

Proof : By law of total probabilities we know that

P(A) =) P(E) P(A/E) (i)
i=1

Also by law of multiplication of probabilities we have
P(ANE)  P(E)P(A/E)

PR S eE)palE)

i=1

P(EilA) = by using (i)

This gives the proof of the Baye’s theorem let us now apply the result of Baye’s theorem
to find probabilities.
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= o) CHEMIN Given three identical coins (in shape and size) with following specifications
1
Coin I : with P(H) = 3 P(T) =

3
Coin 11 : with P(H) = 7 P(T) =

w | N
- Be |

1
Coin 11l : with P(H) = 5 P(T) = 5 (normal coin).

A Coin is selected at random and tossed. The out come found to be head. What is the
probability that the selected coin was coin 111?

Solution : Let E;, E,, E, be the events that coins I, Il or Il1 is selected, respectively.

Then P(E,) = P(E,) = P(E;) = %

Also, Let A be the event “the coin drawn “has head on tossing’.

1
Then P(A/E,) =P(a head on coin I) = 3

3
P(A/E,) =P(a head on coin Il) = 1

1
2
Now the probability that the coin tossed is Coin Il = P(E,/A)

P(AVE,) =P(a head on coin 1) =

P(E3) P(A/E;)
= P(E,)P(A/E,)+P(E,)P(A/E,) + P(E;)P(A/ Ey)

1.1 1
_ 32 2 __6 _6
=1 1 1 3 1 1 1 3 1~ 4+9+6 19
XX —+—X— 4 —+—
3’33432 34 2

= elle) MR Bag | contains 4 red and 3 black balls while another bag Il contains 6
red and 5 black balls. One of the bags is selected at random and a ball is drawn from it.
Find the probability that the ball is drawn from Bag Il, if it is known that the ball drawn is
red.

Solution : Let E, and E, be the events of selecting Bag | and Bag |1, respectively and A
be the event of selecting a red ball.

1

Then, P(E) = P(E) = 5
4
Also, P(A/E,) = P(drawing a red ball from Bag 1) = 7

6
P(A/E,) = P(drawing a red ball from Bag Il) = 7

MODULE - V
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P(bag selected is Bag Il when it is known that red ball is drawn) = P(E,/A)

Now, By Baye’s theorem

1.4
_ P(E;) P(A/Ey) _ 2 7
~ P(Ey) P(A/E)+P(E,)P(A/ Ey) EXEJFEXE
2 11 2 7
B
6 443
11 7

C
L'L JCHECK YOUR PROGRESS 19.6

1. Urn|1 contains 3 blue and 4 white balls and another Urn Il contains 4 blue and 3 white
balls. One Urn was selected at random and a ball was drawn from the selected Urn.
The ball was found to be white. What is the probability that the ball was drawn from
urn-11?

2. Afactory has two machines Aand B. Past record shows that machine A produced 60%
of the items of output and machine B produced 40% of the items. Further, 2% of the
items produced by machine A and 1% by machine B were defective. All the items are
put in one stock pile and then one item is randomly drawn from this and is found to
be defective. Find the probability that the defective item was produced by machine A?

3. By examining the chest x-ray, the probability that T.B is detected when a person is
actually suffering fromit is 0.99.

The probability that the doctor, diagnoses in correctly that a person has TB, on the
basis of the x-ray is 0.001. In a certain city, 1 in 10000 persons suffer from TB. A
person selected at random is diagnosed to have TB. What is the probability that person
has actually TB?

19.12 : PROBABILITY DISTRIBUTION OF RANDOM VARIABLE

19.12.1 Variables : In earlier section you have learnt to find probabilities of various events
with certain conditions. Let us now consider the case of tossing a coin four times. The
outcomes can be shown in a sample space as :

S = {HHHH, HHHT, HHTH, HTHH, THHH, THHT, HHTT, HTTH, TTHH, HTHT,
THTH, HTTT, THTT, TTHT, TTTH, TTTT}

On this sample space we can talk about various number associated with each outcome.
For example, for each outcome, there is a number corresponding to number of heads we
can call this number as X.

Clearly
X(HHHH) = 4, X(HHHT) = 3, X(HHTH) = 3
X(THHH) = 3, X(HHTT) = 2, X(HTTH) = 2

MATHEMATICS
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X(TTHH) =2, X(HTHT) =2, X(THTH) =2

X(THHT) =2, X(HTTT) =1, X(THTT) =1

X(TTHT) =1, X(TTTH) =1, X(TTTT) =0

We find for each out come there corresponds values of X ranging from O to 4.
Such a variable X is called a random variable.

19.12.2 Definition

A random variable is a function whose domain is the sample space of a random experiment
and range is real number values.

= el AR Two dice are thrown simultaneously. Write the value of the random
variable X : sum of number appearing on the upper faces of the dice.
Solution : The sample space of the experiment contains 36 elements.

S={(L 1), (1 2),(Q3) e (1, 6)
2, 1), (2,2), (2, 3) ceerrnen. (2, 6)
(6, 1), (6, 2), (6, 3) voovvvvvrnn. (6, 6)}

Clearly for each pair the sum of numbers appear ranging from 2 to 12. So the random
variable x has the following values.

X(1, 1) =2

X((1,2),(2,1) =3

X((1, 3), (2, 2), (3, 1)) = 4

X((1, 4), (2,3), (3,2), (4, 1) =5

X((1, 5), (2, 4), (3, 3), (4, 2), (5,1) =6
X((1, 6), (2, 5), (3, 4), (4, 3), (5,2), (6,1),=7
X((2, 6), (3, 5), (4, 4), (5, 3), (6,2) =8
X((3, 6), (4, 5), (5, 4), (6,3) =9

X((4, 6), (5, 5), (6, 4) = 10

X((5, 6), (6, 5)) = 11

X((6, 6)) = 12

19.12.3 Probability Distribution of a Random Variable

Let us now look at the experiment of drawing two cards successively with replacement from
a well shuffled deck of 52 cards. Let us concentrate on the number of aces that can be there
when two cards are successively drawn. Let it be denoted by X. Clearly X can take the
values 0, 1 or 2.

MATHEMATICS
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The sample space for the experiment is given by S = {(Ace, Ace), (Ace, Non Ace), (Non
Ace, Ace), (Non Ace, Non Ace)}

For X(Ace, Ace) = 2
X{(Ace, Non Ace) or (Non Ace, Ace)} =1
and X{(Non Ace, Non Ace)} =0

4 4
The probability that X can take the value 2 is P(Ace, Ace) = —z X —= as probability of an

52 52
4
Ace is drawing one card is 5
Similarly
P(X = 1) =P[(Ace, non Ace) or (Non Ace, ace)]
=P(Ace, non Ace) + P(Non Ace, Ace)
4 48 48 4 12 2 24
= —X—+—X— = + =
52 52 52 52 169 169 169
d PX = 0) =P(Non Ace, Non Ace) = —ox =0 = 2x
an (X = 0) =P(Non Ace, Non ce)—52 5~ 169

The description given by the values of the random variable with the corresponding probabili-
ties is called probability distribution.
19.12.4 Definition : The probability distribution of a random variable X is the distribution
of probabilities to each value of X. A probability distribution of a random variable X is
represented as
X, : Xy
POX) P

n
where B >0,) R=1Vi=123..n.

i=1
The real numbers x,, X,, ... X, are the possible values of X and P; is the probability of the
random variable X; taking the value X; denoted as

P(X =x) = P,
Thus the probability distribution of number of aces when two cards are successively drawn,
with replacement from a deck of 52 cards is given by
X : 0 1 2

144 24 1
169 169 169

Note that in a probability distribution all probabilities must be between 0 and 1 and sum of
all probabilities must be 1.

P(x))

144 24 1 144+24+1
SP. = + + = =1
169 169 169 169
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el CHEiN Check whether the distribution given below is a probability distribution MODULE -V
or not Statistics and
Probability

X 2 1 0 1 =2
PX) 01 02 03 02 02

Solution : All probabilities P(X) are positive and less than 1.

Also, SP(x) = 0.1+ 0.2+ 0.3+ 0.2 + 0.2 Notes
=1.0
Hence, the given distribution is probability distribution of a the random variable X.

SElo] FHEWICE A random variable X has the following probability distribution :

XI

1 2 3 4 5 6
P = k= ok = X
) 3 4 6 4

Find (1) k (2) P(X > -4) (3) P(X < -4)
Solution : (1) The sum of probabilities in the given distribution, must be 1.

1 1 1 k
—+k+=+2k+=+— =
= 3+ +4+ 2 1
4412k +3+ 24k +2+3k
= =1
12
3% +9 =12
= 39% =3
(o L
T 13
2 P(X>-4)=P(x=-3) + Px =-2) + P(x =-1)
1 1 1 1 1 103
= —+k+= = —+—+=-=—
4 3 4 13 3 156
3) P(X < -4) = P(x =-5) + P(x = -6)

1 k 1 1 29
—+—==+ =
6 4 6 13x4 156
= ¢lglo] CNECR0R Find the probability distribution of number of tails in the simultaneous
tosses of three coins.

Solution : The sample space for simultaneous toss of three coins is given by
S = {HHH, HHT, HTH, THH, HTT, THT, TTH, TTT}
Let X be the number of tails.
Clearly X can take values, 0, 1, 2 or 3.
Now,
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P(X = 0) =P(HHH) = L

P(X = 1) =P(HHT or HTH or THH)

= P(HHT) + P(HTH) + P(THH)

11
= P(HTT) + P(THT) + P(TTH) = o+o+
1
and P(X =3) = P(TTT) = g

Hence, the required probability distribution is
X 0 1 2
P(X = 3 3
(X) 8 8 8

Q
\ & JCHECK YOUR PROGRESS 19.7

©|= W

Probability

1.  State which of the following are not probability distribution of a random variable. Justify
your answer
(@) X 100 200 300
- 1oL |1
0 13 4 4
(b) Y 0 1 2 3 4 5
P(y) 0.1 0.2 0.3 0.4 0.5 0.6
() X; -1 -2 0 2 1
P 0.2 0.15 -0.5 0.45 0.7
(d) X; 2 3 4 5
P 0.4 0.1 0.2 0.2
2. Find the probability distribution of
(@ Number of red balls when two balls drawn are one after other with replacement
from a bag containing 4 red and 3 white balls.
(b) Number of sixes when two dice are thrown simultaneously
(¢) Number of doublets when two dice are thrown simultaneously

MATHEMATICS
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Statistics and

19.13.1 Mean Probability
The mean of a random variable is denoted by p and is defined as
n
H= Z;‘Xipi’ Notes
1=

where 2P, =1,P > 0, vi=1,2, ..n.

In other words we can say that the mean of a random variable is the sum of the product of
values of the variables with corresponding probabilities. Mean of a random variable X is
also called Expectation of the random variable “X’, denoted by E(x)

n
So E(X) = u= 2 %P
i=1

19.13.2 : VARIANCE

Recall in frequently distribution we have studied that variance is a measure of dispersion or
variability in the values. The similar meaning is attached to variance of a random variable.

Definition : Let a probability distribution be given as

Xi : Xy

P(X) : P

X X

2 3 n

P, )

Let u = E(x) be the mean of x.

Then the varaiance of X, denoted by var(x) or cxz is defined as

o2 =Var(x) = Y. (% —w)*PR
i=1

n n
:Z(XlzpiJruzpi—Zu Xip) = Z(X|2P| +u?R -2 p)
i=1 i=1

n n n n n n
:inzpiJFZHzPi_zzHXi Pi = inzpiJFMzzPi_ZMZXi Pi
i=1 i=1 i=1 i=1 i=1 i=1

n n n n
=y p+pil-2pp = Y dpi—p® (oop= Y xdpand . p =1)
i=1 i=1 i=1

i=1
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= anxizpi —(Zn:xi pij

We can also write
var(x) = E(X?) - [E(X)]?

= Elglo] CHERHM Find the mean and variance of the following distribution

X -2 -1 0 1

1
P(x) Py

0| w

2
8

@ |

Solution : Given distribution is

X -2 -1 0 1

2 3 1

XPX) -2 -2 g 1
PX) -2 8

2 1 1
X P(Xi) g g 0 g

2 2 1 2
Now, n= ZP(X)X = —§—§+O+§+§ - =

Var( = EXZPX) - [Z POKX 2

[4 2 1 4} [ 1]2
= | =+=+0+=+—-|-| —=
8 8 8 8 8

11 1 g7

8 64 64

e\
L‘L § CHECK YOUR PROGRESS 19.8

1.  Find mean and variance in each of the following distributions

(@) X : 1 2 3 4
P(X) : 0.3 0.2 0.4 0.1
(b) Y, -2 -1 0 1 2

P(y;) 0.1 0.2 0.3 0.25 0.15

1
8

2

1
8

N |~

(o< RN
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2. Find the mean number of heads in three tosses of a fair coin. MODULE -V
3. Let X denote the difference of two numbers obtained on throwing two fair dice. Find | Statistics and
the mean and variance of X. (Take absolute value of the difference) Probability
4.  Find the mean of the numbers of tails obtained when a biased coin having 25% chances
of head and 75% of tail, is tossed two times.
5. Find the mean and variance of the number of sixes when two dice are thrown. Notes

19.14 BERNOULLI TRIALS

When an experiment is repeated under similar conditions, each repeat is called a trial of the
experiment. For example, if a coin is tossed three times, we say that there are three trials
of the tossing of the coin.

A particular event may be called success of a trial. Clearly non-happening of the event may
be termed as a failure. For, example in throwing a die, if the occurrence of a number less
then 4 is named as success then the non-occurrence of a number less than 4 is named as
failure. Thus, each trial can have two outcomes namely, success or failure.

Two or more trials of a random experiment can be performed in two ways :
1. The probability of success or failure remain constant in each trial. For example tossing

1
a coin n number of times, but in each trial probability of getting head is 5 Such trials

are called independent trials.

2. The probability of success/failure varies with each trial. For example in drawing card
from a deck of cards one after the other without replacement, in such trials if success
is taken to be drawing a card of spade, the probability of success in respective trials

will change.

ie. Trial 1st 2nd 3rd, ...
Probabilit E E E
robability 55 51 50"

The trials of first type i.e. independent trials with two out comes success or failure are
called Bernoulli trials.

Definition : Trials of a random experiment are called Bernoulli trials, if each trial has
exactly two outcomes and trials are finite and independent.

19.15 : BINOMIAL DISTRIBUTION

The probability distribution of number successes in Bernoulli trials of a random experiment
may be obtained by the expansion of (g + p)" where

p = prob. of success in each trial
q = 1-p, =prob. of failure
n number of trials
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Such a probability distribution is called Binomial Distribution. In other words we can
say that in n Bernoulli trials of a random experiment, the number of successes can have
the value, 0, 1, 2, 3, ....n.

So the Binomial Distribution of number of success : X, is given by
P(X = 0) = 1st term of the expansion of (g + p)"
P(X=1) = 2nd term of the expansion of (q + p)"

P(X =r) = (r + 1)th term of expansion of (g + p)"

P(X =n) = (n + 1)th term of expansion of (q + p)n
We know that

@+p)"="Cq"+"C,q"  p+"C, " ?p*+..+ "C, q" "p" +..+ "C,p"
= P(x=0)="Cq"
Px=1) = "C q""p

P(x=2) = "C, q"?p?
PX=r="Cq" "p

P(X=n)="C, p".
A Binomial distribution with n Bernoulli trials and probability of success in each trial as
P, is denoted by B(n, p)

Let us now understand Binomial Distribution with following examples.

=ellel CHEcReys \\rite the Binomial Distribution of number of successes in 3 Bernoulli

trials.

Solution : Let p = prob. of success (S) in each trial

q = prob. of failure (F) in each trial
Clearly qg=1-p
Number of successes in three trials can take the values 0, 1, 2 or 3
The sample space for three trials .........

S = {SSS, SSF, SFS, FSS, SFF, FSF, FFS, FFF}
where S and F denote success and failure.
Now P(S=0)= P(FFF) = P(F) P(F) P(F) = q.9.q = ¢

P(S = 1) = P(SFF, FSF or FFS) = P(SFF) + P(FSF) + P(FFS)

P(S).P(F) P(F) + P(F).P(S).P(F) + P(F) P(F) P(S)
p.a.9. + g.p.q + q.9.p = 3 g°p
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P(S = 2) = P(SSF or SFS or FSS) MODULE -V
= P(SSF) + P(SFS) + P(FSS) Statistics and
= P(S).P(S).P(F) + P(S) P(F)P(S) + P(F) P(S) P(S) Probability

= p.p.q+ p.g.p + q.p.p = 3qp?

P(S=3) = P(SSS) =P(S) . P(S).P(S) =p.p.p=p°
Hence the prob. distribution of number of successes is Notes
X : 0 1 2 3
P(X) 9® 3g°p 3qp* p°

Also (q + p)* = g* + 3g%p + 3p°q + p°

Note that probabilities of 0, 1, 2 or 3 successes are respectively the 1st, 2nd, 3rd and

4th term in the expansion of (g + p)3.
A die is thrown 5 times. If getting ‘an even number’ is a success, what
is the probability of.

(@ 5 successes

(b) at least 4 successes

(c) at most 3 successes?

Solution : Given X: *aneven number”
1
Thenp =P(an even number) = ==~
3 1
g = P(not an even number) = EZE
Since the trials of throwing die are Bernoullitrials.
SO, P(r successes) = "C. q" "p"
5-2 2 5
5 lj [1] 5 [lj
=5="C [— Z| =5¢c.| =
Here, n = 5 (3 5 5
Now P(5 - 5¢ [ljs _1
() Now P(5 successes) = "Cs| > | =

(b) P(at least 3 successes)
= P(3 success or 4 successes or 5 successes)
= P(3 successes) + P(4 successes) + P(5 successes).

5 5 5
=°C [— C,| = C:| =
305 + 0y > + L5 >
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Probability 2/ \3x2x1 2 32 2
(c) P(at most 3 successes)
= P(0 successes or 1 success or 2 success or 3 successes)
ot = P(0 successes) + P(1 success) + P(2 successes) + P(3 successes)

5 5 5 5
1 1 1 1
= Sco[zj *501[5] +5¢2[§] +5C3[§]

1 1 5x4 1 5x4x3 1
= —+5X—F—X—F —— x—

32 32 2x1 32 3x2x1 32
= i[1+5+10+10]:§=5.

32 32 16

Q
WX CHECK YOUR PROGRESS 19.9

1. Find the following probabilities when a fair coin is tossed 10 times.
(@ exactly 6 heads
(b) at least 6 heads
(c) at most 6 heads

2. Anpair of dice is thrown 4 times. If getting a doublet (1, 1), (2, 2)... etc. is considered
a success, find the probability of two successes.

3. Froma bag containing 3 red and 4 black sells, five balls are drawn successively with
replacement. If getting “a black ball” is considered “success”, find the probability of
getting 3 successes.

4. Inalot of bulbs manufactured in a factory, 5% are defective. What is the probability
that a sample of 10 bulbs will include not more than one defective bulb?

5. Probability that a CFL produced by a factory will fuse after 1 year of use is 0.01. Find
the probability that out of 5 such CFL’s.

(@ none

(b) not more than one

(c) more than one

(d) at least one

will fuse after 1 year of use.

T2
el L =1 Us sum up

° Complement of an event : The complement of an event A consists of all those outcomes
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which are not favourable to the event A, and is denoted by 'not A'or by A .

Event 'AorB': The event 'Aor B' occurs if either A or B or both occur.

Event 'Aand B : The event 'Aand B’ consists of all those outcomes which are favourable

to both the events Aand B.

Addition Law of Probability : For any two events Aand B of a sample space S
P(AorB)=P(A)+P(B) - P(AandB)

Additive Law of Probability for Mutually Exclusive Events : If Aand B are two

mutually exclusive events, then

P(AorB)= P(AUB)=P(A)+P(B).

a
a+b

Odds in Favour of an Event : Ifthe odds for Aareato b, then P (A) =

b
If odds against Aare ato b, then P (A) = PO

Two events are mutually exclusive, if occurrence of one precludes the possibility of
simultaneous occurrence of the other.

Two events are independent, if the occurence of one does not affect the occurence of
other. If A and B are independent events, then P (A and B) = P (A). P (B) or

P(AnB)=P(A).P(B)

For two dependent events P(ANB) = P(A). P( I%A\)where P(A)>0

or

P(ANB)=P(B)whereP(A)/P(B)>0

A A Am B Am B
Conditional Probability P(EJ = ( and ( /A)

Theorem of Total Probability

P(A)=P(E). P[€j+ P(E,). P[EALJ+...+P(EH)P[EAJ

n

Baye's Theorem: If B, B, --- B, are mutually exclusive events and A is any event that

h h P(BIJ (%I) i=12---n
occurs with B or B, or B, then Zp |3| (%I)

Mean and Variance of a Random Varibale
U= E(x)=EXiPi, o ZE(Xi—M)Z :ﬂxizpi_
Z Z Z

Binomial Distribution, P(x=r)=nc, p".q""
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9\ SUPPORTIVE WEB SITES

http://en.wikipedia.org/wiki/Probability
http://mathworld.wolfram.com/Probability
http://en.wikipedia.org/wiki/probability _distribution

http://en.wikipedia.org/wiki/Probability _theory

http://en.wikipedia.org/wiki/Bernoulli_distribution

Sl TERMINAL EXERCISE

In asimultaneous toss of four coins, what is the probability of getting
(@ exactlythree heads ?

(b) at least three heads ?
(c) atmost three heads ?

Two dice are thrown once. Find the probability of getting an odd number on the first die
or asum of seven.

An integer is chosen at random from first two hundred integers. What is the probability
that the integer chosen is divisible by 6 or 8 ?

Abag contains 13 balls numbered from 1 to 13. A ball is drawn at random. What is the
probability that the number obtained it is divisible by either 2 or 3 ?

Find the probability of getting 2 or 3 heads, when a coin is tossed four times.
Are the following probability assignments consistent ? Justify your answer.
(@ P(A)=0.6 P(B)=05, P(AandB)=0.4

() P(A)=0.2, P(B)=0.3, P (Aand B)=0.4

© P(A)=P(B)=0.7,P(AandB)=0.2

Abox contains 25 tickets numbered 1 to 25. Two tickets are drawn at random. What is
the probability that the product of the numbers is even ?

A drawer contains 50 bolts and 150 nuts. Half of the bolts and half of the nuts are rusted.
If one item is chosen at random, what is the probability that it is rusted or isa bolt ?

A lady buys a dozen eggs, of which two turn out to be bad. She chose four eggs to
scramble for breakfast. Find the chances that she chooses

(@ allgoodeggs
(b) three good and one bad eggs
(c) two goodand two bad eggs (d) at least one bad egg.

MATHEMATICS



Probability

10. Two cards are drawn at random without replacement from a well-shuffled deck of 52 MO[_)U_LE -V
cards. Find the probability that the cards are both red or both kings. Stat'St'CS_ f"md
Probability
>0 1 202 - 1
11. Let A and B be two events such that P(A)= > P(B)= 3 P(AnB)= 4 Find
P(A/B)and p(B/A)- Notes

12. Abag contains 10 black and 5 white balls. Two balls are drawn from the bag succes-
sively whithout replacement. Find the probability that both the balls drawn are black.

13. Find the probability distribution of X; where X denotes the sum of numbers obtained
when two dice are rolled.

14. Anurn contains 4 black, 2 red and 2 white balls. Two balls (one after the other without
replacement) are drawn randomly from the urn. Find the probability distribution of
number of black balls.

15. Find the mean and variance of number of kings when two cards are simultaneously
drawn from a deck of 52 cards.

16. Tenbolts are drawn successively with replacement from a bag containing 5% defective
bolts. Find the probability that there is at least one defective bolt.

17. Find the mean of the Binomial 8(4, %j .

18. Addie is thrown again and again until three sixes are obtained. Find the probability of
getting the third six in the sixth throw.

19. How many times must a man toss a fair coin so that the probability of having atleast
one head is more than 90%?

20. Find the probability of getting 5 exactly twice in seven throws of a die.
21. Find the mean number of heads in three tosses of a fair coin.

22. Afactory produces nuts, by using three machine A, B and C, manufacturing 20%, 40%
and 40% of the nuts. 5%, 4% and 2% of their outputs are respectively found to be
defective, Anut is drawn of randomly from the product and is found to be defective.
What is the probability that it is manufactured by the machine C?
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MODULE -V A
Statistics and = -
Probability LYJ POISIIERS
CHECK YOUR PROGRESS 19.1
L L , 1 o L , 3
' 6 C2 2 4
Notes
.3 .2
5 (g @ <
) . 5 1 1
6. (|)£ (i) 36 (i) 7 (N)ﬁ
, 8 g L o L
' 9 - 12 2
1 1 . 1
10. (I)Z (in) 3 (i) )
. O 1 11
11. (I)E (i) 5 (i) 36
L1 7 .
12. (|)§ (i) 3 (i) 3
CHECK YOUR PROGRESS 19.2
1 20 4 38
1. 3 2. 39 3.(a) 25 (b) 245
1 .3 1 o 1
4, 5505 6. (|)E (||)€ (|||)%
133 7 143 !
CHECK YOUR PROGRESS 19.3
L 4 , 7 . 2 L1
' 13 " 36 © 16 " 12
. 4 5 1 .1 . 5
9 "2 - 13 S 12
5 4
9 @g (b) 0.7 10. 77
5 35 3
11. (a)g (b)£ 12. 1
13. (a) The odds for Aare 7 to 3. The odds against Aare 3to 7
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13. (b) The odds for Aare 4 to 1 and The odds against Aare 1to 4 MODULE -V
I ls @l ol S e
14. (a) 9 (b) 17 15. (@) 9 (b) 2 16. (a),(c) 17. 2 18. y
CHECK YOUR PROGRESS 19.4
. 2 o LtoZaeld L, 02 i ; L
@37 ©5 05 @5 @3 O3 - o
. I E | N E R
- @35 (035 "2 @1 O " 80
: 3% 84 120 49
SENCRT b) 769 © T69 @ 769
9. (@) Independent (b) Independent
CHECK YOUR PROGRESS 19.5
L, B , L ,s 11 03
' 51 -2 - 204 2’4 7
CHECK YOUR PROGRESS 19.6
R , 3 4, W
' ' 4 ' 111
CHECK YOUR PROGRESS 19.7
1. (@) Yes (b) No, as ZP; is not 1
© No, as one of the P, is -ve  (d) No as 2P, is not 1
2. (@) X 0 1 2 (b) X : 0 1 2
by . L2 16 oy . B 101
® 2929 9 ) 36 36 36
CHECK YOUR PROGRESS 19.8
1. (@) p =23, Var = 1.01 (b) p = 0.15, Var = 0.4275
, .23
. n = 5
3. X : 0 1 2 3 4 5
oy . 8 0 8 6 4 2
X) 36 36 36 36 36 36
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3 3 5
4, Mean p = 5 Var. (X;) = s 5. Mean = 3 Var. = 18
CHECK YOUR PROGRESS 19.9
Lo 15 o193 o 58
-0 5 0 55 W) e
25 90 x 64 9
2 2 3 5 + o (B)E
216 7 20/\20
99\’ 99)° 99*
5. a [—j b [—j T
@ 100 (®) 100 100°
99 )" 5x99° 99 \°
© 1 ( ) 1008 @ 1-|i5
100 100 100
TERMINAL EXERCISE
1 1 by > 15 9 A 3 1
4 8 5 CR Only (a) is consistent A
. 13 . 3 . nly (a) is consisten . 625
8 5 9 14 b 28 1 a2
3 @) 33 () 33 © 17 @ 33
0. = n 31 . 3
o221 ' 4'2 B
13. X, 4 10 11 12
y: ~ 2 % 4 5 6 5 4 3 2 1
X): 35 3 36 36 36 36 36 36 36 36 36
14. x 0 1 2
gy - S 43
O T 7 ;.
15 Mean = 34 . 6800 [19]10 17 4
. ean = 291" varliance = (221)2 . - 2—0 3
18, 222 19 =4 20 lx[SJB
© 23328 - = 127\
21. 15 n =
.l T
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