MODULE - VIII
Calculus

)
311en28

DIFFERENTIATION OF EXPONENTIAL Notes

AND LOGARITHMIC FUNCTIONS

We are aware that population generally grows but in some cases decay also. There are many
other areas where growth and decay are continuous in nature. Examples from the fields of
Economics, Agriculture and Business can be cited, where growth and decay are continuous.
Let us consider an example of bacteria growth. If there are 10,00,000 bacteria at present and
say they are doubled in number after 10 hours, we are interested in knowing as to after how
much time these bacteria will be 30,00,000 in number and so on.

Answers to the growth problem does not come from addition (repeated or otherwise), or
multiplication by a fixed number. In fact Mathematics has a tool known as exponential function
that helps us to find growth and decay in such cases. Exponential function is inverse of logarithmic
function. We shall also study about Rolle's Theorem and Mean Value Theorems and their
applications. Inthis lesson, we propose to work with this tool and find the rules governing their
derivatives.

L@ OBJECTIVES

After studying this lesson, you will be able to :
. define and find the derivatives of exponential and logarithmic functions;

. find the derivatives of functions expressed as a combination of algebraic, trigonometric,
exponential and logarithmic functions; and

. find second order derivative of a function.
. state Rolle's Theorem and Lagrange's Mean Value Theorem; and
. testthe validity of the above theorems and apply themto solve problems.

EXPECTED BACKGROUND KNOWLEDGE

. Application of the following standard limits :

X X
. . - . . -1
()] lim & L =1 (in) lim & =loge a
x—>0 X x—0
h p—
i)  lim " 1),
h—0
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I and Logarithmic Functions

. Definition of derivative and rules for finding derivatives of functions.

28.1 DERIVATIVE OF EXPONENTIAL FUNCTIONS

Lety —¢* beanexponential function. ... (1)

y + 8y =e**) (Corresponding smallincrements)  ..... (ii)
From (i) and (i), we have

X+0X _ X

oy =e e

Dividing both sides by 5x and taking the limitas éx — 0

OX
im & _ jim ox =1
3x—0 OX  &x—0 OX
dy X
—=e".1=¢e
= dx

Thus, we have i(ex) =eX,

dx
; . d( x X d X
Working rule: d_x(e )—e -d—x(x)_e
Next, let y=e¥+b,
Then y+5y= ea(x+8x)+b

[ 5x and 8y are corresponding small increments]

_ ea(x+6x)+b _gax+b

_ gax+b [eaSX _1}

6_)’ ax+b [easx _1}

Sy

=e
X dX
ax+b % -1 : -
=a-e —_— [Multiply and divide by a]
adox
Taking limit as x — 0, we have
adx
lim Y Z a6 jim £ !
3x—0 OX 3x—0 a OX
X
dy ax+b lim € _1=1
or - a-e -1 ol Ty _ qedX+h
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Differentiation of Expone

Working rule : MODULE - Vil
’ ’ Calculus
o (eax+b ) _ax+b U (ax + b) _ edx+b o
dx dx
i (eax+b ) _ gedx+b
dx
Notes
el WAHEN  Find the derivative of each of the follwoing functions :
_3x
(i) e (ii) > iii) e 2
Soution : (i) Let y = ¢°%.
Then y=etWhere5x=t
dy t dt
fhut A 5=——
dt ¢ and dx
We know that, dy _dy dt —el.5 =5
dx dt dx
Alternatively i(eSX ) _ 5%, i(5x) _ P .5 =5gX
dx dx
(II) Let y= e,
Then y=e' when t=ax
dy ¢ dt
o and ax
dy _dy dt_ .t
We know that, o dt X ix =e -a
Thus, W _ g6
dx
-3x
(i) Let y=e 2
dy % d (-3
9 _e2”. 822y
dt dx \ 2
q =3x
Thus, dy 3.2
a2
el WA Find the derivative of each of the following :
. . 2 . 5
(i) y =e* +2c0sx (i)y=¢* +2$|nx—§ex+2e
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d Logarithmic Functions

Solution : (i) y=eX +2cosx
j_i:dix(exﬁzdix(cosx) =e* —2sinx
(ii) y=eX2 +25inx—§ex +2e
dy X2 d 2 5 X R .
—=e" —|X°|+2cosx——e"+0
™ dx( ) 3 [Since e is constant]

2
=2xe® +2cosx —gex

Example 28.3 gl g—z,when

1-x
1 X
) y=eX @ y=_¢ (i) y=el
Solution : (i) y = X 008X
OI—y=eX°°(°‘Xi(xcosx)
dx dx
9y _gxeosx |y 9 o5+ cosx - (x)
dx dx dx
= XX [xsinx + cosX|
. _l X
(D y=—e
dy xd (1) 1d/
— =" — | —|+——|e .
dx dx(x} X dx( ) [Using product rule]
_1x 1 x
= e
eX X
=—[-1+X]=—[x-1
Xz[ ] XZ[ ]
1-x
(i) -
1-x
d_yzemi(l—_Xj
dx dx \1+x
:ei%((_—l.(1+x)—(1—x).1
(1+x)?
Ixr 1-x
=eﬁ 2 = —2 eﬁ
2 2
| (1+X) (1+x)
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Differentiation of Exponential a

=E R Find the derivative of each of the following functions : MODULE - Vi
_ _ ] Calculus
0) eSINX i X (i) e .cos(bx +c)
Solution : y=e5"% .sine*
dy  sinx d /. x) . x d sinx
= eSinX .coseX -i(ex ) +sine* - eSi” X i(Sin X)
dx dx

=e""X . coseX -e* +sine* - e5"* .cosx

=eS"X[eX . cose” +sineX -cosx]
(D y =e®™ cos(bx +c)
a_ e -icos(bx +¢) +cos(bx + c)ieax
dx dx dx

=e®™ .[-sin(bx + c)]dix(bx +¢) + cos(bx + c)e® dix(ax)

=—e®sin(bx +c) - b+ cos(bx +c)e™ a
=e®[-bsin(bx +c) +acos(bx +¢)]

ax

) L
Example 28.5 gl dx"f y_s,in(bx+C)

q Sin(bx+c)ieax —eaxi[sin(bx+c)]
Solution : & _ dx . dx
dx sin(bx +c)

_sin(bx +c).e*.a—e®™ cos(bx +c).b

sin? (bx +c)

_ e [asin(bx +c) — bcos(bx +¢)]

sin? (bx +¢)

Q
WX CHECK YOUR PROGRESS 28.1

1. Find the derivative of each of the following functions :
-7
(a) e5x (b) e7x+4 (C) e\/EX (d) g2 X (e) ex2+2x

2. Find d_y’ if
dx
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MODULE - VIII 1y . _ os 3 1 4
Calculus (a)y—ge —-oe (b)y=tanx+2sinX + cosx—Ee
(C)y =5sinx —2e* (dy=e*+e™
3. Find the derivative of each of the following functions :
_ m _ aveotx
— @f(x)=e (b) f(x)=¢e"
(©)f (x) = exsin’x () £(x) =exsec”
4, Find the derivative of each of the following functions :
(@) f(x)=(x-1)e* (b) f (x) = e sin? x
d
5. Find —, if
dx
2X
€ e?* .cos x
a) Y= by y=— 2%
@ Vx? +1 ©)y X sin X

28.2 DERIVATIVE OF LOGARITHMIC FUNCTIONS

W first consider logarithmic function
Let y=logx .. 0]
y+3y =log(x+8x) .....(ii)

(8x and dy are corresponding small increments inx and y)
From (i) and (ii), we get

8y =log (x +8x)—log x

X+ 0X
=log
8_y: i log [1+8—X}
0X  OX X

—l-ilog[l+8—x} : -
X 8X X [Multiply and divide by x]

zlIog [1+8—X}5X
X X

Taking limits of both sides, as §x —s 0, we get
X

lim =L jim |og[1+8—x}ax
5x—0 0X X 8x—0 X
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Differentiation of Expc
X

d—y:£~ log< lim (1+8—Xj6x

dx X 3x—0 X
1 X
=—loge =+ lim [1+8—Xjf’x —e
X 6x—0 X
_1
X
d 1
Thus, —(logx)=—
dx X
Next, we consider logarithmic function
y =log(ax + b) ()
y + 8y = log[a(x + 6x) + b] ()

[5x and 8y are corresponding small increments]
From (i) and (ii), we get
dy = log[a(x + 6x) + b]—log (ax + b)

a(x+dx)+b
=log————
ax+b
_log (ax +b) + adx
ax+b
=Iog{1+ aox }
ax+b
8—yzio {1+ aox }
0X X ax+b
-2 ax+b {1 aox }{Multiply and divide by L}
ax+b adx +b ax+b
ax+h
__a Iog[1+ aox }aﬁx
ax+b ax+b
Taking limits on both sides as §x — 0
ax+b
lim &Y — lim Iog[1+ aox }aéx
Sx—00X ax +bsx—0 ax+b
’ 1
y a x
—= loge |..|; _
or X 2x7b g ')!To(lﬂ) =e
dy a
o, dx ax+b
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and Logarithmic Functions

MODULE - VIIl Working rule :
Calculus
d 1 d
—I b)=—— b
dx 0g(ax +b) ax+bdx(aXJr )
1 a
= Xa=
ax+b ax+b
Notes SEo] WA Find the derivative of each of the functions given below :
(i) y = logx (il) y = log/x (ii) y = (log x)°
Solution: (i) y=logx®=5logx
dy _g 1.5
dx X X
] 1
(ii) y=log~/x =logx2 Of yZEIOQX
dy_11_1
X 2 X 2X
(i) y =(logx)
y=t, when  t=logx
dy 2 dt 1
=2 _3t — ==
= dt and dx
dy dy dt 2 1
2L _3tc.=
We know that, o dt dx ~
dy =3(log x)2 2
dx X
d—yzé(logx)2
dx x
. dy .
Example 28.7 g8 ™ if
() y =xlog x (0] y=e*logx
Solution :
@) y =xlog x
dy d 3 .3d .
= _logx— —(I
ix ogxdx(x )+ X dx(ogx) [Using Product rule]
2 3 1
=3x“logx+x~-—
X
246 MATHEMATICS



Differentiation of Expone

= x2(3logx +1)
(ii) y=¢e*logx

dy

™ =exdix(log X) + Iogx-iex

dx

1
=e". = +e*-logx
X

=e* {£+ log x}
X

Find the derivative of each of the following functions :

()] log tan x (i) log [cos (log x)]

Solution : (i) Let y = log tan x
dy__1 d
dx tanx dx

(tan x)

1
=—~S€C2X

tan x
_cosx 1
sinx cos? x

= COSEC X.Sec X
(i) Let y = log [cos (log x)]

dy 1 d
—=———-—/[cos(log x
dx cos(logx) dx[ (log x)]

. d
:m-{—sm log Xd—x(|09 X)}

_—sin(logx) 1

cos(logx) x

= —itan(log X)
X

Example 28.9 gl g—z , iIfy=log(sec x + tan x)

Solution : y =log (sec x + tax x)

dy 1 d
—=—-—(secx+tan x)
dx secx+tanx dx

=—-[sec X tan x +sec? x}
sec X +tan x
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Logarithmic Functions

=————.secx[sec x+tan x|
sec X +tan x

_sec x(tan x +sec x)

sec X +tan x
=SecX

Example 28.10 Findg—i  If
1

_ (@x%-1)1+x?)2
- 3
x3(x—7)Z

Solution : Although, you can find the derivative directly using quotient rule (and product rule)
but if you take logarithm on both sides, the product changes to addition and division changes to
subtraction. This simplifies the process:

1

_ (@x%-1)1+x?)2
- 3
x3(x—7)Z

Taking logarithm on both sides, we get

(4x2 —1)(1+ xZ)Z

logy =log 3
x3(x—7)Z
or logy = I0g(4x2 —1)+£I0g (1+ xz)—SIogx —Elog(x )
2 4

[ Using log properties]
Now, taking derivative on both sides, we get

i(|0gy): 1 -8X + 1 2X—§—§(L)
dx

ax2-1 20+x?) x4 \x-7
1dy 8 L X 3 3
- y dx  4x?-1 14x® x 4(x-7)

dy {SX X 3 3 }
4x“ -1 1+x° X 4(x-=7)

4x2 -1 1+x% X 4(x-T)

_(4x2—1)\/1+x2{ 8x L X 3 3 }
B 3

x3(x - 7)Z
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\ & § CHECK YOUR PROGRESS 28.2 Calculus

1.  Find the derivative of each the functions given below:

(@) f(x)=5sinx 2logx (b) f (x) = log cos x
2. Find ¥ if Notes
dx
2 eX2
a) y=eX b) y=
()y e” logx (b) y logx

3. Find the derivative of each of the following functions :

[ - T, X
(8) y=log (sinlogx) (b) y = log tan (4+2)
bt
(c)y= '09{—:;;:?} (d) y=log (log x)
. dy .
4.  Find d—x,lf
3
o2 3 JX(1=2x)2
(8) y=(+x)2(2-x)3(x* +5)7 (x+9) 2 (b)”~ 5 I

(3+4x)4(3-7x2)4

28.3 DERIVATIVE OF LOGARITHMIC FUNCTION (CONTINUED)

We know that derivative of the function x" w.r.t. xis nx", where n isa constant. This rule is
not applicable, when exponent is a variable. In such cases we take logarithm of the function and
then find its derivative.

Therefore, this process is useful, when the given function is of the type ¢ (X)]Q(X) . For example,
a*,x* etc.
Note : Here f(x) may be constant.

Derivative of a* w.r.t. x

Let y=a%, a>0

Taking log on both sides, we get

logy =loga* =xloga [ logm" =nlogm]
d d 1 dy d
il . —.—L=logax—(x)
L logy)=— (xloga) or o =logax
d
or —y:yloga
dx
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=a"loga
Thus, iax =a"loga, a>0
dx
el WIMEN Find the derivative of each of the following functions :
i)y =x* (i) y = x*""

Solution: (i) y=xX

Taking logrithms on both sides, we get
logy = xlog x
Taking derivative on both sides, we get

1 dy_I d d | ]
Vo X () +x(log) [Using product rule]
l.d_yzl.logX+X'£
y dx X
=logx+1
ﬂ:y[logxﬂ]
dx
Thus, Y _yx (logx +1)
dx
(ii) y:Xsinx

Taking logarithm on both sides, we get
logy =sinxlog x

1dy d,.
—.—=—¢(sinxlogx
y dx dx( 9x)
1-d—y—cosxIogx+sinx-i
or y dx ' X
d—y—y{cosxlongtsiﬂ}
or dx X
d_y sin x

Thus, dx

el ENPA Find the derivative, if

y=(logx)* +(sin‘1 x)smx

= x*NX {cosx log x +—}
X

MATHEMATICS



Differentiation of Expc

Solution : Here taking logarithm on both sides will not help us as we cannot put MODULE - VIII
Calculus
(logx)* + (sin* x)Sin X in simpler form. So we put
u = (log x)* and V=(sin_1 X)sinx

Then, y=U+v
d du  d ; Notes
()
dx dx dx

Now u = (log x)*

Taking log on both sides, we have

logu = log(log x)*

logu = x log(log x) [ log m" =nlog m}
Now, finding the derivative on both sides, we get

l-d—uzl- Iog(logx)+xi-l
u dx logx X
d—u—u log(logx) + !
Thus, ax g log x
du 1 ..
Thus, 5~ (o9 x)* {Iog(log X) + og X} ..... (ii)
AISO, V= (Sin—l X)sinx

o Iogv:sinxlog(sin_lx)
Taking derivative on both sides, we have

dix(log V)= dix[sin x log(sin ™ x)]
ld—stinx- - {1 L +cosx-|og(sin‘lx)
v dx sinTtx |1 x2
w_y Si$+cosx-logsin‘lx}
o, dx | sin"Txy1-x2
=(sin‘1x)smx{Lwosxlog(sin‘lx)} ....(iii)
sin~xy1- x2

From (i), (ii) and (iii), we have

sin~ixy1—x?
SEI | PEREN If xY =Y, prove that

MATHEMATICS 251
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dy  logx
dX  (1+log x)2
Solution : Itis given that xY — XY (1)
Taking logarithm on both sides, we get
ylogx=(x-y)loge

=(x-y)
or y(+logx)=x [ loge=1]

p— X -
or y_1+I0gx (i)

Taking derivative with respect to x on both sides of (ii), we get

dy (1+log x)-1-x ()1(}

dx (1+1log x)2

_1+logx-1  logx

(1+logx)®  (1+logx)?

d
Example 28.14 g d_i: if

eXlogy=sin"!x+sin"ty

Solution : We are given that

eXlogy=sin"!x+sin"ly

Taking derivative with respect to x of both sides, we get

ex(ld—y}ex logy = L S
y dx J1-x2 \/1—y2 dx
eX 1 dy 1 X
— |- =——-¢"logy
or {y /1y2] dx  f1_x2

dy _ yy1-y? [1—eX\/1—x2 log y}
or dx [ex /l_yz —y} 2

d ...... o0
SR Find - if y — (cos o eosee=)

Solution : We are given that

MATHEMATICS



Differentiation of Exponentig

COSX)......0
y =(cosx

)(cos x)(

Taking logarithm on both sides, we get
logy =y logcos x
Differentiating (i) w.r.t.x, we get
ldy ..
y dx COS X

: dy
_ +1 Rt
(=sinx)+log(cosx) i

1 dy
= =~ _yt
or {y og(cos x)} 1 -y
or [1-ylog(cosx)] j—i:—yz tan x
dy —y? tan x
or —=

dx 1-ylog(cosx)

Q
\ & § CHECK YOUR PROGRESS 28.3

1. Find the derivative with respect to x of each the following functions :

(a) y=5" (b)y =3* +4* ©y=sin(z")
2. Find &y if
dx
(@) y=x** (b) y = (cos x)'°9* (€) y = (log x)S"X
)y = (tanx)* @y=@+x2) ([0 y=x i
3. Findthe derivative of each of the functions given below :
(8) y=(anx)®* + (cotx)*  (0)y=x199% 4 (sinx)i X
(©)y = xB"X + (sin x) “ @d)y= (x)X2 + (log x)'°9%

4, If y=(sin X)(sinx OO ,ShOW that

dy y2 cot X

dx  1-ylog(sinx)

d_y_ 1
dx X (2x-1)
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28.4 SECOND ORDER DERIVATIVES

In the previous lesson we found the derivatives of second order of trigonometric and inverse
trigonometric functions by using the formulae for the derivatives of trigonometric and inverse
trigonometric functions, various laws of derivatives, including chain rule, and power rule discussed
earlier in lesson 21. In asimilar manner, we will discuss second order derivative of exponential
and logarithmic functions :

el AN Find the second order derivative of each of the following :
(i)e* (ii) cos (logx) (iii) x*
Solution : (i) Let y =¢*

. . . d
Taking derivative w.r.t. X on both sides, we get Y e*

dx
o . A%y d  xy_ox
Taking derivative w.r.t. x on both sides, we get vl wE)=e
X
4y o
dx?
(i) Let y = cos (log x)
Taking derivative w.r.t x on both sides, we get
—sin(logx
d—y:—sin (log x)i:&
dx X X
Taking derivative w.r.t. x on both sides, we get
d’y d [ sin(logx)
dx2  dx X
1 .
x-cos (log x)-=—sin(log x)
or - X
2
d%y _sin(log x)—cos(logx)
dx? X2
(iii) Let y = x*
Taking logarithm on both sides, we get
logy=xlog x ()]
Taking derivative w.r.t. X of both sides, we get
1-d—yzx-£+ logx =1+ log x
y dx X
or 3—i=y(1+ logx) ...(i)

MATHEMATICS



Differentiation of Expone

Taking derivative w.r.t. x on both sides we get

dy

d
2 _d—X[y(1+ logx)]

1 dy
=y-—+(1+1 —
y X+( + ng)dx ...(iiD)

Y, (A+logx)y(d+1log x)

X

:%+@+ngfy (Using (ii))

=y[£+(1+ log x)z}
X

d?y X[l 2}
—Z =x"|=+(1+logx
™, ~*(1+logx)

Example 28.17 [igvEry cos ™t x | show that

2
(1—x2)d—32/—xd—y—a2y=0-
dx dx
-1
Solution : We have, y =2 "% (i)
d_y:eacos_lx. —a
dx 1-x?
___ay .
- 2 Using (i)
or (d_vj_v
dx 1-x2

dy 2 2 2,2 _ -
(d_xj (1—x )—a y =0 .. (i)

Taking derivative of both sides of (ii), we get

2 2
dy 2\_dy d%y o dy
2 (=2x)+2(1- D E2Y g2y 0
(dxj (=2x)+ ( X )de dx? &y dx

d’y dy o dy
or ( X )dx2 X ix y [Dividing through out by dx]

MODULE - VIII
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1. Find the second order derivative of each of the following :
log x
(a) x*e> (b) tan (e5%) (c) 3
Notes )
2. If y=acos(logx)+bsin(log x), show that
2
X2 d_y+ X d_y+ y=0
dx?  dx
-1
3. If y=e®" "X provethat

2
(1+x2)j—32/+(2x—1)3—y=0
X X

28.5 DERIVATIVE OF PARAMETRIC FUNCTIONS

Sometimes x and y are two variables such that both are explicitly expressed in terms of a
third variable, say t, i.e. if x = f(t) and y = g(t), then such functions are called parametric
functions and the third variable is called the parameter.

In order to find the derivative of a function in parametric form, we use chain rule.

dy _ dy o
dt ~ dx dt
dy
dy  dt X
- = == — =0
or i X provided at #
dt

Example 28.18 @l j_y when x = asint,y =acost
X

Differentiating w.r. to ‘t’, we get

d
X acost and d_y=—asint
dt dt

dy _ dy/dt_-—asint _
"dx  dx/dt acost

d
Example 28.19 [l d—i if x=2at®>and y=2at.

Solution : Given x = 2at? and y=2at.

—tant

Hence

Differentiating w.r. to ‘t’, we get
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Differentiation of Expone

dx
dt

Hence —

d
— = 4at and Y _2a

dt

dy —dy/dt_2a 1
dx ~ dx/dt 4at 2t

d
Example 28.20 [glge d_i If x=a(0-sin®) and y=a(l+cos0)

Solution : Given

X = a(@-sin6)and

y = a(l+cos0)

Differentiating both w.r. to “0’, we get

dx
de

Hence dx

gy

d .
a(l—cos0) and % = a(-sin0)

dy/de —asino 0
= = =—cot
~ dx/do a(l-cos0) A

d
Example 28.21 [l d—i if x = a cos®t and y = a sin®t

Solution : Given x = a cos® and y = a sin’t
Differentiating both w.r. to ‘t’, we get

dx
dt

dy
and at
dy

Hence dx

Example 28.22 @=le % If X

2

Solution : Given X=a 5
1+t

Differentiating both w.r. to ‘t’
dx
dt
and

ndy=

dy _
dt

d .
3a coszta(cost) = —3acos’tsint

3asin? t%(sint) =3asin’t cost

dy/dt  3asin’tcost

- - —— =—tant
dx/dt —3acos“tsint
_ Lt g v = 20t
1412 y= 1+t2°
2bt
T 1412
, we get

MODULE - VIII
Calculus

a{(l+t2).(0— 2t)— (1-t%)(0+ 2t)} —dat

1+12)? T (1+12)?

oh 1+t%).() -t.(0+2t) =2b(1—t2)
(1+12)? 1+12)?
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ential and Logarithmic Functions

dy dy/dt 2b(l-t?) (L1+t?)? _ —b(1-t?)

Hence dx © dx/dt (14)? | —dat 2at
rw
L"‘ # CHECK YOUR PROGRESS 28.5
Find d_y when :

dx

1. x=2atandy = at*
2. x=acosbandy=asin6

4
3. x:4tandy:?

4. X = psin2eand y=acos?0

5. x=c0s0—cos20 and y=sin0-sin20
6. x=asecO and y=btano
VL S 3at?
1+12 an y_1+t2

8. x=sin2t and y=cos2t

28.6 SECOND ORDER DERIVATIVE OF PARAMETRIC

FUNCTIONS

If two parametric functions x = f(t) and y = g(t) are given then

dy dy /dt dx
— = ——=h(t 2
dx = dxsar ") (lethere at #0)
d’y d dt
= — Z((h(t)) x—
Hence V. dt(( (t)) x ix

2

d
Example 28.23 L=/ de if x = at? and y = 2at

Solution : Differentiating both w.r. to ‘t’, we get

dx dy
— = —=2a
m 2at and m
dy dy/dt_2a 1

dx ~ dx/dt 2at t
Differentiating both sides w.r. to X, we get

MATHEMATICS



Differentiation of Expo

dy  d (1) d (1) dt
— = —|T|==| | x—
dx? dx\t/ dt\t/ dx
2

. d?y 1.1 _ 1

dx? 2 2at  2at’
2

d
Example 28.24 [l dT;l if x=asin0andy=Dbcos® 6

Solution : Given x =asin®0 and y = b cos® 0

Differentiating both w.r. to “0’, we get

dx dy _
a0 " 3asin?fcoso and E=3b00829(—3m9)
dy dy/do —3bcos’@sin®@ b

= = ——coto
dx  dx/d® 3asin’0coso a

Differentiating both sides w.r. to “x’, we get

d’y -bd b d do
—2 = ——(cotf) =——(cotf) x —
o = a ax o= g ot
d2y —b 2 1
-2 - —(-cosec’Q) x —————
- dx? a( ) 3asin®0coso
d2y b 4
— 2 - ——cosec'0secH
= dx> ~ 3a’

2

. _d% m
Sl o WM If x=asint and Yy =bcost find o2 & t=—

Solution : Given x=asint and Yy =bcost
Differentiating both w.r. to ‘t’, we get

I

dx dy .
— = — =-bhsint
at acost and at

d_y dy/dt —bsint -b

= =—rtant
dx dx/dt acost a

Differentiating both sides w.r. to ‘x’, we get
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@y b
dx?
d? —b

— dezgsec%

dx? a’

= ——(tant) x— = —sec’t x
adt( ) dx a

ential and Logarithmic Functions

dt -b

acost

dzy] To-b_am b,z -242b
—jatt=— = —sec’—=—(v2)° =
[ 4 4 a2( ) a2

Q
\ & § CHECK YOUR PROGRESS 28.6
2

Find d_y when
dx?’
1. x=2atandy = at?
2. x=a(t+sint)and y=a(l-cost)
3. x=10(6-sin6)and y =12(1—cos0)
4. x=asintand y =bcos2t
5

Xx=a-cos2tand y=b-sin 2t

0 )= @

If u isaderivable function of x, then

@  loga-2X a0

@ L= azaeh

0] dd—x(log X) % (i) (;ix (10g3) = % .
(W %Iog(aXer):alerb'a:axib

If x = f(t) and y = g(t),

dy dy/dt
then =Y - Y&

ided %?&0
dx  dx/dt " Provice

dt

;—X(ax)zax loga ; a>0

du .. . . .
d—;t , If nis a derivable function of x.

MATHEMATICS



Differentiation of Exponentia

If

dy dy/dt

dx dx/dt

—h(t),

d2y

d dt
Oy _ %t
then 52 dt[ (O dx

e\ SUPPORTIVE WEB SITES

http://www.themathpage.com/acalc/exponential. htm

http://Aww.math.brown.edu/utra/explog.html

http://www.freemathhelp.com/derivative-log-exponent.html

Sl TERMINAL EXERCISE

1.

Find the derivative of each of the following functions :

()
(@) (x*)* (b) X
. dy .
Find ix ' if
-1
(a)y:ax logsinx (b) y =(sin X)Cos X
2 s
1 x [ X—4)\a

=11+= =log|e” | —
@y=(1+] @y=tog|¢* [ X=2]
Find the derivative of each of the functions given below :

2 o _
(@ f(x) =cos x log(x)e*” x* (0)f(x) = (sin~1 x)% . xsINX . g2X
Find the derivative of each of the following functions :
(a) y = (tan x)'°9% + (cos x)S" X (b) y = x"8"X 4 (sin x)¢0*
4\/— X —X
X'A/X+6 e”+e

Find d_y’ if (@ fy=—"—"—"—""7 (b) IfY="5""<

dx (3x +5) (e"-e™)

. dy . 2

Find ol if (@ Ify=aX.x? (b) y =T +2X
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10.

11.

12.

13.
14.
15.

16.

17.

18.

19.

20.

21.

22,

23.

d 30
If x=2c0s0—-cos20 and y=2sin0-sin20, prove that d—iztan[—j

If x=a(cost+tsint) and y=a(sint—tcost), find —-

garithmic Functions

Find the derivative of each of the following functions :

X
@y =x%* cos 3x (b)y= 2 colx
Jx
XX ....... [o'e] dy y2
= XX , X—=—
Ify prove that dx 1-ylogx

Find derivative of each of the following function

COS X

(sinx)

(log x)'°gX

(x-1)(x-2)
(=3)(x~4)

1 X X+t
X+=| +x
X

t
x=a[cost+logzj and y =asint
x=a(cos0+0sinB) and y=a(sin®—-0cos0)
x =e'(sint+cost) and y =e'(sint—cost)

X = ecoszt and y = gSsin 2t

1 1
Xﬂ[”f] and y:a[t_fj

. . dy o

If x=a(0—-sin0) and y=a(l+cos0), find &at9=§

2bt a(l-t?) . dy
If x= and y = ,find — att = 2.

1+t2 y 1+12 dx

i3 3

sin®t t dy
If x= and y = ——, prove that —— = —cot 3t

\/cos 2t y \J/cos 2t P dx

2
2
If x =costandy = sint, prove that ﬂ:i at t=2"
dx /3 3
d?y

dx?

MATHEMATICS
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, MODULE - VIII
24. If x=a(®@—-sin®)and y=a(l+cos0), find Z—Z at e:g Calculus

X

d?y
25. If x=asinpt and y=Dbcos pt, find the value of o att=0
X
1 d?y Notes
26. If x=logt and Y—t, find 02
_ o d?y T

27. If x=a(l+cost) and y=a(t+sint), find ok at t=§

d?y
28. If x=gt? and y=2at, find ol

MATHEMATICS 263
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MODULE - VIII

AN
CaICUIUS tv_J ANSWERS

CHECK YOUR PROGRESS 28.1

7
(8) 565 (b) 767+ (c) 2e2x (d)_ge_zx (6) 2(x +1) &2

=

Notes

) 1
2. (a)%ex (b)seczx+2005x—33|nx—5eX (©)5cosx—2e*  (d)eX _eX

3 @ e‘/m (b)em — cos ec?x
' 24x+1 2-/cot x
xsin2x ; ; xseczx 2 2
(c) e [sin x+2xcosx]sinx (d) e [sec X +2Xsec xtanx]
4. (@) xe* (b) 262* sin x(sin x + cos x)
22 X +2 oy e?X[(2x —1)cot x — x cosec>x]
5 @z et (b) 2
CHECK YOUR PROGRESS 28.2
1. (a)5cosx—§ (b) —tanx
2 1 2x2Iogx—1 %2
2. (@e {2x|ogx+;} x(10g x)2 €
cot(logx) 2absec? x 1
3. (a)—X (b) secx (C)—az ol tanx (d) xIog X
1 2 1 3 1 2 N 2x 3
4 @ @e022-%30+5)7(x+9) 2 | 20+x) 32-%) 7(x2-5) 2(x+9)

3

JX(L-2x)2
5

(b) {1 3 5 N 7X }
o = _

> 2 l2x 1-2x 3+4 _7x2
(3+4x)4 (3-7x%)4 X XS 23-1x7)

CHECK YOUR PROGRESS 28.3
1. (@) 5% log5 (b) 3* 1og3+ 4% log 4 (¢) cos5*5* log5

0g X I
2. (a) 2x**(1+1logXx) (b) (cosx)'* { > iOSX

—tan xlog x}

(©)(log x)Sin X {cos x log (log x)+ xsllggxx}
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Differentiation of

log tan x +

X 2 x3
(d) (tanx) } (e) @+x)* {2xlog(1+x2)+2

sin X cos x 1+ X

) X(x2+sin X) x?

+sinx

+(2x +cosx)log x}

3. (a) cosec?x(1-logtanx)(tanx)®™ + (Iog cot X — Xcosec?x tan x)(cotx)x

- .
(b) 2x(1°9% D jog x + (sinx)*" X{cotxsin‘1x+ IOgS'nX}

\ll—x2

COS X - R
[cosxcotx —sinxlogsin x|

tan x .
(c) X" (— +sec® xlog x) +(sinx)
X

(d) (x)x2 -X(1+2logx)+(log X)'OQX {“'%UOQX)}

CHECK YOUR PROGRESS 28.4
1. (a) €™ (25x4 +40x3 +12x2) (b) 25e°* sec? (e5x){1+ 2e> tan esx}

2logx-3
(c) 3

X

CHECK YOUR PROGRESS 28.5

2t ) 3 1 A a c0sO—2co0s20
3 - —cotd o T b 25in 20—sin o
6 bcosece 7 2t 8
: a ©1—¢2 - —tan2t
CHECK YOUR PROGRESS 28.6
1 sec*t/2 -3 19 —4b
— - - ——Cosec — 3
1. 2 2. 12 3. 100 A 4, 22 5. cosec’2t

TERMINAL EXERCISE
L (8 (xX)*[x+2xlogx] (B) x™ [x*L 1 log x(log X + 1)x*]

2. (a) a*o9sinX[19gsinx + x cotx]loga

s71x 1 log sin x

COS ~Xcotx—
\/1—x2

(b) (sin X)CO

2
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10.

11.

12.

13.

19.

25.

ogarithmic Functions
2

©) (1+%)X 2xlog(x %)—Ll i, 3 3
1+~ 4(x—4) 4(x+4)
X

2
(@) cosxlog(x)e* -x*| —tanx +

+2x+1+log x}
xlog x

(b) (sinL x)2 xS Xg2X ;+cosxlogx+m+2}
X

| V1-x%sin7t
(a) (tanx)'°9% [Zcosec 2 x log x +£Iog tan x}
X

+ (cosx)¥™*[=sinx tan x +Ccosx log(cos X)]

anx
(b) x tanx[ - See Xlogx}+(3|nx)c°5X[cotxcosx sinxlogsinx)]

x4/x +6 i+ 16 _4e2x
@ x+52 | x 20x16) (x15)| O (@ _p2
(@) a* x*a+xlog, a] () e (2x +2)log, 7
X
@) x%e?* cosSx{§+2—3tan3x} (b) 2 j;tx{logZ—ZcoseCZX—%}

(sinx)™*[~sin xlogsin x + cos x.cot X]

.ng{log (log x) +1}

(x—l)x—Z)[l P 1}

(x=3)(x-4)[x-1 x-2 x-3 x-4

1Y 1) x2-1| x| x*-1 X2 +1
X+—||log| X+— |+— +X X —log X +—;
X X X +1 X X

—ylog x X
tant 14. tan 0 15. tant 16. —xlogy 17. y 18. /3
4a sec’ 0 1 — -1
m 20. 20 21. a 22. 22 23. 24 a
L 2t 27 28, ©
2at’ Tt 2 ot
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